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Abstract

The construction of self-orthogonal codes from functions over finite fields has been
widely studied in the literature. In this paper, we construct new families of self-
orthogonal linear codes with few weights from trace functions and weakly regular
plateaued functions over the finite fields of odd characteristics. We determine
all parameters of the constructed self-orthogonal codes and their dual codes.
Moreover, we employ the constructed p-ary self-orthogonal codes to construct
p-ary LCD codes.

Keywords: Linear code, Self-orthogonal code, LCD code, Weakly regular plateaued
function

1 Introduction

Linear codes have been an attractive research topic in both practice and theory for
the last two decades. They have diverse applications in secure communication [1],
secret sharing schemes [2-4], authentication codes [5] and secure two-party computa-
tion [6, 7]. A linear code is considered self-orthogonal if contained within its dual code.
Self-orthogonal codes have applications in Linear Complementary Dual (LCD) codes,
quantum codes, etc.. LCD codes also have diverse applications in certain communi-
cation systems. Carlet and Guilley [8] demonstrated their significance in information



protection and defence against side-channel and fault non-invasive attacks. After these
observations, the importance of applications of LCD codes has begun to be revital-
ized. Massey [9] introduced the LCD codes and showed that they provide an optimum
linear coding solution to the two-user binary adder channel. Now, it is known that
asymptotically good LCD codes exist and the necessary and sufficient condition for a
length n cyclic code to be an LCD code is known. Hence, the construction of linear
codes is an interesting research problem. Various methods exist for constructing lin-
ear codes and one approach involves utilizing functions defined over finite fields (e.g.
[2, 3, 6, 10-13]). Linear codes derived from cryptographic functions have desirable alge-
braic structures that are significant from the application point of view. Two generic
constructions, referred to as the first and second generic constructions, for generating
linear codes from functions have been identified in the literature. Several linear codes
with good parameters have been constructed using the second generic construction
method (e.g., [3, 10, 14]) and the second generic construction method (e.g., [12, 15].
Recently, Heng et al. [16] have constructed self-orthogonal codes from trace functions
and weakly regular bent functions based on the first and second generic construc-
tion methods. This work motivates us to construct self-orthogonal codes from trace
functions and weakly regular plateaued functions over the odd characteristic finite
fields. This paper obtains new families of p-ary self-orthogonal linear codes with few
weights based on the first and second generic construction methods. Then, we use the
constructed self-orthogonal codes to construct infinite families of LCD codes.

The paper is organized as follows. Section 2 establishes the main notations. In
Sections 3 and 4, we construct several families of self-orthogonal codes with few weights
over the odd characteristic finite fields by using the first and second generic construc-
tion methods. Moreover, we construct LCD codes from the constructed self-orthogonal
codes. Section 5 concludes the paper.

2 Preliminaries

For a set S, its size is denoted by #S5, and S* = S\ {0}. The magnitude of a complex
number z € C is denoted by |z|. The finite field with ¢ elements is represented by F,,
where ¢ = p™ for a positive integer n and an odd prime p. The trace of a € F, over
F, is defined as Tr'"™(a) = a + a” + a?’ + -+ +a”" . The set of all nom-squares and
squares in F; are represented by N.SQ and SQ, respectively. The quadratic character
of F} is denoted by 79, and for simplicity we write p* = 1(—1)p, which is frequently
used in the sequel.

A cyclotomic field Q(&,) can be obtained from the rational field Q by joining the
complex primitive p-th root of unity &,. The field Q(&,) is the splitting field of the
polynomial 27 —1, and so the field Q(&,)/Q is a Galois extension of degree p—1. Here, a
field basis for an extension Q(§,)/Q is the subset {1, ¢, 55, . ,55*2} of the cyclotomic
field Q(§,). The Galois group Gal(Q(§,)/Q) is described as the set {o,: a € F},
where o, is the automorphism of Q(§,) defined as 04(§,) = £;. The cyclotomic field
Q(&p) has a unique quadratic subfield Q(v/p*), and its Galois group Gal(Q(+/p*)/Q) =
{1,0,} for some v € NSQ. For a € Fy and b € F),, we clearly have cra(ff,) = 5;1’ and

oa(VP* ") = 10" (a)v/p* "



The following lemma is frequently used in the subsequent proofs.
Lemma 1. [17] Keeping the above notations, we have the following facts.

Z) Z 770(0“) = O;

acFy
ii.) Z f;b = —1 for every b € F,
a€Fy
ab _ ) D Zfb:(),
i) Y& = { 0, ifbeF*,
a€lF, p
. a VP, ifbe SQ,
) 3w =movr = { P!
P VIF, ifbeNSQ,
) P ifb=0,
v) D &=V, ifbesq,
a€F,, —/p*, ifbe NSQ.

2.1 Weakly regular plateaued functions

Let f : F;, — F,, be a p-ary function, where ¢ = p™. The Walsh transform of f is a
complex-valued function defined as

Wib) = > &/ p e R,

z€F,

A function f is said to be a bent function if [Wy(b)|? = p™ for every b € F,. In
addition, f is said to be s-plateaued if [W¢(b)|? € {0,p™**} for every b € F,, with
0 < s < n. For an s-plateaued function f, its Walsh support is described as the set

Sp={beFy: Wi(B)] =p™ "}
Lemma 2. Let f be an s-plateaued function. For b € Fy, |Wys(b)|? takes the values

p™ ¢ and O for the times p™ ™% and p™ — p™ ™%, respectively.

Lemma 3. [15] Let f be an s-plateaued function. Define the sets

(
(

where a™" is the multiplicative inverse of a € F5. Then, the sizes of Z(Wy) and S(Wy)
are equal respectively to (p — 1)(p™ — p™~*) and (p — 1)p™~%.

Mesnager et al. [15] have described the notion of weakly regular plateaued
functions. An s-plateaued f is called weakly reqular if we have

SWr) ={
=

¢ ,0) € Fjy X Fpym : Wy(a™'b) # 0},
Z(Wy) b

,0) € Fyy X Fpm : Wy(a™'b) = 0},

a
a

Wi(b) € {0.up™ ¢



where u € {£1, +i}, f* is a p-ary function over Fy with f*(b) = 0 for every b € F,\ Sy;
otherwise, f is called non-weakly reqular. A weakly regular O-plateaued is the weakly
regular bent function.

The following lemmas are useful for computing the Hamming weights and their
distributions in codes.
Lemma 4. [15] Let f be a weakly regular s-plateauved function. Then, we have

Wi (b) = epvp* "¢

for every b € Sy, where ey = %1 s the sign of Wy and f* is a p-ary function over Sy.

Lemma 5. [14] Let f : By — F,, be an unbalanced function with Wy(0) = ep/p* ",
where e = £1 is the sign of Wy. For j € F,, define N¢(j) = #{x € F, : f(x) = j}.
When m + s is even,

N;(j) = Pt egmo(—1)(p - 1)+\/17;m+872, if j =0,
Pt —emo(—=1)vpr T, if j €.

When m + s is odd,

Pl oy Y0
Ne(G) = P e/ T, ifj €5Q,

P — e ifj e NSQ.

Lemma 6. [14] Let f be weakly reqular s-plateaued with Wy (b) = ef\/]?mﬂf,’;*(b) for
every b € Sy. For j € Fp,, define Ny« (j) = #{b € Sy : f*(b) = j}. When m—s is even,

m—s— m Fm—s—2 ...
Np()=14"7 Pemy (=D~ VP ,if 5 =0,
e T SR G D IV/7ER if j € Fx.

When m — s is odd,

pm—s—l’ if j =0,
. — s — m Tm—s—1 ., .
Np-(j)=1q P et (—1)yvpr " V if j €5Q,
P — e (=1)v/pF . if j € NSQ.

2.2 Linear codes

Let I}, be a finite field with p elements and F}) be a vector space over F,, for a positive
integer n. A linear code C over F), with parameters [n, k, d] is a k-dimensional linear
subspace of a vector space F), where d denotes the minimum Hamming distance of C.
Let a be a vector in I}y and its support is defined as supp(a)= {0 <i <n—1:a; # 0}.
The cardinality of supp(a) is called the Hamming weight of a vector a. Let ¢ be a
codeword of C. The minimum Hamming distance d in C is the minimum Hamming
weight of ¢ € C. Let A; := |{c € C : wt(c) =i for 0 < i < n}| for a linear code C.



Define the weight enumerator of C by the polynomial 1 + Ayy + ... + A,y". The dual
code C* of an [n, k] linear code C is defined by

Ct={ct €F):ct cforall ceC},

w.o” mn

is the standard inner product over ), and Ct is an [n, n— k] linear code over
[y If a linear code C satisfies C C C*, then C is referred to as a self-orthogonal code.

where

In particular, if C = C*, then C is called sef-dual code. If the Hamming weight of each
codeword in C is divisible by an integer k > 1, then the code C is said to be divisible
by k. For a p-ary linear code C, there is a relation between the self-orthogonality and
divisibility of C, stated in the following lemma.

Lemma 7. [18] Let C be an [n,k,d] linear code over F, with 1 € C, where 1 is the
all-1 vector of length n. If C is p-divisible, then C is self-orthogonal.

According to Lemma 7, one can verify whether a p-ary linear code is self-
orthogonal.

For a linear code C, if CNCL = 0, where 0 is the zero vector in C, then it is called
a Linear Complementary Dual code (LCD code). Note that the dual of an LCD code
is also an LCD code. The necessary and sufficient conditions for a linear code to be
an LCD code were defined in terms of the generator matrix [9]. Besides, LCD codes
were shown to give an optimum solution to the two-user binary adder channel [9].

A matrix G is said to be row-orthogonal if GG+ = I, where I is an identity matrix,
and it is called row-self-orthogonal if GG+ = 0. A linear code C is self-orthogonal if
and only if its generator matrix is row-self-orthogonal [19]. If G is a generator matrix
for [n, k] linear code C, then it can be transformed to the standard form G = [I : A],
where [ is an identity matrix, and it is called the systematic generator matrix of the
code. Then, C is called leading-systematic. The following lemma provides a relation
between LCD codes and self-orthogonal codes.

Lemma 8. [19] A leading-systematic linear code C is an LCD code if its systematic
generator matriz G = [I : A] is row-orthogonal.

According to Lemma 8, if a code C is self-orthogonal with a generator matrix G, we
can construct a leading-systematic LCD code with a generator matrix G’ = [I : GJ.

Augmented code of a linear code. Let C be an [n, k, d] linear code over F,, with
a generator matrix G. The augmented code C of the code C is a linear code over F,
with generator matrix

G

i

where 1 = (1,1,...,1) € F}. Note that if 1 ¢ C, then the augmented code C has length
n and dimension £+ 1. Determining the weight distribution of a code is a hard problem
and finding the minimum distance of C requires the complete weight distribution of the
original code C. There are some methods to determine whether the given augmented
code is self-orthogonal. The codes constructed in this paper are self-orthogonal due to
Lemma 7 for almost all cases.



The Pless power moment. For a linear [n,k,d| code C over F,, we denote the
weight distribution of C and C+ by (1, A1,...,A,) and (1, A, ..., A}), respectively.
The first four Pless power moments are given [1, Page 260] as:

ZAi = pk

iio

ZiAZ- = pk-1 (pn —-n— Af-)

iio

Z i2A; = p"2[(p— Dn(pn —n+1) — (2pn — p — 2n + 2)Af + 2A5]
=0

Z i*A; = p*3(p— \)nL — TA{ +6(pn —p —n + 2)Ay — 647],
i=0

where we have T = (3p?n? — 3p*n — 6pn® + 12pn + p*> — 6p + 3n? — 9n + 6) and
L= (p?n® —2pn? +3pn —p+n? — 3n +2).

Some codes proposed in this paper are (almost) optimal codes due to the following
Griesmer bound.
Lemma 9. (Griesmer bound) [20] Let C be a linear [n,k,d] code over F,. Then, the
code C satisfies the following well-known bound:

n > [

x>
[

S-S

1,

Il
=]

where [-] is the ceiling function.

3 Constructions of self-orthogonal codes from the
second generic construction method

In this section, we define the augmented code construction of the variation of the
second generic construction method given in [21].

For A € F, and d € Z*, define a set D} = {(z,y) € Fjm X Fpm | Tr(yz?tt) = A}
and define a linear code CD; as follows:

CD; = {C(a,b) = (Tr(ayasd + bx))(z,y)ED;*\ | (a’b) € ]Fpm X ]Fpm} . (1)

The linear code Cpy of length #DJ is an 2m-dimensional subspace of F}* over F,
and denoted by [#D3,2m],,. The code Cp; defined in (1) has been recently studied in
[21] and two new classes of projective two-weight codes are constructed.

For every A € F,, and d € Z*, we define the set

Dy = {(z,y) € Fyn x Fpm | Tr(ya™) = A} (2)



The augmented code Cp, is defined as
Cp, = {Cape) = ((Tr(ayz® +b2)) (2 yyepy +c1) © (a,b,¢) € Fym x Fpm x Fy}. (3)

The length of the augmented code Cp, is the same as that of the original code. If
1 ¢ Cp,, then the augmented code Cp, has larger dimension than that of the original
code Cpx . Thus, the augmented code Cp, is (2m + 1)-dimensional subspace of F}* over
F, and denoted by [#Dy,2m + 1],. In this paper, we study the augmented code Cp,
for every A € IF,,, and obtain self-orthogonal codes, LCD codes, LRC codes etc.

The length of the code Cp, is the size of the defining set Dy, which is calculated in
Lemma 10. It is clear that, for a = b = ¢ = 0, the Hamming weight of the zero vector
is wt(c(,0,0y) = 0. To find Hamming weights in the augmented code Cp,, for A € ),
a,b € F, and c € F),, we define the following set

Ni(a,b,¢) = {(z,y) € Fg xFy | (z,y) € Dy and Tr(az’y + bx) +c =0} @)
= {(z,y) € F, x F, | Tr(z%y) = X and Tr(az®y + bx) +c=0}.
g X I'q

It is obvious that #Nx(0,0,¢) = 0 when a = b = 0 and ¢ # 0. This implies that
wt(c,0,c)) = #Dx. For every (a,b,c) € Fpm x Fpm x Fy, \ {(0,0,¢)}, the Hamming
weight of each codeword ¢, ) in Cp, is

wt(C(a,p,c)) = #Dx — #Nx(a, b, c). (5)

Lemma 11 calculates the value #Nj(a,b, ¢) for each case in the following section.
We now present three lemmas to find the parameters of the codes.
Lemma 10. Let Dy be the set defined in (2). Then,

2m—1+ —1 m—l) Z)\ZO,
p (p—Dp f (6)

#D)\: {])27>”L—1_pm—17 zf)\#o



Proof. From the definition of D), we have

#Dy =Y 3 [pt Y Y

z€F, yelF, z1€F,

Y Y3 g

z€F, yEF, \ z1€F;

_2m—1 1 —Azy Tr(yzdt?h)
=p +p Z € 10z g E €p

z1€Fy z€F, yeF,
_ 2m—1 1 —Az1 m Tr(ywd+1)
AR D D VAR D DD D
z1€Fy z€F} yeF,
- - § : Y
:p2m 1+pm 1 ep 21
z1€]F;
The proof is complete from Lemma 1. O]

Lemma 11. Let Ny(a,b,c) be the set in (4) for (a,b,c) € Fpm xFpm xF,\ {(0,0,¢)}.
Then we have the following results. If A =0, then

P24 (p—1)p™ Y, ifa=0Ab#O0Ac=0,
ora#0AbeTF,; Ac=0ATr(ab) #0,
2m—2 ifa=0Ab#0ANCc#0,
ora#0AbeTF,;Ac#0ATr(ab) #0,
P24 2(p—1)p™ L, ifa#£O0AbEF, Ac=0ATr(ab) =0

p?m=2 —pm-1 ifa#0AbeTF, Ac#0ATr(ab) =0.
(7)
If A\ #£ 0, then
pPm 2 —pm L ifa=0Ab#0ACc=0,
ora#0AbeF, ANc=0ATr(ab) =0
ora#0AbeF, Nc=0ATr(ab) #0ANk € NSQ
4Ny (a, b, ¢) = - ora#0AbeF,Nc#0ATr(ab) #0Ak € NSQ

P , ifa=0Ab#0ACc#0,
ora#0AbeF,ANc#0ATr(ab) =0
P24 pml ifa#AOAbEF, Ac=0ATr(ab) Z0Ak € SQ
ora#0AbeF, ANc#0ATr(ab) #0ANE € SQ,
(8)

where k = c* — 4\Tr(ab).



Proof. From the definition of the set, we have the following

(a,b,c) Z Z Z ezl(Tr(derly)fA) p! Z EZQ(ﬂ(aymd%m)ﬂ)

zclF, yelF, z1€F, z2€F,

4 ZL’d+1 - zZ azd X (&
—p? Y| 3 ettty b+

z1,22€F, \z,yclF,

7p2m72 +p72 Z Z 6;1(Tr(ygcd+l)*/\)JrO(Tr(aacderbac)Jrc)

z1€Fy \@,y€lq

2> | Y OTr(y™)=X) 22(Tr(aay--ba)-+o)

z2€Fy \z,y€ly

_’_p72 Z Z 6;1 (Tr(yz?t ) —A) 422 (Tr(az?y+bx)+c)

z1,22€F; \x,y€lfq

=p?m=2 4 p% (Qo + N + Q)

where

Qo

S Y e mehon

z1€Fy \z,y€elfy

2 =Y | Y ety

z2 E]F; z,y€lfy

Q2

E § peal (Tr(yz®t1) =)+ 22 (Tr(az@y+bz)+-c)
p
z1,22€F) \xz,y€l,

We now calculate these statements for each case. It is easy to verify that

QO _ ;)\zl Z E;1T‘r(yzd+1)
21€IF* z,y€lf,
ER L DID IR 9)
z1€Fy z€F} yel,
_ —1)p™, ifA=0
_ Az1 ) 3
P Z { —p™, if A # 0.
z1€F}

There are two cases for £2;. When a =0A b # 0 A c € Fp, we have

0 = Z Z 6p( (bz)+c) Z zacC Z Z Eg‘r(szz) =0

22€Fy \z,y€lfy z2€Fy yeF, \z€F,



When a #0Ab € Fy AceF,, we have

2= 5 (3 e

zo€lFy \z,yelf,

— Z 6;20 Z Z ezzTr(awderbw) +pm

22 EIF; wE]F; yeF,
d
_ pm E 6;20 + E 6;20 § E 6;z’I‘r(ax y+bx)
z22 E]F; 22 EF; IEF; yelF,
_.m § zacC § : zaC § : Tr(zobx) Tr(Z2aa:dy)
=p p + p p €p
ZQE]F; 22 E]FZ*) wE]FC*I yER,
_ (p - l)pm7 ch = Oa
= m .
—p™, if ¢ # 0.

To calculate g, we first verify the following equation

Q= 3 | 3 et (Trayet )+

21,226]171*7 z,y€lfy

_ E 66227}\21 E eTr(zly:rd+l)+Tr(22aymd+szz)
- 14

14
z1,22€Fy z,y€F,
_ E ECZ27)\21 E 6’1"1‘(,2’2171) § e’I‘r(zlymd+1+22ayxd)
14 P 14
zl,ZQGJF; z€lFy yeF,
— am E eczgf)\zl+ E eczzf)\zl E E’I‘r(zzbz) § E’I‘r(zlyzd+1+z2aywd)
=p P 14 P P
z1,22€F} z1,22€Fy z€F} y€F,

There are four cases for 25. Case 1: when a =0A b # 0 A ¢ # 0, we have

_m —Az czo czo—Az1 Tr(zebx) Tr(zlyx‘”l)
Qy =p E € E € "+ E € E €p E €p

21 E]F:) ZQEF; 21722€F; IE]F; yE]Fq
T p™, if A#£0.

10



Case 2: when a =0A b # 0 A c =0, we have

QQ :pm Z Z 6;)\2'1_'_ Z G;Azl Z Z eg‘r(szm)

E ETr(zl yxdtl)
p

z22€Fy 21 €Fy z1€FY 22€F} x€F} yel,
{@Fﬂfp if A =0,
—(p=1)p™", if AF#0.

Case 3: when a #0Ab € Fy Ac # 0, we have

Q2 :pm Z czz Azq + Z czz Az Z 6Tlr(szJ;) Z eTr((zla:—i-zza)ywd)
p P
21,22€F5 z1,22€F} z€Fy y€elF,
_ pm Z czz Az1 + Z czz Az Z 6g‘r(zzbw)p'm
z1,22€F} 21,22€F} z1x+22a=0
=pm Z 6;227)\,21 +pm Z €;Z27/\Z1€;z1_1z§Tr(ab).
21,22615‘; Zl,ZQGF;
(10)
If Tr(ab) = 0, then
) —2(p—1)p™, ifA=0
O, = 2p™ Az cza _ ) ‘ 5
Il W P L A
zlelF* zge]F*
If Tr(ab) # 0, then
Oy = p™ Z (Cr2— Az ™ Z 6;227)@161) 27 " 23 Tr(ab)
Z1,Z2€]F; zl,ZQGIF;;
:pm Z 6;227)\21 _|_pm Z 6;)\21 Z 6;zf1Tr(ab)Z§+czz
21,226]F;; 21€F; ZQG]F;;
=pm Z S Z e, (7]1 —T‘r(ab)zfl)Gle;”z(4Tr(ab))71 — 1)
21,2261171*) ZleF;
=pm Z 6;Z2_>\21 —p" Z E;)\Zl +pmG1771(—1) Z m <4T21 ; >€;1c2(4Tr(ab))1—)\z1
z1,22€F} z1€Fy z1€F} r(a )
_ _ 21 ﬁ(lab)(cz—&\Tr(ab))
=pm €c? Azp _pm Z & Az1 +pmG17]1(—1) Z m < >€p
21, ZQE]F* 21 EIF; 21 EF; 4Tr(ab)
(2—-p)p™, fA=0,
2p , if A # 0 and ¢* — 4\Tr(ab) = 0,
2 —|—p if A # 0 and ¢* — 4\Tr(ab) € SQ,

if A # 0 and ¢* — 4\Tr(ab) € NSQ.

(11)

11



Case 4: when a #0Ab € Fy A c =0, we have the following two cases.
If Tr(ab) = 0, then from (10) we have

_ 2, m . —
QQ :2pm Z €;>\21 :{2(p 1) P, ZfA Oa

2p — 1)p™, if A£0.
= (p—1)p™, if X#0

If Tr(ab) # 0, then the results are deduced from (11) and Lemma 1.

— —Az m -z m 21 4T:(lab) (=4ATr(ab))
Qo =p™ D> &M —p" > M +p Gim(-1) > m (4Tr(ab)>€p

z1,22€F5 z1€Fy z1€F
=< 2p™, if A\ #0 and — 4XTr(adb) € SQ.
—2(p—1)p™, if A\ #0 and — 4XTr(ab) € NSQ.

Hence, the desired results are derived from #N(a,b,c) = p*™~2 + p% (Qo+ Q1 + Q9)
for each case. This completes the proof. O

The following lemma is used to find the weight distributions in codes.
Lemma 12. Fort € F,, define the set

S ={(a,b) € Fyn x Fpm | Tr(ab) =t} .

Then, #5 = p™ =1 (p™ — 1).

We collect the parameters of the code Cp, in the following theorem.
Theorem 1. Let m be an integer with m > 2. For A = 0, let Dy be the set defined in
(2). Let Cp, be a linear code over F,, defined in (3). Then, the code Cp, has parameters
P 4+ (p—1)p™ 1t 2m+1, (p—1)(p*™ 2 —p™~1)], with the Hamming weights listed
in Table 1. Besides, the code Cp, s five-weight self-orthogonal code over Fy,. The dual

code CigoL has parameters [p>™ =1 + (p — 1)p™ =L, p*™ 1+ (p— 1)p™~1 —2m — 1,2],,.

Table 1 The Hamming weights in Cp,, where
A=@-DEm™-1)pm !

l Hamming weight w [ Multiplicity Aq ]
0 i
PP T4+ (p—1pm ! (p—1)
(p—1p"™ 2 pr—1+A
P-DE™ Z+p™ H [ (-DE" -1+ 4)
P-DE*™ Z-—pm 1 (" —Dp™ T
(p—1p™ =2 +pm A

12



Proof. From the definition of the code Cp,, its length is the size of its defining set Dg
and the Hamming weight of each codeword ¢4, in Cp, is

wt(c(a,b,C)) =N - #NO(av bv C)' (12)

Thus, the length follows from Lemma 10, and every Hamming weight follows from
Lemmas 10 and 11. Explicitly, the Hamming weights wt(c(q,,¢)) are given as

p?mt 4 (p—1)pmt ifa=0Ab=0Ac#0,

pPm—l _ p2m—2, ifa=0AbA0Ac=0,
ora#0AbeF,; Ac=0ATr(ab) #0,

Pl 2 L (p—1)p™l, ifa=0Ab#O0OACcH#O,
ora#0AbeTF,; Ac#0ATr(ab) #0,

pm=l —p?m=2 _ (p—1)p" 7, ifa#£0AbEF,Ac=0ATr(ab) =0

pPm—l _ pm=2 4 pm ifa#0ANbeTF,;Ac#0ATr(ab) =0.

The weight distribution of each Hamming weight can be determined with the help of
Lemma 12. Besides, since the vector 1 € Cp, and the code Cp, is p-divisible for m > 2,
it is self-orthogonal code due to Lemma 7. From the second Pless power moment, one
can easily observe that AQL > 0, which approves that the dual distance d*- = 2. This
completes the proof. O

We collect the parameters of the code Cp, in the following theorem.
Theorem 2. Let m be an integer with m > 2. For A € Fy, let Dy be the set defined in
(2). Let Cp, be a linear code over F,, defined in (3). Then, the code Cp, has parameters
[p?m=t —pm=l 2m + 1, (p — 1)p*™ =2 — 2p™ 1], with the Hamming weights listed in
Table 2. Moreover, the code Cp, is four-weight self-orthogonal code over IF,,. The dual

—
code Cp,~ has parameters [p*™~! — pm=1 p?m=1 _pm=1 _9m —1,2],.

Table 2 The Hamming weights in Cp,

[ Hamming weight w [ Multiplicity A ]
0 1
p2m—1 7p'm—1 (pf 1) 1
(p—1)p>m (™ —DA +pm 4 p™(P57))
(p—1)p"m =2 —pm~T " -DrE-1a +f’”*1)
2m—2 —1 =
(p—Dp*™—2 —2p™ p" (™ - D(*5)

Proof. From the definition of the code Cp,, its length is the size of its defining set D)
and the Hamming weight of each codeword ¢4, in Cp, is

wt(C(a,p,c)) = n — #Nx(a, b, ¢).

Thus, the length follows from Lemma 10, and every Hamming weight follows from
Lemmas 10 and 11. Explicitly, the Hamming weights wt(c(,,)) are given as
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p2m—l _ pm—l ifa=0Ab=0Ac#0,

(p— 1)p?m—2, ifa=0Ab£0ANc=0,
ora#0ANbeF,ANc=0ATr(ab) =0
ora#0ANbeF, AceF, ANTr(ab) #0Nk € NSQ

(p—1Dp?m=2—pm=1 ifa=0Ab#0ACc#DO,
ora#0ANbeTF,ANc#0ATr(ab) =0

(p—1)p*m=2 —2pm 1 ifa£0AbEF,ANceF, ATr(ab) #0Ak € SQ

where k = ¢ — 4\Tr(ab). The weight distribution of each Hamming weight can be
determined with the help of Lemma 12. Besides, since the vector 1 € Cp, and the
code Cp, is p-divisible for m > 2, it is self-orthogonal code due to Lemma 7. From
the second Pless power moment, one can easily observe that AQl > 0, which approves
that the dual distance d+ = 2. The proof is complete. O

4 Constructions of self-orthogonal codes from the
first generic construction

In this section, we construct new classes of self-orthogonal codes and LCD codes over
the odd characteristic finite fields in the first generic construction method.

4.1 On the first generic construction of linear codes from
functions

In this subsection, we review the first generic construction method for linear codes
involving special functions.

The first generic construction is obtained by considering a code C(h) over F,
involving a mapping h from F, to F, (where ¢ = p') defined by

C(h) == {¢ = (Trj(ah(zx) + bx))ser: : a,b € Fy}.

The code C(h) from h is a linear code of length (¢ — 1) and its dimension is upper
bounded by 2¢. For any a,b € Fym, we define a function

fa’b : ]qu — ]Fq

o > fap(a) =Ted" (a¥(z) — bx),

where U is a mapping from Fym to Fym such that ¥(0) = 0. Then a linear code Cy
over [y is defined as

Co = {c(ap) = (fap(C1), fap(C2)s s fap(Cgm—1)) + a;b € Fgm},

where (i, ..., (gm—1 are the elements of F7.. and c(4p) denotes a codeword of Cy. The

linear code Cy of length ¢™ — 1 is an (2m)-dimensional subspace of Fy" over Fy, and
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denoted by [¢"™ — 1, 2m],. To get a subclass of the class of the linear code Cy, one can
assume that ¢ =1 and a € Fj,. Let

flz) =Th" (¥(x)) (13)

be a p-ary function such that ¥ : F,m — Fpm is a mapping with ¥(0) = 0. From now
on, let f : Fpm — F,, be a p-ary function with f(0) = 0. Define a subcode C} of the
code Cy as follows:

Ci = {Can) = (a flz) - Tr;’”(bx)) : a€F,and beFyu}. (14)

*
mG]Fpm

The linear code C} of length p™ — 1 is an (m + 1)-dimensional subspace of Fy* over [,
and denoted by [p”™ — 1, m + 1],. Moreover, for f(0) # 0, one can define an extended
code Cy of the code CJ”Z

Cr ={cp = (af(x) - Tr£m (bx)) ca€F,and beFpm}. (15)

JJE]Fpm

The linear code Cy of length p™ is an (m + 1)-dimensional subspace of F)' over F,
and denoted by [p™, m + 1],. The augmented code of the code Cy is defined as

Cr={clape) = (af(x) — T2 (bz) + c) ca€F,beFm,celF,}.  (16)

p IE]FPWL

The length of the augmented code C; is the same as that of the original code C¢. Note
that the augmented code C; has larger dimension than that of Cy since 1 ¢ Cy. Thus,
the augmented code Cy is (m + 2)-dimensional subspace of F"" over F,, and denoted
by [p™, m + 2],.

The code C} defined in (14) has been studied in [12] and [15] for weakly regular
bent and plateaued function f, respectively. Very recently, the augmented code @
defined in (16) has been studied in [14] for weakly regular bent function f. In this
paper, we study the augmented code @ for weakly regular plateaued functions and
construct self-orthogonal codes, LCD codes and LRC codes.

The Hamming weights in C]’E are presented in [12, 15] in the following propositions.
Proposition 1. [12] Let C; be the code defined in (14). For a € F, and b € Fpm, the
codewords €(qp) € C; have the following Hamming weights.

e Ifa=0, we have wt(épo) = 0 and wt(coyp) = p™ — p™ =1 for allb € Fpm.
e Ifa€Fy, and b € Fpm , we have

41 _
wt(cip) =p™ —p" 7 - 5 Z 0w (0a(Wr(a™'D))), (17)
wEF;

where o, is the automorphism of the cyclotomic field Q(&,) for a € Fy.
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The following proposition calculates the Hamming weights in (17) for a weakly
regular plateaued (and also bent) function f.
Proposition 2. [15] Let | be weakly regular s-plateaued with f(0) =0 for 0 < s <
m — 2. Let e = £1 be the sign of Wy and f* be a p-ary function of Wy over Sy. Let
C} be defined in (14). For a € F; and b € Fpm,

e ifa"'b ¢ Sy, then we get wt(C(q,p)) = p™ —pm~t
e ifa"lbe Sy, when m + s is even,

7

m

wien) =4 — Tt — e R ¥ a0 =0,
T = g BT, i e ) € F,

when m + s is odd,

pm—pm . if f*(a‘lb) =0,
wt(c(a,b)) =P P - €fp \/7m ’ s if fr(a” ) € 5Q,
P =" el L5 if fr(a1b) € NSQ.

4.2 Construction of self-orthogonal codes

In this subsection, we deal with the augmented code @ for weakly regular plateaued
functions and propose self-orthogonal codes.

We first need the following lemma to find Hamming weights in the augmented code.
Lemma 13. Let f : Fpm — F, be an s-plateaued function. For a € F,,b € Fpym,
c € F}, define

Ny(a,b,c) :=#{z € Fpm : af (z) — Tet (bx) + ¢ = 0}.

p

* When a =0, we have N¢(0,0,¢) =0 and Nf(0,b,¢) = p™~" for every b € Fym.
e When a # 0, we have N¢(a,b,c) = p™~1 for every a='b € Fpm \ S, and for every
a”lbe Sf,

- if m+ s is even,

Ni(a,b,c) = P e TR i (D) Fea”t =0,
POBE= pm —WPJ*m“, if £*(a7'b) +cat #0

— if m+ s is odd,

m—1 if f*(a=b) +cat =0,
Ni(a,bye) =4 P ' +epy L/ i no(f*(a 1b)+ca =
Pt - lJﬂmﬁlﬁmUW ') +ca”l) =

%
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Proof. For a € Fp,b € Fym and c € Fy, by the definition of Ny (a, b, c), we have

by =1 303 e e

y€F, x€F,m

_ af(e)—Te2" (ba)
=pm 1_’_%2530 Z 517;’( )

yE]F; .'L'E]Fp'm,

We consider the following cases: For a = 0, we have by Lemma 1 (i)

TeP™ (yba m=1if
Ni(abe) =pm 4+ 53 g > g ={p ’?b7é0j

0, ifb=0
yEF* z€F,m

For a # 0, we have

Nylasbe) =pm-t+1 Y e 37 gl m o)

yE]F* z€F,m

=p" T 1Y oy (Wr(a'D))

yeFy

m 1+ 1 Zfl/ca 1 Wf( _lb)),

yely

where o, is the automorphism of Q(¢,) defined as 0, (§,) = £J. Since f is weakly
regular plateaued function, we have the following two cases:

o Ifa1p ¢ Sf, then Nf((Lb, C) = pm_l.
e If a='b € Sy, since

m-4s . fx m-s —m+ts xo -1
oy (Wi(a™'b) = oy (es Vo= "6 ) = epny o ()T TG,

we have

Ni(a,b,e) =p™ 7+ 13" €1 o, (Wy(a™'h))

yeF;
=T L G ey )V g e
yGF;
— ¥ + *(o—1 -1
=p" b epypr LN e (y)gy e e,

yEFy

We deal with it for m + s even and odd.

— When m + s is even, by Lemma 1 (i),

N¢(a,b,c) = P e B Ufmﬂv if f*(a™'0)+ca™! =0,
e pm byl VBT @) + ot £0.
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— When m + s is odd, by Lemma 1 (7) and (7i1),

Np(a,be) =p™ 4 ep/p " 2N " oy

m— 1

ASEE SIS

Hence, the proof is complete.

yeFy

if (o

gy(f (a”'b)+ea™t)

1) + ca=t =0,
" 1+6f VEETT i e(f*(a lb)+0a H=

ml—epd L5 (7 (a1B) + cal) =

O

Remark 1. In the construction of (16), when ¢ = 0, the augmented code Cy cor-
responds to the extension code Cy in (15) of the original code C} in (14). Since the
Hamming weights in Cy are the same as the Hamming weights in C’J’i, then the Ham-

ming weights wt(c(qp0)) in the augmented code @ are the same as the Hamming
weights wt(c(q,p)) in C} when ¢ = 0.

We collect the parameters of the augmented code @ in the following theorem.
Theorem 3. Let m+ s be an integer with 0 < s < m—2. Let f be a weakly regular p-
ary s-plateaued function with f(0) = 0. Let C; defined in (16) be a linear [p™, m + 2],
code over F,. Then, the @ s a four-weight self-orthogonal code with the Hamming
weights listed in Tables 3 and 4 when m + s is even and odd, respectively.

Table 3 The Hamming weights in @ when m + s is even

l

Hamming weight w

[ Multiplicity A

0 1
(p—Dp™ ! p(p™ —1+(@-DE™ —p""°))
(-1 - 2T (p—Dp™—*
(P—Dp™ e Lyp T (p—1)%*pm*

Table 4 The Hamming weights in @ when m + s is odd

l

Hamming weight w

[ Multiplicity A ]

0 1
(p—1pm ! 2pm T —p™ —p
(p—pm— T —eplypr T $(p—1)%p™
2 2
— SF1I
(p—1)p™ ! 4 es VD" ST (p—1)%p™

Proof. We first consider the case ¢ = 0. By Remark 1, when ¢ = 0, the Hamming
weights wt(c(q,p,0)) follow from Propositions 1 and 2. For c(43,0) € Cy, we have the
following cases:

® When a = 0, we have wt(¢(g,0,0)) = 0 and wt(¢p,0)) = p"

® When a € IE‘; and b € Fpm

— if a7'b ¢ Sy, then we get wt(c(qp0)) =P

, we have

m m—1

-p )

18
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~ if a='b € Sy, then for m + s even,

s

wh(ewpo) =1 7 TP P [ (a =0
(a,b,0) pm — pm 1+€ 1fm+5 if f*( )EF*

for m + s odd,

pm _ pm—l, if f*( — ) — O,
wH(C(ap0) = 4 P — Pt — e Ly fr (a7 ) € SQ,
P —pm T 4 et L e (am1h) € NSQ.

We now compute the Hamming weights of ¢(4,4,) when ¢ # 0. The Hamming weights

wt(C(a,p,c)) = P — Ny(a,b, c) follow from Lemma 13 as follows:

® wt(c(,0,c)) =p" — N¢(0,0,c) = p™ for every c € Fy.

® wt(c(o,p,e)) =™ — Np(0,b,¢) = p™ — p™ " for every b € F, and ¢ € F}.

® When a,c € Fy, wt(cap,.e)) =p™ — Ny(a,b,c) =p™ —p™ 'VWa=lb € Fym \ S, and
for every a™'b € Sy,

— for m + s even,

m

whewp) = 47 TP L= /e fr (a7 ) + ca”t =0,
(a,b,c) pm_pm 1+€ 11)\/>WL+S7 1ff*( )+C(Z #O

— for m + s odd,

P — pmTL, if f*(a=1b) +ca”! =0,
_ m _ ,m—1_ _ 1 Fmts+1 if * 1b
wt(Ciape) =4 P" =D s VD , ifmo(f*(a )+Ca b=
m m— Fm+s+1 . *
P = ety i g (f*(a7Mh) 4 ca”h) =

From the above results, we can list below the Hamming weights under the corre-

sponding conditions. the Hamming weights wt(c(,,)) are given as for even m +
S

0, ifa=b=c=0,

wy =p™, ifa=b=0,cclFy,

wy = p™ —pm L, ifa:O,béIF‘*m oraE]F* *lbgéSf,
wy = p™ —p" = e T it a € Fa “lh e Sp, f*(a-18) +ca=t =0,
w4:pm—pm_1—|—€f%\/p*m+s, if a € Fy,a=be Sy, f*(a™'b) +cat #0,
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for odd m + s,

0, ifa=b=c=0,
wy =p™, ifa=b=0,celF},
wy =p" —p" if a =0,b€Fs. oracFsatb¢ S,

oraelFya'be Sy, f*(a™'b)+cat =0,
wy =p™ —pmL — ef%\/p* mEstl it g e Fx,a='b € Sy,no(f*(a™'b) +ca™) =1,
wyg=p" —pm L+ ef%\/p* m+s+1, ifae F;,a_lb € Se,mo(f*(a™1b) + ca™t) = —1.

We determine the weight distribution of each codeword. Let A,, be the weight
distribution of the Hamming weight w;, for 1 < i < 4. When m + s is even.

e It is clear that A,, =p— 1.

e By Lemma 3, we have A, = p(p™ — 1) + p(p — 1)(p™ — p™~%).

® Define Ay, = #{(a,b,¢) € Fj; x Sf xF, : f*(a'b) +ca™! = 0}. For fixed a and b,
the equation —af*(a~1b) = ¢ has the unique solution. Then, A,,, = (p — 1)p™*.

® Define A,, = #{(a,b,c) € Fp xSy xFp : f*(a=tb) + ca=! # 0}. Then, A, =
(p—1)p"p = Awy = (p—Dp™ " = (p—1)p" = (p— 1)’p" "

When m + s is odd.

® It is clear that A, =p— 1.

e By Lemma 2, we have A,, = p(p™ — 1)+ (p—-1(p™ —p™ )+ (p— 1)p™* =
p(p™ = 1)+ (p— Dp™ =2p™+ —p™ —p.

o Ay, = #{(a,b,c) € Fp x Fpm x Ty f(a™1b) +ca ! € SQ} = %(p —1)%p™.

* Ay, = #{(a,b,c) €F} x Fym x Fp : f*(a™'b) +ca™ € NSQ} = 1(p—1)%pm.

This completes the proof. O

Corollary 1. Let @ be the code proposed in Theorem 3. Then, the code @ is self-
orthogonal code over F, when m + s > 4 and m + s > 3 for even and odd cases,
respectively.

Proof. Since the vector 1 € Cy and Cy is p-divisible for each case, then the augmented

code @ is self-orthogonal due to Lemma 7. O
Remark 2. Let Cs be a linear [p™, m + 2,d)], code in Theorem 3.
o When m+s is even, d= (p—1)(p™~' —p™ ) if er(no(—1))"2" = 1; otherwise,
d= pm 7pm71 _ p7m+25_2 )
mts—

o Whenm + s is odd, d=p™ —p™ ™1 —p~ =

4.3 Construction of LCD codes

In this section, we observe that the constructed self-orthogonal code @ is the (opti-
mally) extendable code, and new families of LCD codes are constructed from the codes
c.
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Let f : Fym — F, be a weakly regular p-ary s-plateaued function with f(0) = 0.
Let Cy be a linear [p™,m + 2|, code over ), defined in (16). Let Fy. = (3). Let

D ={dy,ds,...,d,} be a defining set. The generator matrix G of the code C; is given
by

i 1 1 1 7
f(d) [d) o f(d)
T (Bd) T (%) .. T (8%dy)
_ | ™) TN(Bd) . T () 18)

[ TeE” (87 dy) TeR" (8™ da) ... TeE" (8™ 'd,,)]
By an elementary row transformation on G, one can obtain the following generator
matrix Gy of Cy:

i 1 1 1 T
fldi) +1 fld2) +1 fldn) +1
T2 (B%d;) TR (8%dy) ... Tr§:(ﬂ0dn)
G, — | Th (Bld) T (8dn) " (B dn) (19)

[Te2" (87 dy) TeR" (8™ o) ... TXE (8™ Vd,,)]

Let @/ be the linear code with generator matrix G = [I(;m42,m+2) : G2]. Since the
code @ is self-orthogonal in Theorem 3, the code @/ is an LCD code due to Lemma 8.

The following propositions derive the parameters of the LCD code @/ and its dual
code @IL. o
Proposition 3. Let m + s be an even integer with 0 < s < m — 2. Let Cy be the
code given in Theorem 3 with the generator matriz Go in (19). Then, a matriz G}

generates an LCD code @/ with the parameters [p™ +m +2,m + 2, d], for

m+s—2 m+s

ed=pm—p"Tt—(p—1pT = +2when ef(no(-1))7F =1,
e d=pm—pm!l —p™F= + 1 when ef(no(—l))m;S =-1.

—L
Moreover, the dual code Cfl has parameters [p™ +m + 2,p™, 3].

Proposition 4. Let m 4+ s be an odd integer with 0 < s < m — 2. Let @ be the code
given in Theorem 3 with the generator matriz G in (19). Then, a matriz G generates
an LCD code @/ with the parameters [p™ +m + 2,m + 2,d], for

o d=p" —p" Tt = p™E 41 when ep(mo(~1))

=1
m+s—1

e d=pm—pmt—p 2 +2 when Ef(no(*l))% =—1.

mts+1
2 7

Moreover, the dual code C’if/L has parameters [p™ +m + 2,p™, 3.
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5 Conclusion and Future Work

This paper is based on the recent papers [16, 21]. Motivated by the paper [16], we
propose the augmented code construction method for the linear code construction
methods introduced in [21] and [12]. In Section 3, we propose the augmented code
of the code proposed in [22] based on the defining set. We obtain new families of
four-weight and five-weight self-orthogonal codes from the trace function over the
odd characteristic finite fields. Moreover, we determine all parameters of the obtained
codes and their dual codes. In Section 4, we propose the augmented code of the code
proposed in [12]. We obtain new families of four-weight self-orthogonal codes from
weakly regular plateaued functions over the odd characteristic finite fields. Moreover,
we determine all parameters of the obtained codes and their dual codes. Finally, we
employ the constructed p-ary self-orthogonal codes to construct p-ary LCD codes.

We are currently working on the locality and optimality of the constructed self-
orthogonal codes. We hope some constructed codes are locally recoverable codes under
certain conditions. Moreover, we estimate that they are (almost) optimally extendable
linear codes under certain conditions due to Griesmer bound.
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