ON DEGREES OF CARRY AND SCHOLZ’S CONJECTURE

THEOPHILUS AGAMA

ABSTRACT. Exploiting the notion of carries, we obtain improved upper bounds
for the length of the shortest addition chains ¢(2™ — 1) producing 2™ — 1. Most
notably, we show that if 2’ — 1 has carries of degree at most

L1555
K1) = 0 - 1R+ 3 (5D

then the inequality

log n
l1ogz]

2" — 1D <n+1+ ; ({E}—g(n,j)> + u(n)

holds for all n € N with n > 4, where ¢(-) denotes the length of the shortest
addition chain producing -, {-} denotes the fractional part of - and where

£(n,1) := {2} with £(n,2) = {2} and so on.

1. Introduction

An addition chain producing n > 3, roughly speaking, is a sequence of numbers
of the form 1,2, s3,84,...,8k_1,Sk = n where each term is the sum of two earlier
terms- not necessarily distinct - in the sequence, obtained by adding each sum
generated to an earlier term in the sequence. The length of the chain is determined
by the number of entries in the sequence excluding the mandatory first term 1,
since it is the only term which cannot be expressed as the sum of two previous
terms in the sequence. There are numerous addition chains that result in a fixed
number n; In other words, it is always possible to construct as many addition chains
producing a fixed number positive integer n as n grows in magnitude. The shortest
among these possible chains producing n is regarded as the optimal or the shortest
addition chain producing n. There is currently no efficient method for getting the
shortest addition yielding a given number, thus reducing an addition chain might
be a difficult task, thereby making addition chain theory a fascinating subject to
study. By letting ¢(n) denotes the length of the shortest addition chain producing n,
then Arnold Scholz conjectured and alfred Braurer proved the following inequalities

Theorem 1.1 (Braurer). The inequality
m+1<i(n) <2m
for 2™ +1 < n < 2™ holds for m > 1.
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Conjecture 1.1 (Scholz). The inequality
(2" —=1) <n—14(n)
holds for all n > 2.

It has been shown computationally by Neill Clift, that the conjecture holds for all
n < 5784688 and in fact it is an equality for all exponents n < 64 [2]. Alfred
Brauer proved the Scholz conjecture for the star addition chain, a special type of
addition chain where each term in the sequence obtained by summing uses the
immediately subsequent number in the chain. By denoting with ¢*(n) as the length
of the shortest star addition chain producing n, it is shown that (See [1])

Theorem 1.2. The inequality
2" =1)<n—1+4:(n)
holds for all n > 2.

In relation to Conjecture 1.1, Arnold Scholz postulated that Conjecture 1.1 can be
improved in general. In particular, Alfred Braurer [1] proved the inequality

un) < )

for 2™ < n < 2™ for all sufficiently large n.

Quite a particular special cases of the conjecture has also be studied by many
authors in the past. For instance, it is shown in [4] that the Scholz conjecture holds
for all numbers of the form 2" — 1 with n = 2% and n = 2°(27 + 1) for s,q > 0. If
we let v(n) denotes the number of 1’s in the binary expansion of n for m = 2™ — 1,
then it is shown in [3] that the Scholz conjecture holds in the case v(n) = 5.

logn 1 2log2
log 2 loglogn = (logn)l—los2

2. Sub-addition chains

In this section we introduce the notion of sub-addition chains.

Definition 2.1. Let n > 3, then by the addition chain of length k£ — 1 producing
n we mean the sequence
1,2,...,8k-1,8k
where each term s; (j > 3) in the sequence is the sum of two earlier terms, with
the corresponding sequence of partition
2=1+4+1,...,8,1=ap_1+Tk-1,S =ar +rp=n

with a;41 = a; +r; and a;41 = s; for 2 < ¢ < k. We call the partition a; + r;
the i th generator of the chain for 2 < i < k. We call a; the determiners and
r; the regulator of the ¢ th generator of the chain. We call the sequence (r;) the
regulators of the addition chain and (a;) the determiners of the chain for 2 <i < k.
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Definition 2.2. Let the sequence 1,2,...,sx_1,Sr = n be an addition chain pro-
ducing n with the corresponding sequence of partition

2=14+1,...,8,1=0ap_1+Tk_1,5 = ax + 71 = n.

Then we call the sub-sequence (s, ) for 1 < j < kand1 <m <t <k a sub-
addition chain of the addition chain producing n. We say it is complete sub-
addition chain of the addition chain producing n if it contains exactly the first ¢
terms of the addition chain. Otherwise we say it is an incomplete sub-addition
chain.

Lemma 2.3. Let 1(n) denotes the shortest addition chain producing n. If a,b € N
then
t(ab) < i(a) + ¢(b).

Proof. The proof of this Lemma can be found in [1]. O

3. The notion of carries

We devote this section to the study of the notion of carries and its number theoretic
properties. It turns out that this notion plays an important role in controlling
the length of an addition for numbers of the form 2" — 1. Short addition chains
with small carries almost satisfy the Scholz conjecture . We launch the following
languages.

Definition 3.1. Consider the decomposition

n n ]. - _]. n mny 1
o 1= (23 el 1)+ %(2%(1—(—1) 4
for n > 2. Then the non-zero remainder
" 1—(=1)") e (1—(—1)m) 2
77(2 _1) — %(2 (1-(-1) )2)
is the level one carry of 2™ — 1. We say that 2™ — 1 is free of level one carries if
n(2™ — 1) = 0. By letting
n
m=|3]

om 1= @ _ 1)@l £ 1)+ %(Qm—u—el)m)é)

then we obtain the decomposition

and we denote the carry with
(@™ — 1) = (1- (2—1)m) (2m—(=(=D"™) %)
and we say it is the level two carry of 2" — 1 if n(2™ — 1) # 0. In general, we denote
the level k carry of 2™ — 1 as the remainder
r 1-(=1)" r—(1—(=1)")1
7’(2 —1):%(2 (1-(-1) )2)
with n
We say that 2" —1 is free of level k carries if (2" — 1) = 0. The number of non-zero

levels of carry of 2" — 1 for all 1 < k < Lllgigj is the degree of carry of 2" — 1.
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Proposition 3.1. The number 2 —1  (n > 2) is free of level one carry if and
only if n =0 (mod 2).

Proof. Suppose that 2™ — 1 is free of level one carry, then

n@" —1) = w@n—(l—(—l)")%) —o.
This is only possible with (1 — (—=1)") = 0 and when n = 0 (mod 2). Conversely,
suppose that n =0 (mod 2) then § € N and we can write

2" —1=(2% —1)(2% +1)

and we see that
n(2" — 1) =0.

Integers of the form 2" — 1 with high degrees of carry serve as an obstruction to
achieving the inequality
(2" =1) <n—14(n)

using our current method. At best, avoiding them can yield progress on the con-
jecture using the current method but only for a specialized set of integers of the
form 2" — 1 with low degrees of carry. It turns out that the nature of the exponents
in large part characterizes integers with high degree (resp. low degree) carries. En-
countering integers of the form 2" — 1 with exponents giving rise to high degree
carries can be controlled in a way to minimize the corresponding length of the ad-
dition chain. At the moment we prove that we can obtain a chain of small length
for numbers 2™ — 1 with exponents giving rise to low degree carries.

4. Improved inequality using the method of carries

In this section, we prove an explicit upper bound for the length of the shortest
addition chain producing numbers of the form 2™ — 1. We begin with the following
important but fundamental result.

Theorem 4.1. if 2" — 1 has carries of degree at most

1
lTosz]

K2 = 1) = ()~ [ ]+ D

then the inequality

L1555 )
2" —1) <n+1+ Z ( —} - 57”)) u(n)
holds for alln € N with n > 4, where L() denotes the length of the shortest addition

chain producing -, {-} denotes the fractional part of - and where {(n, 1) := {5} with
£(n,2) = {32} and so on
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Proof. Suppose that 2™ — 1 has at most

Ll(;gnJ
1 logn =2

3000~ Liggs) + 2 ()

degrees of carries. Next decompose the number 2 —1 and obtain the decomposition

o —1=E —nelEl 1) 492" -1)

where ( _
n 1—(=D™) o1 (—1)m)L
ni2" —1):= — (2n—(=(=D"3)
is the level one carry of 2™ — 1. It is easy to see that we can recover the general
factorization of 2™ — 1 from this identity according to the parity of the exponent n.
In particular, if n =0 (mod 2), then we have

2" —1=(2% —1)(2% +1)

and
n_

2" 1= (2" —1)(2"% +1)+2"!
if n =1 (mod 2). By combining both cases, we obtain the inequality
(2" —1) < ((2L%J — 1)+ 1)) Fa2n —1).
Applying Lemma 2.3, we obtain further the inequality
(4.1) W27 = 1) <23 — 1) 423 1) 4 p2n - 1)

Again let us set | 2] =k in (4.1), then we obtain the general decomposition

B
2F — 1= (25l )2l 4 1) 42k — 1)
where

k
2k — 1) = w@k—u—(—n’“)é)
is the carry of 2% — 1. It is easy to see that we can recover the general factorization
of 2% — 1 from this identity according to the parity of the exponent k. In particular,
if k=0 (mod 2), then we have

2k _ 1= (2% —1)(2% +1)

and
k— k—

2k _1=(2"7 —1)(2°7 +1)+2F!
if k=1 (mod 2). By combining both cases, we obtain the inequality
W28 —1) < o((23) = 1)2L3) 4 1) + 2k —1).

Applying Lemma 2.3, we obtain further the inequality

W28 —1) <@ — 1) 0283 £ 1) 42k — 1)
(4.2) =2 1y el L)y etz - 1)
so that by inserting (4.2) into (4.1), we obtain the inequality

W2 — 1) < o223l 1y 4 elalsl 4y 4p2ls) — 1)
(4.3) +u2L2) 1) 4927 —1).



6 THEOPHILUS AGAMA

Next, we iterate the factorization up to frequency s to obtain
W20 — 1) < 2B D 4@ — D 42l Sy 2B 1) 4p2lsl )
(4.4) 44025760 1) 23 €0 1) pop2lEE — 1

where 0 < £(n,s) < 1 for an integer 2 < s := s(n) fixed to be chosen later. For
instance,

1) = (1- (-1 <1

and
€0,2) = (1= (~1)")5 +(1 - (-1)M); <1
with n
k= L§J

and so on. Indeed the function £(n, s) for values of s > 3 can be read from exponents
of the terms arising from the iteration process. It follows from (4.4) the inequality

o2" - <Z*+s+2Z Y 1 6(n,s) + (2 E) 1)
J=1n(2™-1)#0

m—l.y T

1 - n
_ _ _ —s—f(n,s) _
(4.5) =n(l— ;) +s+ 23 Y 1-0(n,s) + (2 1)
J=1n(2™-1)#0
m_\_y T
where the term
> > 1

J=1 k(2™ =1)#0
n

counts the number of all non-zero carry of 2" — 1 up to level s and 0 < (n, s) :=

Z &(n,j) and 2 < s := s(n) fixed, an integer to be chosen later. It is worth noting
i=
that

)= &(n,j)=0
j=1

if n = 2" for some r € N, since £(n,j) = 0 for each 1 < j < s for all n which are
powers of 2. It is also important to note that the 2s term is obtained by noting that
there are at most s terms with odd exponents under the iteration process and each
term with odd exponent contributes 2, and the other s term comes from summing
1 with frequency s finding the total length of the short addition chains producing
numbers of the form 2V +1. Now, we set k = 5% —£(n, s) and construct the addition
chain producing 2 as 1,2,22,...,2%~1 2% with corresponding sequence of partition

2=1+4+1,242=2%222422=23 bl —9ok=2 4 ok=2 ok _ ok—1 4 ok—1
with a; = 2072 = r; for 2 < i < k + 1, where a; and r; denotes the determiner and

the regulator of the i*" generator of the chain. Let us consider only the complete
sub-addition chain

2=1+1,2+2=2222422=293 ok-l_9ok=2 4 ok=2
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Next we extend this complete sub-addition chain by adjoining the sequence
ok—1 4 ol*5* Jzk 14 ol%5t J+2L22J_ 2k Ly o554 Lol o 40t

Since &(n,s) =0if n = 2" and 0 < &(n,s) < 1 if n # 2", we note that the adjoined
sequence contributes at most

L1ogl<:J B Llog(% *f(n,S))J B Llogn—slog2J B LlognJ B
log2- log 2 N log 2 ~ ‘log?2

terms to the original complete sub-addition chain. Since the inequality holds

o1 ol ol 2t <Y

we insert terms into the sum
(4.6) k=1 4ol ol ) 4o 4ot

so that we have

k—1
Z 2t = 2k _
1=1

Let us now analyze the cost of filling in the missmg terms of the underlying sum.
We note that we have to insert 2v=2 4+ 2h=3 4 ... 4 2l*5* 141 ingo (4.6) and this
comes at the cost of adjoining
kE—1
k—2—|—
terms to the term in (4.6). The last term of the adjoined sequence is given by

(A7) 28l (2R pok=3 4 oltEIHYy yolS ) ol 4 ol

Again we have to insert ol T -1 4y ol I it (4.7) and this comes at the
cost of adjoining

k—1 k
|
terms to the term in (4.7). The last term of the adjoined sequence is given by
k=14 (9h=2 4 ok=3 4 ool j+1)+2L L] +(2L -1y _+2L%j+1)+2L%J+
(4.8) 42t

By iterating the process, it follows that we have to insert into the immediately
previous term by inserting into (4.8) and this comes at the cost of adjoining

k-1 k—

1S ) = L) -

terms to the term in (4.8) for j < L%J — s, since we are filling in at most L}gigj

blocks with k& = 5t —£(n, s). It follows that the contribution of these new terms is
at most

k—1 log k
4.9 k—1-— . —
(49) {QLE‘ESJJ L10g2J
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obtained by adding the numbers in the chain
kE—1
1] -1
-1 [T
k—1 —1
Tl ] -

k-1 k1
)~ e

By undertaking a quick book-keeping, it follows that the total number of terms in
the constructed addition chain producing 2F — 1 with k = 55 —&(n,s) is

k—1 log k
2L12§§J+1J_Llog2j+L I=s

logn

6(2’“—1)§I€+k—1—{

log 2

n £ —&(n,s)—1 logn logn
S231_1_\‘2 Llognj'f‘l— _\_1 2J +|_1 J_S
9lTesz s og og?2
(4.10) N ol ) It A
251 oliEs ) +1-s

By plugging the inequality (4.10) into the inequalities in (4.5) and noting that
t(+) < 4(-), we obtain the inequality

2" —-1) < Z 2% +s+ 22 Z 1—0(n,s) + (23503 1)
v=1 J=1n(2™—1)%0

m=lg7tT

(4.11)

—n(l— o)+ o —1+s+2§: 3 10@,@{22_5(7”"8)_1

logn
Tog 2 J+1-s

s s—1
22 J=1n@"—1)#0 2t
m=|

_n
27—1

s n
n 595 f(na S) —1
noldgo+s+2d 0 1-0(n.s) { NETEIRER J
J=1 (2™ —1)#0 ¢

m=| 57

where we note that
S
> 21
J=1n(2™~1)#0
m=| 7t

counts the number of non-zero carries up to the s level for the number 2™ — 1. By
taking 2 < s := s(n) such that s = H‘éﬁ 5] which is the maximum frequency of the
iteration, then

{2”52? (n,s) — 1J _0

log n
Tog 2 J+175

|
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and we obtained that

105 nJ

1 logn n
1< = n
> Y rssem- (5 Y ()
j= 177(2"'71 #0 j=1
m= 2.7 2j—1
and the inequality
logn logn log n Lroes
2" —-1)<n—-1-0 2
2= 1) S == LT+ g 2t = g+ Y ()
. Rl
for 6(n, [25]) = Zl £(n,j) > 0 with n > 4 and 0 < £(n,j) < 1, where {}
j=
denotes the fractional part of a real number. The claimed inequality follows as a
consequence. O

It turns out that proving integers of the form 2™ — 1 has carries of degree at most

log
lTogz ]

K2 = 1) = 300 - 5]+ Y {55

would yield the inequality

log
lTosz ]

(2" <n+1+2( 51 =€) +1tm)

for all n € N as shown in the preceding proof, which is slightly short of the original
conjecture. Indeed, we expect the degree of carries of all integers to be of the above
form since for integers of the form n = 2*, it matches exactly with degree given by
the formula. In particular for 22" _1is always free of carries and we see that

1
lTosz]

1 log 2’“

2k
S0 Lzl + X (h -0

k(2% 1) =

We make the following conjecture

Conjecture 4.1. (The carry-addition chain conjecture) Let n > 2 and let «(-)
denotes the degree of carry of -. Then we have

log nJ
log 3

@ = 1) = [ 30 - LR+ > () }

where [-] denotes the ceiling of -.

1
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