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Abstract In a particular case, we consider the extended Maiorana-McFarland’s
class to obtain balanced bent functions restricted to vectors with even Ham-
ming weight, an equal number of pre-images for each element in the range.
Additionally, we demonstrate that all bent functions are balanced when we
restrict to vectors of even Hamming weight or vectors with odd Hamming
weight. Given the necessary tools, we provide a simple algorithm to obtain
new bent functions using Maiorana-McFarland.

Kewords: Bent functions, Maiorana-McFarland, Balancedness

1 Introduction

The functions f : F§ — F9 are called boolean functions. They are important in
cryptography and code theory because they have important properties such as
non-linearity, balance, low auto-correlation and high algebraic immunity. The
search space of these functions is very large, 22", and different methods exist
to search for these functions: random search, algebraic and heuristic methods,
see for example [1], [8].

We are interested in the non-linearity of a function, defined as the dis-
tance between a boolean function and the set of affine functions. Functions
with maximum non-linearity are called bent functions; Rothaus introduced
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the name in 1976 [4]. These functions have been classified and constructed, as
examples we have the Maiorana-McFarland class [6] and Rothaus [4].

In this work, we use a particular case of the extended Maiorana-McFarland
class [2], i.e. f bent given by f : F5™' — Fy, 2+ 2 ¢(y) @ ge(y), where
#(y) : F§ — Fq is such that ¢~1(a) is an affine space of dimension s — 1, and
9e(y) : F5 — Fa, ge|y-1(4) 18 @ bent function.

First, ¢ and g. are defined and, after a series of results, we find the direct
relationship between a bent function and a bent function with a higher di-
mensional domain. Finally, we provide a pair of algorithms that simplify this
relationship.

Additionally, we show that any bent function is balanced when restricted
to an even Hamming weight or to an odd Hamming weight in its domain. This
result is crucial, since it allows us to obtain a bent function g, : Co — Fa
from a bent function g : F5~' — Fy, where Cy := ¢~(0) is a linear code with
a vector of even Hamming weight and C; := ¢~1(1) the affine space of odd
Hamming weight.

2 Background

Definitions and results about boolean functions, particularly bent functions,
are recalled in this section. These can be found, for example, in [5], [7], [3].

Definition 1 A function f : F} — Fs is called a boolean function. B,, is
the set of all boolean functions with domain F?.

All boolean functions f € B,, have an algebraic normal form (ANF):

ay €EFg, a¥ = --aln, = (21...,20),u = (U1, ..., Up).

n

Ezample 1 The boolean function f(x) € Bz, f(x1,x2,23) = 1®x120PT 12223
is in its ANF.

Theorem 1 Let f € B,,. Then,

£a) = @D, ",

ay = Pe<uf(x), z<usz <uy x=(T1,...,2Tn), U= (U1,...,Up).

Definition 2 The set of all affine boolean functions with domain F%, denoted
Ay, is defined as

A, ={a-z®ag | a,z €Fy, ap € Fa},

where - is the dot product.



Bent functions construction using extended Maiorana-McFarland’s class 3

Note that the number of affine functions is 27! and the number of linear
functions is 2™.

Definition 3 The non-linearity of a boolean function f € B, is defined as
the Hamming distance between f and the affine functions:

NI(f) = min gea,du(f,9)-
We define the following function to characterize the non-linearity:

Definition 4 The Walsh-Hadamard Transform of a boolean function, f
, is defined as
Wila) = > (-1)/@%ee g e Fy.
TEFY

Theorem 2 The non-linearity of the boolean function f € B,, is characterized
as

_ 1 =
NI(f) =2" 1 §mafﬂaeﬂ4‘;‘wf(a)|'

The boolean functions with maximum non-linearity are called bent func-
tions and their non-linearity is 27~ — 27/2-1,

3 Bent functions balancedness, restricted to even or odd Hamming
weight

We will need bent functions over an affine space to find new bent functions
when using the Extended Maiorana-McFarland class [2]. Following this idea,
given a bent function with the traditional definition, we want to find a bent
function over an affine space with the same dimension.

For that purpose, the main characteristic that we need is: for all bent func-
tions f € By, we have that fi(zerp|wy (2) cven} 18 balanced or fl1oery wy (x) odd}
is balanced.

In the following, we prove this claim. For this, we first give the particular
cases n =2 and n = 4.

Ezample 2 In the case By, all the bent functions satisfy this property because
these must have three images 0 and one image 1, or three images 1 and one
image 0.

f(w1,22) = 2179,

x1|z2|ev(f)
0 (0|0
1111
110 |0
01110
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Remark 1 1. Let g : Fy — Fo be a bent function such that gj(zerp|wy (z) even)
is balanced.

(a) If Wy(a) = 2%, then
|( )‘{ianle (z) euen}(o)‘ - 271—2
|(g EiEFnW}H x) even}(l)‘ = 2n—2

| =
| =

1
(g)‘{me]F” |wg (z) odd}(

)
1
(g)\{mE]F"huH (z) odd}( )

: —on—2 _9%5*
(b) If Wq( ) = —2%, then

(9 oers fwm (x) eveny (0] =272

|(9)ﬁieﬁg|w1{(z) e’uen}(l)‘ =2n?

(9) T (hees s (2) oday (O] = 2772 =275

1 _ on—2 n-2
(9 rergiwn @) oaay (DI =277 +2777
2. Similar observations if g|{zeFp|wy (z) oddy 1S balanced.

Remark 2 Let A :={z € Fy | wy(z) even} and B := {z € Fy | wy(z) odd}.
We can write,

A0 o] 0 I
e [A] (B I | T |1
BT A 1T ) 11|
B 0 210 v
0 1
where 0 = : and 1= : are2" 2 x 1 arrays.
0 1

Note that A is a MDS linear code of dimension n — 1 and B is an affine
space. Also, A’ = {z € F3~! |wg(x) even} and B’ = {x € F; ! | wy () odd}.

The following result is the particular case n = 4. We use the notation of
the Observation 2.

Theorem 3 FEvery bent function f : F3 — Fy is such that f1a is balanced or
fiB is balanced.

Proof Let f be a bent function and I, an affine function. Observe that, wg (f&®
lo) = 6 or wy(f ®1,) = 10. In particular, the linear functions lp := 0 and
l1(z) := x1 ® x2 ® x3 ® x4 satisfy the above observation. Additionally, notice
that I7(A) = {0} and I7(B) = {1}.

Since f is a bent function:

Case 1. If fj4 has zero images 1, then fz has six images 1. Hence, (f @
I7)(A) has zero images 1 and (f @ I7)(B) has four images 1. Therefore, f @ I3
is not a bent function; consequently, f is not a bent function.
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Case 2. If f| 4 has two images 1, then f|z has four or eight images 1. If f|z
has four images 1, that means f|5 is balanced. Hence, the theorem is proven.
If fip has eight images 1, (f @ l;)(A) has two images 1 and (f @ I7)(B) has
zero images 1. Therefore, f & I7 is not a bent function; consequently, f is not
a bent function.

Case 3. If f|4 has four images 1, that means f| 4 is balanced. Hence, the
theorem is proven.

Case 4. If f|4 has six images 1, fj4 has two images 0, then f|z has four
or eight images 0. If f|5 has four images 0, that means fz is balanced. Hence,
the theorem is proven. If f|z has eight images 0, (f @ I7)(A) has two images
0 and (f @ I7)(B) has zero images 0. Therefore, f @ I is not a bent function;
consequently, f is not a bent function.

Case 5. If f|4 has eight images 1, fj4 has zero images 0, then f|z has
six images 0. Hence, (f @ l7)(.A) has zero images 0 and (f & I1)(B) has four
images 0. Therefore, f @17 is not a bent function; consequently, f is not a bent
function.

In all the sub-cases where f|4 is not balanced and fs is not balanced, we
obtain a contradiction. Indeed, if f is a bent function, it must satisfy, f| 4 is
balanced or fz is balanced.

O

We note the symmetry of the cases 1 and 2 with cases 5 and 4, respectively,
interchanging the number of images 1 by number of images 0. This will be very
important to the general case.

The following result is a general case, n even. As far as we have looking
for, we do not know this result. We use the notation of the Observation 2.

Theorem 4 FEvery bent function f : Fy — Fa, n > 6, is such that f4 is
balanced or fz is balanced.

Proof Let f be a bent function and I, an affine function. Observe that, wg (f&®
lg) =271~ 2"% or wr(f®l,) =271+ 2"% . In particular, the linear func-
tions lg(x) := 0 and l1(z) := 21 - - - D x, satisfy the observation. Additionally,
notice that I1(A) = {0} and 13(B) = {1}.

Case 1. If f| 4 has c images 1, 0 < ¢ < 2757

Case la. fjg has 2" ! — (2”/7_2 + ¢) images 1. Then, (f @ I7)(A) has ¢
images 1 and (f @ I7)(B) has 2"2° 4 ¢ images 1.

Case lal (f @!l;) has c+ (2% +ec)=2""1— 2"%" images 1. Therefore,
c=2""2 - 27%2, and fiz is balanced. But, remember that, n > 6, then
275 < =2 _ 2%,

Case 1a2 (f@!l;) hasc+ (2%2 +e)=2""14 2"%° images 1. Therefore,
¢=2""2 and f 4 is balanced. But, remember that, n > 6, then 2" < on—2,
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Case 1b f|z has on—l 4 (2an2 — ¢) images 1. Hence, ¢ = 2", Then,

(f @ 17)(A) has 2”7 images 1 and (f @ 17)(B) has zero images 1. Therefore,
(f ®17) is not a bent function when n > 6; consequently, f is not a bent
function.

Case 2. If fi4 has ¢+ 2"2° images 1, 0 < ¢ < 272 — 23"

Case 2a. fjg has 2"2 + (2% — 22"%° — ¢) images 1. (f @ I1)(A) has
¢+ 2" images 1 and (f ®17)(B) has 22”7 4 ¢ images 1.

Case 2al (f @ 1I7) has (a) c+ 2% +22"% +c=2""1— 2" images 1.
Therefore, ¢ = 2"~2 — 2% | then, fis has 2"~2 images 1. Hence, i is balanced.

Case 2a2 (f@ls) has 2" 42277 4o =242 images 1. There-
fore, c =272 — 2an2, then, f|4 has 2"~2 images 1. Hence, f1a is balanced.

Case 2b f|z has 2”72+ (2"~ 2 —¢) images 1. Hence, (f®l7)(A) has 277
images 1 and (f @ l7)(B) has ¢ images 1.

Case 2bl (f @ l;) has c+ (c+2"7 ) = 2"~1 — 22" images 1. Therefore,
c=2n"2_2"%", Hence, f| 4 is balanced.

Case 2b2 (f @ ;) has ¢+ (c+ 2%) =2n-1 4 2”5 images 1. Therefore,
c=2""2 But, 0 < ¢ < 2"~2 — 2"5". Thus, we don’t consider this case.

When f| 4 has more than 2"=2 images 1, the proof is similar to the previous
cases, but we use the number of images 0 of f| 4 in place of number of images
1 of fia. Also, we use the fact that, wy(1® f) = 2"~ — 2" or wy(1®
f)=2n"1+ 2"%°. That means, the number of zeros of f is 277! — 2" or

n—

P

In all the cases where f| 4 is not balanced and f|3 is not balanced, we obtain

a contradiction. Indeed, if f is a bent function, it must satisfy, f| 4 is balanced
or fip is balanced.

O

4 Construction of a particular family from the extended
Maiorana-McFarland class

We extend the definition of bent functions over FJ to an affine subspace in-
cluded in F5 as suggested in the extended Maiorana—McFarland’s Proposition
1 [2].

Definition 5 A function f : C — Fq, C C F% affine space, m < n, dimC = m,
is bent if NI(f) :=dpu(f, An) is a maximum.

The following two results are easily obtained, similarly to the traditional
bent function proofs.

Theorem 5 Let a function f : C — Fy. Then NI(f) = 2m—1_% max,csy
where Wf(a) = Zwec(_l)f(z)@am.

Wi(a)l,
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O
Observe that all a € Iy are considered.
Theorem 6 If f:C C Fy — Fy, dimC = m, is a bent function, then W\f(a) =
+2m/2,
O

The following theorem corresponds to a class of bent functions: the ex-
tended Maiorana—McFarland class.

Theorem 7 [2] Let the function ¢(y) : F5 — FL such that for all a € F%,
¢~ 1(a) is an affine space of dimension s —r. Also, let a function g.(y) : Fy —
Fa, where gejg-1(4) 18 a bent function. Then, the function f : |
(x,y) = x - d(y) D ge(y), x € FY, is a bent function.

Here in after, according to Theorem 7, particular case » = 1, we denote
¢(y) : F§ — Fa, g : F — Fy, and define

g:F5~' — Fy a bent function,

Co = ¢ 1(0) := {z € Fy | wy(z)even} and C; = ¢~ (1) = {z €
F5 | wy(z) odd},

Jeo : Co = Fo, defined g, (z|zs) := g(z), z € F;fl, zs € Fo,
ge, : C1 = Fo, defined g, (z|zs) := g(z), z € F;fl, zs € Fo,

Jeicy = Yeo and Gejcy = Yeu-

Remark 3 1. We can see that, Co = ¢~1(0) is a linear code of dimension s— 1.

2. b® Cy = Cy, for any b € F§ with odd Hamming weight.

3. Cp is an MDS linear code.

4. In Cy, if z € IF;_I has an even Hamming weight, then z, is 0 and, if
z € F5~! has and odd Hamming weight, then z € Fy is 1.

5. In Cp, if 2 € T3~ has an even Hamming weight, then z, is 1 and, if
T € IF;*l has an odd Hamming weight, then z; is 0.

In the proof of the following theorem, it is essential that if g is a bent
function, then g|(z|w (z) even) 18 balanced O g|(4jwy (z) oaay 18 balanced.

Using the above notation.

Theorem 8 Let g : Fg_l — Fy be a bent function. Then, ge, : Co — Fa is a
bent function and ge, : C1 — Fy is a bent function.

Proof We will rely on the fact that, if g is a bent function, then 9| {zers!
is balanced or 9| {2eFs i (x) odd} is balanced.

|lwg (z) even}
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Let b € F§ and & = (1,...,%s—1,%5) € Co.

W, ()

Z (—1)%0 (Z1,00 55— 1,28)+H(T1. T 1,@)-b

z€Co

— E (71).%0 (1,035 —1,T5)FT1br+FTs1bs1+T:bs )

z€Co

If by = 0,

Wg% (b) = Z (71)9(:131,.",x571)+m1b1+-.~+1571b371 — ]7\)\9(1)17 bsl1).

z€Co

Tf b, =1

Wi, (b)

-3yt

z€Co

- S e

z€Co

e

z€Co

- ¥

s 1,Ls)+T1bi4+ T 1bs 14T

s 1,0)Fx1bi+-Fxs_1bs 1 + Z(71)geo(9317~~,1571’1)+w1b1+"'+93571b571+1
z€Co
@s—1,0)+x1br4-FTs_1bs 1 +(71) E (71)geg(zl,‘..,xsfl,1)+m1b1+~~+zs,1bs,1
z€Co
(71)9(1‘,17~"axs—l)+x1b1+"'+zs—lbs—l

{z€F5™ ! | wr(z) even}

+(-1) >

(_1)9(3517~-7$571)+£C1b1+"'+x571b5,1

{z€Fy " | wy(z) odd}

The last equality, by Observation 3, Item 4.

If I|{2eF3 jwn () even} is balanced,

—~

Wee, (b) = (=1)

Z (—1)9($1w',ws—1)+$1b1+“'+$rlb5*1 = Wg((bla ooy bso1)).

{z€Fy™" | wr(z) odd}

If 9 {2eF; fwi (x) odd} is balanced,

—

quo (b) =

Z (_1)g(£1,...7IS_1)+I1b1+"'+-’ts—1bs—1 = Wq((bl? - ,bs_l)).

{z€F;™ | wh(z) even}

In both cases, since g is a bent function, then g., is a bent function.

Proceeding similarly, ge, : C1 — Fy is a bent function.
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Corollary 1 Let g: F§_1 — s be a bent function. For all a € IF;_I :

1. Wy(a) = Wy, (a,0) =W,, (a,0).
2. Ifg‘{xngflle(x) even} is balanced,
Wo(a) =277 & Wy, (a,1) = —2°%
3. Ifg‘{ze]F;flle(z) odd} 1s balanced,
s s—1

Wyla) = -27 & W, (a,1) =27 and W, (a,1) = —2"

s—1

and Wgel (a,1) =272

O

Now, we are ready to use the extended Maiorana-McFarland, particular
case r = 1.

In the following theorem, we always have that f{(zy)|ww((2,y)) even} 18
uniquely balanced.

Theorem 9 Let g : F;fl — Fy be a bent function, g., and ¢ defined as above.
Then, the function

fiFy" = o, (2,5) = 26(7) © g (), = €Fa, § €T,
is a bent function and fi{(z.g)|wp((z.5) even} 18 balanced.
Proof Since, ¢ y g satisfy the conditions of Theorem 7 (Observation 3 and

Theorem 8), then f is a bent function.

We will rely on the fact that, 9| {zeFy i () even} is balanced or 9){zeFy wi () odd}
is balanced. .

Let’s see the balance. Let g|{zjw (z) even} be balanced and W, (0) = 2°7 .
If we consider = (y1,...,Ys—1), we can write f as

f(xayh cee 7y$—17y$) = x¢(y1a s 7ys—1?y3) @ge(yla s 7ys—17y3)'

Let =0 and y; = 0.

Case 1. If wy(y1,...,Ys—1) is even,

fOy1, . ¥5-1,0) = 0- 0 ge(y1,---,¥s-1,0) = geo(ylv"'ays—lao) =
0, 2573 times.

Case 2. If wy(y1,...,Ys—1) is odd,

FOy1,..,96-1,0) = 0-1® ge(y1,.--,¥s-1,0) = Gey (Y1,.--,¥s-1,0) =
0, 253 + 2°3° times.

Let =0 and ys = 1.

Case 3. If wy(y1,-..,Ys—1) is even,

JOy1, - ¥Ys—1,1) = 0- 1@ ge(y1,- -5 Ys—1,1) = Gey (Y15, ¥s—1,1) =
0, 2°73 times.

Case 4. If wg(y1,...,Ys—1) is odd,

f(oaylw",ysfla]-) =0-0@ ge(yla"'aysflal) = geo(yl,“'aysfla]-) =
0, 2573 425" times.
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Let z =1 and ys = 0.

Case 5. If wy(y1,...,Ys—1) is even,

f(layla"'vys—lyo) =1 O@QE(yla"'ays—laO) = geo(y17~~'ays—la0) =
0, 273 times.

Case 6. If wy(y1,...,Ys—1) is odd,

FLyts e ys—1,1) =110 ge(y1,- -+, Ys-1,0) = 1@ ge, (Y1, -+, Ys—1,0) =
0, 2573 — 2°%" times.

Let x =1 and y, = 1.

Case 7. If wy(y1,...,Ys—1) is even,

fLy, o ys—1,1) = 1 1@ ge(Y15 -+, Ys—1,1) = 1D ge, (Y1, -+, Ys—1,1) =
0, 2573 times.

Case 8. If wy(y1,...,Ys—1) is odd,

Ly, ys-1,1) = 1-0@ ge(v1, -+ -, Ys—1,1) = O@QCO(ylw"vyS—lvl) =
0, 2573 +2%% times.

The elements with even Hamming weight in IF;'H are in: Case 1, Case 4,
Case 6, Case 7. Hence,

s—3

(0)] = (25 3) (2534277 )4(2° 3 =2 )4 (2°%) = 2571,

1
|f|{($»g)€F;+l lwg (z) even}

Therefore, f|{(w,gj)\wH((w,gj)) even} is balanced.

Similarly,
When g,z cps=1 |4, () even} 15 Palanced and 17\/\9(0) =2
f‘{(m’g)ngﬂ‘wH((I@) even} is balanced.

s—1

When g,z ers=1wy (7) oaqy 1§ Palanced and Wg(O) =272

Fi{@mers* (=) even) 18 Palanced.

s—1

When I{zeFs " \wi (z) odd} is balanced and )7\}\9(0) =272

N\ 9)ers ™ wn ((2,5)) eveny 18 balanced. _

The additional cases, from the above theorem, with odd Hamming weight
in ]F‘;*'1 will be necessary for the development of the subsequent algorithm, to
obtain f from g.

Now, we consider the addition of a linear function.

Theorem 10 Letg : Fy ' — Fy be a bent function and f : T3t — Fy, (2,7) —
x)(Y) B ge(¥) be a Maiorana-McFarland bent function. The function f @ I,
5(Z,9) =b-(2,9), 5 = (T,ys), T € Fy~, b= (ao,a,as), ag,as € Fy, a € Fy~!
is as follows:

If ag =1, (feall;)l{(m,y)lwfz((m,g)) oddy 15 balanced.
If ag = 07 (f D 15)‘{(1371;)le(($717)) even} 1s balanced.
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Proof Let Z = (y1,...,Ys—1). Given g a bent function, then (g. ® l(d,as))‘{(

is balanced or (g. ® l(a,as))‘{( is balanced.

%,ys)|Z€FS " wi (T) odd}

Suppose w.l.o.g. that (g. ® l(,—l)%))‘{(gz ) |ECFS L wn (2) even) is balanced and
Ys 57h

s—1

(a,a5) =277 .

W,

e

We can write f & [ as,

f(x7y17 ceey Ys—1, ys)EBZB = m(b(yla e 7ysfl7ys)@ge(yl7 e >y8717y8)®a0m@(a@ as)'g7 :17 = (y17 e

Let ag = 1. The elements with odd Hamming weight in IF;H are in the
following cases:

Case 1. Let =0, ys = 0, and wy (y1,...,ys—1) odd. Then
f(oa Yi, - 7y57170)€'Bl17) = 0'1@96(y17 e 7y57170)€9l(&,a5) = gel (yh e 7y57170)€9
laa,) =0, 2573427 times.

Case 2. Let x =0, ys = 1, and wy (y1,...,ys—1) even. Then,

f(oa Yty -5 Ys—1, 1)@l5 = O'1®ge(yl7 s Ys—1, 1)@l(d,a5) = Ye, (y17 s Ys—1, 1)@
laa) =0, 2573 times.

Case 3. Let x =1, ys = 0, and wg (y1,--.,Yys—1) even. Then,

FLyn, e ys—1,0)80 = 1:09ge (Y1, -+, Ys—1,0)Bl(a,0.) D1 = geo (Y15 - -+ Ys—1,0)®
l(ﬁ,as) ®1=0, 2573 times.

Case 4. Let x =1, ys = 1, and wg(y1,...,ys—1) odd. Then,
f(lay17"-,ys—1,]-) S lB =1-0® g@(yl,...,ys_l,l) (&) l(aﬂs) 1 =08
Geo W3 Us—1,1) B liaa) ®1=0, 2°73 -2 times.

Hence,
s—3

- s— =38 s— s— s—
e unea o (O = @ H2T )T -27

Therefore, (f @ lg)‘{(

) =271,

o) |wi(,9)) odd} is balanced.

The demonstration when ay = 0 is similar to Case 1, Case 4, Case 6
and Case 7 of Theorem 9, and we obtain that (f & 1) (s.5)jw ((2.5)) even} IS
balanced.

Similarly,

When (g, © l(g,q.)) is balanced and Wge (@,a,) = —2°7 :

{z€Fy " ww (Z) even}
If apg = 1,

(f @ 1) |{(w.0) lwr (2.5)) oaay 15 balanced.
I apg = O,

(f @ 1) |{(w.0)lwsr (2,9)) eveny 15 balanced.

T,y ) |T€FS ™ wr (Z) even}

2 Ys)-
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When (ge @ l(3,0.)) is balanced and Wge (@,a,) =27 :

{z€Fs Hwg () odd}

If ag = 17
(f SY ll;)|{(z,ﬂ)\w1.1((z,g])) odd} is balanced.
I apg = 0,

(f& lE)I{(r,g)\wH((x,g)) even} 18 balanced.

is balanced and W,, (a, a;) = —2°7

When (g ® l(&7as))|{f:em;*1|w;,(f) odd}

Ifao = ].,

(f B )| {(2.9)lwr ((.9)) oday 1S balanced.
If apg = O7

(f D l5)|{($’ﬂ)‘w1{((m,gj)) even} is balanced.
O

We can use the demonstration of Theorem 10 to have a simple way to obtain

bent functions of any even dimension in its domain, greater than dimension
of given the bent function. These new functions are specifically balanced for
even Hamming weight in its domain.

In Algorithms 1 and 2 we are considering A := {Z € Fy ' |wy(Z) even},

B:={z € F§ Hwg(z) odd}.

Algorithm 1 Extended Maiorana-McFarland r =1

Input: s — 1 > 2 odd, gs—1(9), gs—1 : IF'§71 — F2 be a bent function, {(z,y,y) €

1 _ —1
]F§+ | z,y € Fo,j € Fy "}

Output: gnew(z,7,y) a bent function, gnew| 4 balanced
1: Integer end;

2: new:=s—1

3: while new # end do

10:
11:
12:

for z,y from 0 to 1 do
if yiseven,z =1, y=1or yisodd, x =1, y =0 then
Inew+2(2,9,y) = 1 © gnew(F);
else
Inewt2(2,7,Y) = gnew(Y);
new := new + 2;
y=(2,9,9);
end if
end for

13: end while




Bent functions construction using extended Maiorana-McFarland’s class 13

5 Conclusions

We found, using the Maiorana-McFarland class, a new subclass of bent func-
tions such that it is uniquely balanced on the set {z € Fy|wg ((x) even}. For
this, we see, first, that all bent functions in B, satisfy {z € F}|wg(z) even}
is balanced or {x € F4|wg (z) even} is balanced. Also, if we have a bent func-
tion f obtained by the Maiorana-McFarland construction, to see the behaviour
when we consider the addition of a linear function I, b = (ao, a,a), we now
know that, if ag = 0, (f @ Ib)||{(x.5)|wn ((z,5)) even} is balanced and if ag = 1,
(f ® b)i1{(@.9)wn ((@.9)) oda} 15 balanced.
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Algorithm 2 Extended Maiorana-McFarland ®l, r =1

Input: s —1 > 2 odd, gs—1(Z), gs—1 : ]F;*1 — F2 a bent function, b = (ag,a,a) € F§+1,

{(x,z,y) €FST |2,y € Fp, 7 € Fy '}

Output: (gnew © lo,a,a)(%,T,y) a bent function, (gnew @® lo,a,a)|.4 balanced (gnew @

ll,a,a)(xzfa y) a bent function, (gnew &) ll,ﬁ,,a)|B balanced
: Integer end;
new :=s—1
while new # end do

if ap = 0 and a = 0 then
for z,y from 0 to 1 do
if (yiseven,z=1,y=1)or (gisodd, x =1, y=0) then
(gnew+2 &) lO,a,O)(ry z, y) =1 (gnew ©® la)(f)y

else
(gnew+2 ®10,0,0) (%, Z,y) = (gnew ® la)(Z);
end if
new :=new +2; Y= (z,7,y);
end for

end if
if ap =0 and a = 1 then
for z,y from 0 to 1 do
if (iseven,z=0,y=1)or {(gisodd, [(x=0,y=1)or (x =1,y =0) or

(x=1,y=1)]} then

(gnew+2 5] lO,a,O)(xv-'iv y) =1 (gnew 52 la)("i);

else
(gnew+2 D lO,a,O)(Iy z, y) = (gnew D la)(f)§
end if
new :=new+2; y=(z,9,y);
end for

end if
if ap =1 and a = 0 then
for z,y from 0 to 1 do
if (iseven,z=1,y=0) or (g is odd, x =1, y = 1) then
(gnew+2 @ lO,a,O)(I,£1 y) =1® (gnew @ la)(£);

else
(gnew+2 2} lO,cL,O)(xy z, y) = (gnew ® la)(j)’
end if
new :=new+2; §=(,9,v);
end for

end if
if ap =1 and a = 1 then
for z,y from 0 to 1 do
if {(giseven, [(x=0,y=1)or(x=1,y=0)or (x=1,y=1)]}or (7is

odd, z =0, y = 1) then

(gnew+2 ©® lO,a,O)(wyjy y) =1 (gnew (&) la)(f);

else
(gnew+2 (&) lo’a’o)(x,.’i, y) = (gnew D la)(i)§
end if
new :=new +2; Y= (z,7,y);
end for

end if

: end while




