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Abstract

Transaction fee mechanism design is a new decentralized mechanism design problem where
users bid for space on the blockchain. Several recent works showed that the transaction fee
mechanism design fundamentally departs from classical mechanism design. They then systemat-
ically explored the mathematical landscape of this new decentralized mechanism design problem
in two settings: in the plain setting where no cryptography is employed, and in a cryptography-
assisted setting where the rules of the mechanism are enforced by a multi-party computation
protocol. Unfortunately, in both settings, prior works showed that if we want the mechanism
to incentivize honest behavior for both users as well as miners (possibly colluding with users),
then the miner revenue has to be zero. Although adopting a relaxed, approximate notion of
incentive compatibility gets around this zero miner-revenue limitation, the scaling of the miner
revenue is nonetheless poor.

In this paper, we show that if we make a mildly stronger reasonable-world assumption than
prior works, we can circumvent the known limitations on miner revenue, and design auctions that
generate optimal miner revenue. We also systematically explore the mathematical landscape of
transaction fee mechanism design under the new reasonable-world and demonstrate how such
assumptions can alter the feasibility and infeasibility landscape.

∗Author order is randomized.
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1 Introduction

The transaction fee mechanism (TFM) [LSZ19,Yao,BEOS19,BCD+,Rou20,Rou21,FMPS21,CS23,
GY22, ZCZ22] is a new decentralized mechanism design problem that arises in a blockchain en-
vironment. Since space on the blockchain is scarce, users must bid to get their transactions
included and confirmed whenever a new block is minted. Earlier works observed that mecha-
nism design in a decentralized environment departs fundamentally from classical mechanism de-
sign [LSZ19,Yao, BEOS19, BCD+, Rou20, Rou21, FMPS21, CS23,GY22, ZCZ22]. The majority of
classical mechanisms assume that the auctioneer is trusted and will honestly implement the pre-
scribed mechanism. However, in a decentralized environment, the auction is implemented by a
set of miners or consensus nodes1 who are incentivized to take advantage of profitable deviations
(if there are any) rather than implementing the mechanism honestly. As a simple example, while
the Vickrey auction [Vic61] (a.k.a., the second-price auction) is considered an awesome auction by
classical standards, it is not a great fit for a decentralized environment as explained below. Suppose
we confirm k bids and they all pay the (k + 1)-th price to the miner. Then the miner could inject
a fake bid that is slightly less than the k-th price, thus causing confirmed bids to pay essentially
the k-th price. Alternatively, the same effect can also be achieved if the miner colludes with the
(k + 1)-th bidder and asks it to raise its bid to almost exactly the k-th price. The coalition can
then split off the additional gains off the table, using binding side contracts that can be instantiated
through the decentralized smart contracts that are available in blockchain environments.

This drives us to rethink what is a “dream” TFM in the absence of a fully trusted auctioneer.
Recent works [BCD+,Rou20,Rou21,CS23] formulated the following desiderata:

• User incentive compatibility (UIC): a user’s best strategy is to bid truthfully, even when the
user has observed others’ bids.

• Miner incentive compatibility (MIC): the miner’s best strategy is to implement the honest mech-
anism, even when the miner has observed all users’ bids.

• Side-contract-proofness (SCP): playing honestly maximizes the joint utility of a coalition con-
sisting of the miner and at most c users, even after having observed all others’ bids.

A line of works have strived to construct the dream transaction fee mechanism [LSZ19, Yao,
BEOS19, BCD+, Rou20, Rou21, CS23, FMPS21, SCW23, ZCZ22, GY22]. In particular, two main
models have been considered.

• The plain model. Earlier explorations of TFM [LSZ19,Yao,BEOS19,BCD+,Rou20,Rou21,CS23,
FMPS21] as well as mechanisms deployed in the real world adopt the plain model that does not
employ cryptography. In the plain model, bids are submitted in the clear to a broadcast channel,
such that strategic users can observe others’ bids before submitting their own. Further, the miner
of the next block can unilaterally decide which bids are included in the block.

• The MPC-assisted model. The subsequent work of Shi, Chung, and Wu [SCW23] explored the
use of cryptography in transaction fee mechanism design. As an initial feasibility exploration,
they considered a general model where the rules of the TFM are jointly executed by a set of
miners through a Multi-Party Computation (MPC) protocol. The MPC protocol guarantees
that 1) the outcome of the TFM is computed correctly even when a subset of the miners may
deviate from honest behavior; and 2) users cannot see others’ bids before submitting their own2.

1Throughout the paper, we call the consensus nodes “miners” regardless of whether the consensus protocol uses
proof-of-work or proof-of-stake.

2Blockchain projects such as Ethereum have been developing “encrypted mempool” techniques which can be
viewed as concrete instantiations of an MPC-assisted model.
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Chung and Shi [CS23] showed strong impossibility results in the plain model. One of the impos-
sibilities they proved is the 0 miner-revenue limitation. Specifically, any TFM that simultaneously
satisfies UIC and SCP must suffer from 0 miner revenue, i.e., all the payments from the users
must be burnt rather than paid to the miner as transaction fee. Shi, Chung, and Wu [SCW23]
showed that the same 0 miner-revenue limitation holds even in the MPC-assisted model, and even
for Bayesian (as opposed to ex post) notions of incentive compatibility. In both the plain and the
MPC-assisted models, the 0 miner-revenue limitation holds regardless of whether the block size is
finite or infinite, and even when the miner colludes with at most c = 1 user.

To broaden the design space, Shi et al. [SCW23] additionally suggested relaxing the strict
incentive compatibility notion to approximate incentive compatibility. Although with approximate
incentive compatibility, we can indeed circumvent the 0 miner-revenue barrier, unfortunately, Shi
et al. showed some fundamental limitations that the miner revenue cannot scale proportionally as
the magnitude of the bids increases [SCW23].

In this paper, we ask the following natural question:

How can we maximize the miner revenue in transaction fee mechanism design under reasonable
assumptions?

1.1 Our Results and Contributions

Our hope is to consider amildly stronger “reasonable-world” type assumption than Shi et al. [SCW23],
thus allowing us circumvent the 0 miner-revenue limitation in the MPC-assisted model (for strict
incentive compatibility). More specifically, the mechanisms proposed by Shi et al. [SCW23] im-
plicitly assume the following reasonable-world assumption: the strategic coalition controls no more
than ρ fraction of the miners, and no more than c users3. We will consider a mildly stronger
reasonable world which promises the following:

1. Just like Shi et al. [SCW23], we assume that the strategic coalition controls no more than ρ
fraction of the miners, and no more than c users;

2. We additionally assume that there is an a-priori known lower bound h on the number of honest
users; naturally, h is also a lower bound on the number of honest bids;

3. We additionally assume that the number of bids submitted by the strategic coalition is no more
than some a-priori known parameter d ≥ c. In other words, here we are assuming while identities
or pseudonyms may be cheap, they are not completely cost-free; and this is why the strategic
coalition cannot make up arbitrarily many fake identities and submit arbitrarily many fake bids.

New reasonable world: (h, ρ, c, d)-environment. Henceforth, if the above reasonable-world
assumptions are promised to hold, we say that it is an (h, ρ, c, d)-environment, where h ≥ 1,
ρ ∈ (0, 1), c ≥ 1, and d ≥ c are a-priori known parameters. In this paper, we want to design
mechanisms that satisfy UIC, MIC, and SCP in an (h, ρ, c, d)-environment, while maximizing miner
revenue.

In comparison, the mechanisms in the prior work of Shi et al. [SCW23] receive only the a-priori
parameters ρ and c as input, and there is no promise about h and d, i.e., the resulting mechanisms
must work for any choice of h and d. Henceforth, we say that such mechanisms are universal in
the parameters h and d, and that they satisfy UIC, MIC, and SCP in an (∗, ρ, c, ∗)-environment,
where each ∗ denotes a universal parameter.

3Shi et al. [SCW23] referred to this as achieving MIC against any ρ-sized miner coalition, achieving SCP against
any (ρ, c)-sized miner-user coalition.
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An interesting observation is that the new strengthened reasonable world does not help us
overcome the 0 miner-revenue limitation in the plain model. By contrast, our extra assumptions
indeed invalidate the proof of the 0 miner-revenue limitation in the MPC-assisted model. In other
words, the 0 miner-revenue limitation actually holds in a stronger sense in the plain model [CS23]
than the MPC-assisted model [SCW23]. In the plain model, the limitation holds even when 1)
the only strategic play is to bid untruthfully, i.e., a strategic user (possibly colluding with the
miner) never injects bids or drops out, and a strategic miner always implements the rules of the
TFM honestly, and 2) the mechanism is promised that there are n − 1 honest bids for some fixed
n > 2, and only one strategic bid. By contrast, in the MPC-assisted model, the proof of the
0 miner-revenue limitation (for Bayesian incentive compatibility) [SCW23] critically depends on
1) a strategic user’s ability to inject fake bids or drop out; and 2) the fact that the TFM must
nonetheless provide (Bayesian) UIC, MIC, and SCP even when the world consists of only a single
strategic user (possibly colluding with some miners), and no honest user at all.

Inspired by the above key insights, we prove several new results that jointly give a complete
characterization of the miner revenue in (h, ρ, c, d)-environments. Throughout the paper, we assume
that in the MPC-assisted model, the total miner revenue is divided equally among the miners. Since
we focus on Bayesian notions of equilibrium, we make the standard assumption that each honest
user’s bid is independently sampled from some a-priori known distribution D. Throughout, we
assume that D has bounded support.

A complete characterization for the infinite block setting. This setting is relevant because
real-world blockchains like Ethereum use the recent past to adjust the reserve price, such that the
vast majority of the time, the block size can accommodate all users who are willing to pay the
reserve price, thus emulating an “infinite block size” scenario.

We show that assuming that block size is infinite and that c ≤ d ≤ 1
8

√
h

2 log h , one can indeed

construct a TFM that guarantees Bayesian UIC, MIC, and SCP in an (h, ρ, c, d)-environment,
and meanwhile achieves Θ(h) miner revenue in expectation (taken over the randomness of the
mechanism as well as the honest users’ bids). Importantly, we achieve scalability in miner revenue
in the sense that when we scale up the bid distribution D by a factor of α, the miner revenue scales
up by α too. We also show that Θ(h) miner revenue is asymptotically optimal for an (h, ρ, c, d)-
environment even for an arbitrarily small ρ ∈ (0, 1), and even for c = d = 1. In particular,
we cannot hope for asymptotically more than Θ(h) expected miner revenue even when the actual
number of honest users far exceeds the anticipated lower bound h.

More formally, we prove the following theorems that give tightly matching upper and lower
bounds on miner revenue for the infinite block setting.

Theorem 1.1 (Achieving Θ(h) miner revenue model under infinite block size). Suppose that the

block size is infinite and that c ≤ d ≤ 1
8

√
h

2 log h . For any h ≥ 1, d ≥ c ≥ 1, and ρ ∈ (0, 1),

there exists an MPC-assisted TFM that guarantees Bayesian UIC, MIC, and SCP in an (h, ρ, c, d)-
environment, and meanwhile the mechanism achieves Θ(h · MD) expected miner revenue, and at
least Θ(h̃·CD) expected social welfare for the users where h̃ ≥ h is the actual number of honest users
that show up, MD denotes the median of the bid distribution D, and CD = Ex∼D[x−MD|x ≥ MD]
is another constant related to the distribution D.

Theorem 1.2 (Θ(h) miner revenue is optimal in (h, ρ, c, d)-environments). Fix any h ≥ 1, d ≥ c ≥
1, and ρ ∈ (0, 1). No MPC-assisted TFM that simultaneously satisfies Bayesian UIC, MIC, and
SCP in an (h, ρ, c, d)-environment can achieve more than h · E(D) expected miner revenue where
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E(D) denotes the expectation of the bid distribution D. Further, this limitation on miner revenue
holds no matter whether the block size is finite or infinite.

A complete characterization for the finite block setting. In Theorem 1.1, we focus on the
infinite block setting. An interesting question is whether we can get non-trivial results for the finite
block setting too. We show how to modify the mechanism of Theorem 1.1 to work in the finite
block setting, leading to the following theorem.

Theorem 1.3 (Finite block, c = 1). Suppose that the block size is k. Fix c = 1, any h ≥ 1,

any ρ ∈ (0, 1), and any d such that c ≤ d ≤ 1
8

√
h

2 log h . Then, there exists an MPC-assisted

TFM that satisfies ex post UIC, Bayesian MIC, and Bayesian SCP in an (h, ρ, c, d)-environment;
and moreover, the mechanism achieves Θ(min(h, k) · MD) expected miner revenue and at least
Θ(min(h̃, k) · CD) expected social welfare for the users, where h̃, MD, and CD defined in the same
way as Theorem 1.1.

For c ≥ 2, it turns out that the answer is more subtle. The challenge for c ≥ 2 is that one
user with a small true value and simply drop out to increase its friend’s chances, and thus the
aforementioned random down-selection idea would fail. On one hand, we show that there indeed
exist some bid distributions D such that for any choice of d ≥ c ≥ 2 and ρ ∈ [0, 1), using a
slight modification of the mechanism of Theorem 1.1, we can get Θ(h) expected miner revenue,
while satisfying (Bayesian) UIC, MIC, and SCP in an (h, ρ, c, d)-environment. Unfortunately, the
resulting mechanism appears to degenerate in some respects in the sense that the social welfare for
all users is 0. We prove that this is no accident: in fact, for any d ≥ c ≥ 2 and ρ ∈ (0, 1), any
MPC-assisted TFM that simultaneously satisfies Bayesian UIC, MIC, and SCP must suffer from 0
total user social welfare when more than h users show up whose bids are sampled from D:

Theorem 1.4 (Finite block, c ≥ 2: limit on social welfare). Suppose that the block size is finite,
and fix any h ≥ 1, any d ≥ c ≥ 2, and any ρ ∈ (0, 1). Then, any MPC-assisted TFM that
simultaneously satisfies Bayesian UIC, MIC and SCP in an (h, ρ, c, d)-environment must suffer
from 0 social welfare for the users under a bid vector b ∼ Dℓ where ℓ > h.

Due to the 0 social welfare limitation for strict incentive compatibility, it makes sense to consider
approximate incentive compatibility for finite blocks and c ≥ 2. In this case, we show a feasibility
result with asymptotic optimality in both miner revenue and social welfare, as stated below:

Theorem 1.5 (Approximately incentive compatible mechanism for the finite block setting). Fix

any h ≥ 1, c ≥ 1, and ρ ∈ (0, 1). Suppose the block size is k, and let ϵ ≥ MD · h2 · e
− h

16 . There is an
MPC-assisted TFM that satisfies ex post UIC, Bayesian ϵ-MIC, and Bayesian ϵ-SCP in (h, ρ, c, ∗)-
environments. Moreover, for sufficiently large h, the mechanism achieves Θ(k ·MD) expected miner
revenue, and Θ(k ·CD) expected total user social welfare, where MD and CD are defined in the same
way as Theorem 1.1.

Additional results. Interestingly, we show that all of our feasibility results, namely, Theo-
rem 1.1, Theorem 1.3, and Theorem 1.5, critically rely on the Bayesian notion of equilibrium. As
argued by Shi et al. [SCW23], the Bayesian notion of equilibrium is suitable for the MPC-assisted
model since the users cannot observe others’ bids before submitting their own. Had we insisted on
an ex post notion of equilibrium in the MPC-assisted model, our additional reasonable-world as-
sumptions would not help us overcome the previously known impossibility results. Specifically, we
show that any MPC-assisted mechanism that simultaneously achieves ex post UIC and SCP in an
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(h, ρ, c, d)-environment must suffer from 0 miner revenue even for d = c = 1 and an arbitrarily small
positive ρ. More generally, for approximate but ex post notions of incentive compatibility, even
the (h, c, d, ρ)-environment is subject to the same miner revenue limit stated in Shi et al. [SCW23].
Further, the above restrictions on miner revenue hold no matter whether the block size is finite or
infinite.

1.2 Additional Related Work

We now review some closely related recent works besides the prior works on transaction mechanism
design [LSZ19,Yao,BEOS19,BCD+,Rou20,Rou21,FMPS21,CS23] already mentioned.

TFM in a Bayesian setting. The recent works of Gafni and Yaish [GY22] and Zhao, Chen, and
Zhou [ZCZ22] both consider TFM in a Bayesian setting. Although their works did not explicitly
define the MPC-assisted model, from a practical standpoint, their results are in fact only relevant
in an MPC-assisted (or a similar) model. As explained in Section 3.2 and Fact 3.3, plain-model
TFMs that achieve Bayesian equilibrium also achieve ex post equilibrium, since in the plain-model
game, the strategic player can decide its actions after having observed honest users’ bids.

Gafni and Yaish [GY22] suggest a mechanism that satisfies Bayesian UIC, while also satisfying
MIC and OCA-proof (short for offchain-agreement-proof) even if the miner knows everyone’s bid.
Further, their mechanism works in the finite-block setting while achieving asymptotical optimality
in social welfare and revenue. We stress that their result does not contradict the zero miner-revenue
limitation proven by Shi et al. [SCW23] since their OCA-proofness notion (originally defined by
Roughgarden [Rou20, Rou21] ) is of a different nature from our side-contract-proofness (SCP)
notion (originally defined by Chung and Shi [CS23]). Roughly speaking, OCA-proofness requires
that a strategic coalition cannot enter an off-chain contract that increases everyone’s utility (not just
those in the coalition) relative to what’s achievable on-chain. In comparison, SCP is the notion that
directly captures the cryptocurrency community’s outpouring concerns about Miner Extractable
Value (MEV). In particular, middleman platforms that such as Flashbot facilitate the collusion
of miners and users, where the coalition plays strategically to profit themselves at the expense of
other users. This is why we choose to use the SCP notion rather than OCA-proofness. Moreover,
the reason why the cryptocurrency community is developing encrypted mempool techniques (which
can be viewed as instantiations of the MPC-assisted model) is also because they care about SCP
(i.e., resilience to MEV).

Zhao, Chen, and Zhou [ZCZ22] suggest a mechanism that generates positive miner revenue while
achieving Bayesian UIC and Bayesian 1-SCP even for the finite block setting. Their result does not
contradict the 0-miner revenue limitation of Shi et al. [SCW23], since Zhao et al. [ZCZ22] consider
only a restricted strategy space. In their work, a strategic user or a miner-user coalition can only
deviate by bidding untruthfully; the coalition cannot inject fake bids, strategic users cannot drop
out, and nor can strategic miners alter the inclusion rule. Due to their restricted strategy space,
their results are only relevant under very stringent assumptions: 1) the TFM is implemented in the
MPC-assisted (or similar) model; 2) the TFM is fully “permissioned” and allows only a set of pre-
registered users to submit bids. In particular, the latter “permissioned” requirement is unrealistic
for major decentralized cryptocurrencies today where any user can join and submit transactions.

Cryptography meets game theory. Prior to the advent of cryptocurrencies, a line of work [HT04,
KN08,ADGH06,OPRV09,AL11,ACH11,GKM+13,GKTZ15,GTZ15,Kat08,DR07,GLR10,CGL+18,
WAS22,CCWS21,PS17,KMSW22,FW20,EFW22] investigated how cryptography and game theory
can help each other. For example, cryptography can help remove the trusted mediator assumption
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in correlated equilibria [DR07]. Adopting game-theoretic fairness can allow us to circumvent lower
bounds pertaining to the more stringent cryptographic notions of fairness [HT04,ADGH06,IML05,
OPRV09,CGL+18,WAS22]. Ferreira et al. [FW20] and Essaidi et al. [EFW22] showed that cryp-
tographic commitments can help us circumvent impossibilities pertaining to credible auctions. As
Chung and Shi [CS23] explained in detail, credible auction is of a fundamentally different nature
from transaction fee mechanism design.

2 Technical Roadmap

Convention. In both our paper and the prior work of Shi et al. [SCW23], the ρ parameter is
only needed to instantiate the underlying MPC protocol among the miners, since the MPC protocol
needs to resist ρ fraction of corrupt miners.

As explained in Section 3, when we focus on the game theoretic analysis, it helps to abstract
out the underlying MPC protocol and think of it as an ideal functionality (i.e., a trusted third
party) whose job is to correctly compute the confirmation rule, payment rule, and miner revenue
rule of the TFM. In this idealized model, all the mechanisms described in this paper as well as Shi
et al. [SCW23] actually achieve universality in the parameter ρ. Henceforth throughout the paper,
we will state the results in the idealized world with universality in ρ.

2.1 Infinite Block Setting

For the infinite block setting, we can achieve Θ(h) miner revenue in (h, ρ, c, d)-environments. To
aid understanding, we break down the thought process into several intermediate steps, eventually
leading to our final mechanism, the LP-based mechanism.

Glimpse of hope. First, consider the special case where we are promised that there is at least
h = 1 honest user. In this case, the following simple parity-based mechanism satisfies ex-post UIC,
Bayesian MIC, and Bayesian SCP in (1, ∗, ∗, ∗)-environments.

MPC-assisted, parity-based mechanism
// Let m be the median of the distribution D such that Prx∼D[x ≥ m] = 1/2.

• All bids that are at least m get confirmed and pay m.

• If the number of confirmed bids is odd, then the total miner revenue is m; else the total
miner revenue is 0.

In the above mechanism, as long as there is at least one honest bid, the expected miner revenue
is always m/2 no matter how the coalition behaves. With this key observation, it is not hard to
see that the mechanism satisfies Bayesian MIC and Bayesian SCP (for an arbitrary c). Further,
ex post UIC follows directly since the mechanism is a simple posted-price auction from a user’s
perspective.

Remark 2.1. In the above, we assumed that the bid distribution D has a median m such that
Prx∼D[x ≥ m] = 1/2. In case the median m does not exactly equally divide the probability mass
half and half, then it must be that Prx∼D[x > m] < 1/2 and Prx∼D[x < m] < 1/2. In this case, we
can modify the above mechanism slightly as follows: if a user’s bid is strictly greater than m, then
it is confirmed; if a user’s bid is exactly m, then we confirm it with some appropriate probability
q; else the user’s bid is not confirmed. We can always pick a q such that a bid randomly sampled
from D is confirmed with probability exactly 1/2. Finally, the miner revenue rule is still decided
the same way as before.
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Warmup: Θ(h) revenue but approximate incentive compatibility. The parity-based mech-
anism overcomes the 0 miner-revenue limitation of Shi et al. [SCW23] by assuming the existence of
at least h = 1 honest user. However, the drawback is obvious: the total miner revenue is severely
restricted and does not increase w.r.t. the number of bids. A natural question is whether we can
increase the expected miner revenue if we are promised more honest users. Unfortunately, there
does not seem to be a straightforward way to extend the parity-based mechanism to achieve Θ(h)
revenue for a more general choice of h.

As a stepping stone, we first consider an intermediate mechanism that aims only for approximate
incentive compatibility:

MPC-assisted, threshold-based mechanism
// Let m be the median of the distribution D such that Prx∼D[x ≥ m] = 1/2.

• All bids that are at least m get confirmed and pay m.

• If the number of confirmed bids is at least h/4, then the miner revenue is m · h/4; else the
total miner revenue is 0.

Due to the standard Chernoff bound, except with e−Ω(h) probability, the number of confirmed
bids among the h (or more) honest bids is at least h/4. Therefore, the above mechanism achieves at
least m ·h/4 · (1−e−Ω(h)) expected miner revenue. If the number of confirmed honest bids is h/4 or
higher, then the coalition cannot increase the miner revenue no matter how it behaves. Only when
the number of confirmed honest bids is less than h/4, is it possible for the coalition to influence
the miner revenue by at most m · h/4. Therefore, it is not hard to see that the mechanism satisfies
ϵ-Bayesian MIC and ϵ-Bayesian SCP in (h, ∗, ∗, ∗)-environments, for ϵ = m · h · e−Ω(h)/4.

Just like before, in case the median m does not exactly divide the probability mass half and
half, we can use the same approach of Remark 2.1 to modify the mechanism and make it work.

Finally, we remark that while in this paper, we use the threshold-based mechanism as a stepping
stone towards getting strict incentive compatibility, the mechanism itself might be of interest in
practical scenarios, due to its simplicity and the error tolerance in choosing the parameter m.

Strict incentive compatibility. The drawback of the threshold-based mechanism is that it
achieves only approximate incentive compatibility. Our final goal is to achieve Θ(h) total miner
revenue but with strict incentive compatibility. To achieve this, our idea is to devise a mechanism
that is “close in distance” to the aforementioned threshold-based mechanism, but correcting the
“error” such that we can achieve strict incentive compatibility.

Observe that the earlier threshold-based mechanism only needs an a-priori known lower bound
on h, and it is universal in the parameters c and d. To achieve strict incentive compatibility, we
additionally assume that the the number of bids contributed by the strategic coalition is upper
bounded by some apriori-known parameter d.

Now, consider the following mechanism that relies on linear programming to correct the error in
the earlier threshold-based mechanism. For simplicity, we assume that the honest bid distribution
D has a median m such that Prx∼D[x ≥ m] = 1/2 — if not, we can again use the technique of
Remark 2.1 to modify the mechanism and make it work.

MPC-assisted, LP-based mechanism
// Let m be the median of the distribution D, i.e., Prx∼D[x ≥ m] = 1/2.

• All bids that are at least m get confirmed and pay m.
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• Let n be the length of the bid vector, let y := (y0, y1, . . . , yn) be any feasible solution to the
following linear program:

∀i ∈ [n] : 0 ≤ yi ≤ i ·m (1)

∀0 ≤ j ≤ d :
n−d∑
i=0

qi · yi+j =
m · h
4

(2)

where qi is the probability of observing i heads if we flip n− d independent fair coins.

• The total miner revenue is ys where s is the number of bids confirmed.

In the above, Equation (1) expresses a budget feasibility requirement, i.e., the total miner rev-
enue cannot exceed the total user payment. Equation (2) expresses a fixed-revenue requirement
stipulating that the miner revenue must be exactly m · h/4 no matter how the strategic individual
or coalition behaves (as long as it controls at most d bids). More specifically, Equation (2) con-
tains one requirement for each j ∈ [0, d]: conditioned on the fact that among the (at most) d bids
controlled by the strategic individual or coalition, exactly j of them are confirmed, the expected
miner revenue must be exactly m ·h/4 where h is an a-priori known lower bound on the number of
honest users.

Remark 2.2. We know that the actual number of honest users that show up is at least max(n−
d, h). So if n − d > h, it means that more honest users showed up than the anticipated number
h. Observe that on the left-hand side of Equation (2), we are tossing coins for n− d honest users’
bids. However, it is important that the right-hand-side of Equation (2) use the a-priori known h
rather than the observed n− d; otherwise, injecting extra (but up to d− c) fake 0-bids can increase
the expected miner revenue, which violates MIC and SCP.

If the LP in the above mechanism indeed has a feasible solution, then we can prove that
the resulting mechanism satisfies ex post UIC, Bayesian MIC, and Bayesian SCP in (h, ∗, c, d)-
environments. The formal proofs are presented in ??.

The key technical challenge is to answer the question why the LP has a feasible solution.
Intuitively, the earlier threshold-based mechanism gives an “approximate” solution ŷ := (ŷ0, . . . , ŷn)
to the LP, where ŷi = 0 for i ≤ (n− d)/4 and ŷi =

m·h
4 otherwise. With the approximate solution

ŷ, the equality constraints in Equation (2) may be satisfied with some small error. We want to
show that we can adjust the ŷ := (y0, y1, . . . , yn) vector slightly such that we can correct the error,
and yet without violating the budget feasibility constraints (Equation (1)).

To achieve this, we will take a constructive approach. We first guess that a feasible solution is of
the form y = ŷ+ e where e is a correction vector that is zero everywhere except in the coordinates
τ, τ + 1, . . . , τ + d for some appropriate choice of τ that is close to (n − d)/2. Henceforth, let
δ := e[τ : τ + d]/

(
m·h
4

)
be the non-zero coordinates of the correction vector e scaled by m·h

4 .
By Equation (2), we know that the correction vector δ must satisfy the following system of

linear equations where t := n−d
4 :

(
n−d
τ

) (
n−d
τ+1

)
. . .

(
n−d
τ+d

)(
n−d
τ−1

) (
n−d
τ

)
. . .

(
n−d

τ+d−1

)
...

...
. . .

...(
n−d
τ−d

) (
n−d

τ−d+1

)
. . .

(
n−d
τ

)

 · δ =



∑t
i=0

(
n−d
i

)
∑t−1

i=0

(
n−d
i

)
...∑t−d

i=0

(
n−d
i

)

 . (3)
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In Lemma 4.5, we prove that as long as d ≤ 1
8

√
h

2 log h , and that τ is an appropriate choice

close to n/2, then the solution δ to the linear system in Equation (3) has a small infinity norm
— specifically, ∥δ∥∞ ≤ 1 — such that the resulting y vector will respect the budget feasibility
constraints, i.e., Equation (1). The actual proof of this bound is somewhat involved and thus
deferred to Section 4. In particular, a key step is to bound the smallest singular value of the
matrix in Equation (3) (henceforth denoted A) appropriately — to achieve this, we first bound A’s
determinant, and then use an inequality proven by [YG97] which relates the smallest singular value
and the determinant.

2.2 Finite Block Setting

2.2.1 Limits of Strict Incentive Compatibility

Feasibility for c = 1. The LP-based mechanism confirms any bid that offers to pay at least
m. Thus, total number of confirmed bids may be unbounded. Therefore, when the block size k is
finite, we cannot directly run the LP-based mechanism. We suggest the following modification to
the LP-based mechanism such that it works for the finite-block setting:

MPC-assisted, LP-based mechanism for finite blocks
// Let k be the block size, let m be the median D such that Prx∼D[x ≥ m] = 1/2.

• All bids offering at least m are candidates. If there are more than k candidates, randomly
select k of them to confirm; else confirm all candidates. Every confirmed bid pays m.

• Let n be the length of the bid vector, let y = (y0, y1, . . . , yn) be any feasible solution to the
following linear program:

∀i ∈ [n] : 0 ≤ yi ≤ min(i, k) ·m (4)

∀0 ≤ j ≤ d :
n−d∑
i=0

qi · yi+j =
m ·min(h, k)

4
(5)

where qi is the probability of observing i heads if we flip n− d independent fair coins.

• The total miner revenue is ys where s is the number of candidates.

In comparison with the earlier LP-based mechanism, we modify the budget feasibility constraints
(Equation (4)) to make sure that the total miner revenue is constrained by the actual number of
confirmed bids which is now min(i, k) if the number of candidates is i. Further, we modify the

expected miner revenue (Equation (5)) to be m·min(h,k)
4 which takes into account the block size k.

In Section 5.1.1, we prove that as long as c ≤ d ≤ 1
8

√
h

2 log h , the above LP indeed has a feasible

solution, and the resulting mechanism satisfies ex post UIC, Bayesian MIC, and Bayesian SCP in
(h, ∗, 1, d)-environments.

Infeasibility for c ≥ 2. Unfortunately, the above approach fails for c ≥ 2. In this case, two users
Alice and Bob may be in the same coalition. Alice can now help Bob simply by dropping out and
not posting a bid, thus effectively increasing Bob’s chance of getting confirmed. In the event that
Alice’s true value is very small and Bob’s true value is sufficiently large, this strategic action can
increase the coalition’s joint utility.
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Interestingly, it turns out that this is no accident. In fact, we prove that for any h ≥ 1,
ρ ∈ (0, 1), and d ≥ c ≥ 2, no “interesting” mechanism can simultaneously achieve Bayesian UIC
and SCP in (h, ρ, c, d)-environments — any such mechanism must suffer from 0 total social welfare
for the users if the actual number of bids received is greater than h (see Theorem 1.4). We can
regard Theorem 1.4 as a generalization of Shi et al. [SCW23]’s Theorem 5.5: they show that any
MPC-assisted mechanism that achieves Bayesian UIC, MIC, and SCP in (∗, ρ, c, ∗)-environments
for c ≥ 2 must suffer from 0 social welfare for users.

Proof roadmap. We use the following blueprint to prove Theorem 1.4. Below, consider any
TFM that satisfies Bayesian UIC and Bayesian SCP in (h, ρ, c, d)-environments where d ≥ c ≥ 2.

1. First, in Lemma 5.3, using techniques inspired by Goldberg and Hartline [GH05] we prove the
following: provided that there are at least h honest users (not including i and j) whose bids are
sampled at random from D, then a strategic user i changing its bid should not affect the utility
of another user j, if user j’s bid is also sampled at random from D.

2. Next, in Lemma 5.3, we prove a strategic user i dropping out should not affect another user j’s
utility, assuming that at least h bids (excluding user i) sampled at random from D.

3. Next, in Corollary 5.4, we show that in a world of at least h random bids (excluding user i)
sampled from D, user i’s expected utility when its bid is sampled randomly from D depends
only on i’s identity, and does not depend on the identities of the other random bids. Therefore,
henceforth we can use Ui to denote this expected utility.

4. Next, in Lemma 5.5, we show that for any two identities i, j, it must be that Ui = Uj , otherwise,
it violates the assumption that the mechanism is weakly symmetric (see definition of weak
symmetry below).

5. Next, we can show that Ui = 0: imagine a world with K bids sampled independently from D
whose support is bounded. There must exist some user whose confirmation probability is upper
bounded by k/K. This user’s expected utility must be arbitrarily small when K is arbitrarily
large. With a little more work, we can show that if the world consists of more than h bids
sampled independently at random from D, it must be that every user’s expected utility is 0.

One technicality that arises in the full proof (see Section 5.1.2) is the usage of the weak symmetry
assumption. In particular, the proof would have been much easier if we could instead assume strong
symmetry which, unfortunately, is too stringent. In strong symmetry, we assume that any two users
who bid the same amount will receive the same treatment. While it is a good approach for gaining
intuition about the proof, it is too stringent since there could well be more bids offering the same
value than the block size k — in this case, a non-trivial mechanism would treat them differently, i.e.,
confirm some while rejecting others. Our actual proof of Theorem 1.4 needs only a weak symmetry
assumption which is a standard assumption made in prior works [CS23, SCW23], that is, if two
input bid vectors b,b′ of length n are permutations of each other, then the joint distribution of
the set of outcomes {(xi, pi)}i∈[n] must be identical. This implies that if the input bid vectors are
permutations of each other, then the vector of expected utilities are permutations of each other
too.

2.2.2 Optimal Miner Revenue under Approximate Incentive Compatibility

Because of the limitation shown in Theorem 1.4, we relax the notion to approximate incentive
compatibility, and ask if we can achieve optimal miner revenue in the finite block setting. Consider
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the following LP-based TFM.

MPC-assisted, diluted threshold-based Mechanism
/* Let k be the block size, let m be the median of D such that Prx∼D[x ≥ m] = 1/2, let T be
the maximum value of the distribution D. */

• Let R := max

(
2c
√

kT
ϵ , k

)
. All bids offering at least m are candidates. If the number

of candidates s ≤ R, randomly select k
R · s candidates to confirm; else, randomly select k

candidates to confirm. Every confirmed bid pays m.

• If s ≥ h
4 , then the total miner revenue is min(h4 ·

k
R , k)·m. Otherwise, the miners get nothing.

Intuitively, here are modifying the earlier threshold-based mechanism to 1) make it compatible
with finite block size, and 2) make sure that up to c users dropping out can only minimally increase
their friend’s probability of getting confirmed. In particular, resilience to drop-out is achieved
by artificially diluting the probability that a user is confirmed when the number of eligible bids
(i.e., offering at least m) is small. With the dilution, we guarantee that a coalition of c users
cannot noticeably alter their own probability of getting confirmed, nor their friend’s probability.
This implies a strategic coalition has little influence over the expected utility of all users in the
coalition. Moreover, we guarantee that a strategic coalition has very little influence on the miner
revenue as well: similar to the threshold-based mechanism, except with exp(−Ω(h)) probability,
the miner revenue is an a-priori fixed amount, that is, min(h4 · k

R , k) ·m. Summarizing the above,
we can show that the mechanism satisfies ex post UIC, Bayesian ϵ-MIC, and Bayesian ϵ-SCP in

(h, ∗, c, ∗)-environments, as long as ϵ ≥ m · h
2 · e−

h
16 .

Finally, for sufficiently large h ≥ max(4k, 8c
√

kT
ϵ ), the mechanism achieves k · m total miner

revenue and k · CD user social welfare where CD is defined in Theorem 1.1. For example, suppose
we are willing to tolerate ϵ = 0.01T , then we just need h ≥ max(4k, 80c ·

√
k) to achieve asymptotic

optimality in miner revenue and social welfare. The full proof is deferred to Section 5.2.

2.3 Additional Results

Lower bound on miner revenue. In Section 6.1, we prove that Θ(h) revenue is optimal in
(h, ρ, c, d)-environments (Theorem 1.2). The proof is a generalization of the techniques proposed
by Shi et al. [SCW23]. Specifically, they proved that any mechanism that satisfies Bayesian UIC,
MIC, and SCP in (∗, ρ, 1, ∗)-environments must suffer from 0 miner revenue. In their proof, they
argue that if we remove one bid, the miner revenue must be unaffected. In our case, because the
mechanism is promised a lower bound h on the number of honest uesrs, we can repeat this argument
till there are h honest bids left, and no more. This gives rise to an O(h) limit on miner revenue.

Necessity of Bayesian equilibrium. As mentioned, our reasonable-world assumptions (formal-
ized through the definition of an (h, ρ, c, d)-environment) would not have helped had we insisted on
ex post notions of equilibrium (for all of UIC, MIC, and SCP). In Section 6.2, we explain why for ex
post notions of incentive compatibility, even mechanisms in the (h, ρ, c, d)-environment are subject
to the same miner-revenue limitations of universal mechanisms, as proved by Shi et al. [SCW23].
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3 Model and Definitions

Imagine that there are n0 users, and each user has a transaction that wants to be confirmed.
For i ∈ [n0], let vi be user i’s true valuation of getting its transaction confirmed. We want to
design a transaction fee mechanism (TFM) such that no individual user or miner or a coalition
thereof have any incentive to deviate from honest behavior. Throughout the paper, we consider
a single-parameter environment, i.e., each user’s bid is represented by a single, non-negative real
number.

Chung and Shi [CS23]’s results ruled out the existence of interesting TFMs in the plain model
without cryptography. First, they show a zero miner-revenue bound: any TFM that guarantees
incentive compatibility for each individual user as well as for a miner-user coalition must suffer from
zero miner revenue. The zero miner-revenue bound holds matter whether the block size is infinite
or finite, and even when the miner is allowed to collude with only one user. Second, they prove
a finite-block impossibility: assuming finite block size, then no TFM can simultaneously guarantee
incentive compatibility for each individual user as well as for a miner-user coalition (even when the
miner is allowed to collude with at most one user).

The subsequent work of Shi, Chung, and Wu [SCW23] considered how cryptography can helps
circumvent these strong impossibilities [CS23]. They proposed the MPC-assisted model, where the
rules of the TFM are enforced through a multi-party computation (MPC) protocol jointly executed
among a set of miners. Unlike the plain model, the MPC-assisted model guarantees that a single
miner cannot unilaterally decide which transactions to include in the block. This ties the hands
of the strategic player(s), and Shi et al. [SCW23] showed that indeed this model indeed results
in interesting mechanisms that achieve properties that would otherwise be impossible in the plain
model. Below, we review the MPC-assisted model proposed by Shi, Chung, and Wu [SCW23].

3.1 MPC-Assisted Model

Ideal-world game. Recently, blockchain projects such as Ethereum are developing “encrypted
mempool” techniques which can be viewed as concrete protocols that realize an MPC-assisted
model for TFM. As Shi et al. [SCW23] pointed out, however, for understanding the game theoretic
landscape, it helps to abstract out the cryptography and think of it as a trusted ideal functionality
(henceforth denoted Fmpc) that always honestly implements the rules of the TFM.

With the ideal functionality Fmpc, we can imagine the following game that captures an instance
of the TFM:

1. Each user registers zero, one, or more identities with Fmpc, and submits exactly one bid on
behalf of each identity.

2. Using the vector of input bids as input, Fmpc executes the rules of the TFM. Fmpc now sends to
all miners and users the output of the mechanism, including the set of bids that are confirmed,
how much each confirmed bid pays, and how much revenue the miner gets.

We make a couple of standard assumptions:

• Individual rationality: each confirmed bid should pay no more than the bid itself;

• Budget feasibility: the miner revenue should not exceed the total payment from all confirmed
bids.

Using standard techniques in cryptography, we can instantiate the ideal functionality Fmpc

using an actual cryptographic protocol among the miners and users (see Appendix D of Shi et
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al. [SCW23]). Further, in the actual instantiation, the users only need to be involved in the input
phase: they only need to verifiably secret-share their input bids among all miners, and they need
not be involved in the remainder of the protocol. The miners then jointly run some MPC protocols
to compute securely the outcome of the auction. We can use an MPC protocol that retains security
even when all but one miner are corrupt [GMW87]. Such protocols achieve a security notion called
“security with abort”, i.e., an adversary controlling a majority coalition can cause the protocol
to abort without producing any outcome. Conceptually, one can imagine that in the ideal-world
protocol where parties interact with Fmpc, the adversary is allowed to send ⊥ to Fmpc, in which
case Fmpc will abort and output ⊥ to everyone. However, no strategic coalition should have an
incentive to cause the protocol to abort — in this case, no block will be mined and the coalition
has a utility of 0. Thus, without loss of generality, we need not explicitly capture aborting as a
possible strategy in our ideal-world game mentioned above.

Strategy space. An honest user will always register a single identity and submit only one bid
reflecting its true value. A strategic user or miner (possibly colluding with others) can adopt the
following strategies or a combination thereof:

• Bid untruthfully: a strategic user can misreport its value;

• Inject fake bids: a strategic user or miner can inject fake bids by registering fake identities;

• Drop out: a strategic user can also drop out by not registering its real identity.

In the real-world cryptographic instantiation, strategic miners can also deviate from the honest
MPC protocol. However, as mentioned, the MPC protocol retains security (i.e., can be simulated
by the ideal-world game) as long as at least one miner is honest. Therefore, we need not explicitly
capture this deviation in the ideal-world game. Finally, strategic miners can cause the MPC protocol
to abort without producing output, and as mentioned, this deviation never makes sense since it
results in a utility of 0; thus we also need not explicitly capture it in the ideal-world game.

3.2 Defining Incentive Compatibility

In the plain model without cryptography, users submit their bids in the clear over a broadcast
channel, and a strategic coalition can decide its strategy after observing the remaining honest
users’ bids. By contrast, in the MPC-assisted model, bids are submitted to the ideal functionality
Fmpc (in the actual cryptographic instantiation, the users verifiably secret-share their bids among
the miners). This means that the strategic coalition must now submit its bids without having
observed other users’ bids. Therefore, in the MPC-model, it makes sense to consider a Bayesian
notion of equilibrium rather than an ex post notion. In an ex post setting, we require that a strategic
individual or coalition’s best response is to act honestly even after having observed others’ actions.
In a Bayesian setting, we assume that every honest user’s bid is sampled independently from some
distribution D, and we require that acting honestly maximizes the strategic individual or coalition’s
expected utility where the expectation is taken over not just the random coins of the TFM itself,
but also over the randomness in sampling the honest users’ bids.

Notations. Henceforth, we use the notation b to denote a bid vector. Since we allow strategic
players to inject fake bids or drop out, the length of b need not be the same as the number of users
n0. We use the notation C to denote a coalition, and we use b−C to denote the bid vector belonging
to honest users outside C. We use the notation D−C to denote the joint distribution of b−C , that
is, D−C = Dh where h denotes the number of honest users outside C. Similarly, if i is an individual
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strategic user, then the notation b−i denotes the bid vector belonging the remaining honest users
in [n0]\{i}. We use the notation D−i to denote the joint distribution of the honest bid vector b−i.

For generality, we define approximate incentive compatibility parameterized by an additive slack
ϵ. The case of strict incentive compatibility can be viewed as the special case when ϵ = 0.

Bayesian Incentive Compatibility

Definition 3.1 (Bayesian incentive compatibility). We say that an MPC-assisted TFM satisfies
Bayesian ϵ-incentive compatibility for a coalition or individual C, iff for any vC denoting the true
values of users in C, sample b−C ∼ D−C , then, no strategy can increase C’s expected utility by more
than ϵ in comparison with honest bevavior, where the expectation is taken over randomness of the
honest users’ bids b−C , as well as random coins consumed by the TFM. Specifically, we define the
following notions depending on who is the strategic individual or coalition:

• User incentive compatibility (UIC). We say that an MPC-assisted TFM satisfies Bayesian ϵ-UIC
in some environment E , iff for any n, for any user i ∈ [n], for any true value vi ∈ R≥0 of user i,
for any strategic bid vector bi from user i which could be empty or consist of multiple bids, the
following holds as long as the conditions required by the environment E are respected:

E
b−i∼D−i

[
utili(b−i, vi)

]
≥ E

b−i∼D−i

[
utili(b−i,bi)

]
− ϵ

where utili(b) denotes the expected utility (taken over the random coins of the TFM) of user i
when the bid vector is b.

• Miner incentive compatibility (MIC). We say that an MPC-assisted TFM satisfies Bayesian ϵ-
MIC in some environment E , iff for any miner coalition C, for any strategic bid vector b′ injected
by the miner, the following holds as long as the conditions required by the environment E are
respected:

E
b−C∼D−C

[
utilC(b−C)

]
≥ E

b−C∼D−C

[
utilC(b−C ,b

′)
]
− ϵ

where utilC(b) denotes the expected utility (taken over the random coins of the TFM) of the
coalition C when the input bid vector is b.

• Side-contract-proofness (SCP). We say that an MPC-assisted TFM satisfies Bayesian ϵ-SCP in
some environment E , iff for any miner-user coalition, for any true value vector vC of users in C,
for any strategic bid vector bC of the coalition (whose length may not be equal to the number of
users in C), the following holds as long as the requirements of the environment E are respected:

E
b−C∼D−C

[
utilC(b−C ,vC)

]
≥ E

b−C∼D−C

[
utilC(b−C ,bC)

]
− ϵ

Henceforth, if a mechanism satisfies Bayesian ϵ-UIC for ϵ = 0 (i.e., the strict incentive com-
patibility case), we often omit writing the ϵ, and simply say that the mechanism satisfies Bayesian
UIC. The terms “Bayesian MIC”, and “Bayesian SCP” are similarly defined.

Ex Post Incentive Compatibility

Definition 3.2 (Ex post incentive compatibility). We say that a TFM satisfies ex post ϵ-UIC,
ϵ-MIC, and ϵ-SCP respectively, for a coalition or individual C, iff the following conditions hold,
respectively:
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• User incentive compatibility (UIC). We say that an MPC-assisted TFM satisfies ex post ϵ-UIC
in some environment E , iff for any n, for any user i ∈ [n], for any bid vector b−i denoting the
bids of everyone else besides i, for any true value vi ∈ R≥0 of user i, for any strategic bid vector
bi from user i which could be empty or consist of multiple bids, the following holds as long as
the conditions required by the environment E are respected:

utili(b−i, vi) ≥ utili(b−i,bi)− ϵ

where utili(b) denotes the expected utility (taken over the random coins of the TFM) of user i
when the bid vector is b.

• Miner incentive compatibility (MIC). We say that an MPC-assisted TFM satisfies ex post ϵ-MIC
in some environment E , iff for any miner coalition C, for any bid vector b−C , for any strategic
bid vector b′ injected by the miner, the following holds as long as the conditions required by
the environment E are respected:

utilC(b−C) ≥ utilC(b−C ,b
′)− ϵ

where utilC(b) denotes the expected utility (taken over the random coins of the TFM) of the
coalition C when the input bid vector is b.

• Side-contract-proofness (SCP). We say that an MPC-assisted TFM satisfies ex post ϵ-SCP in
some environment E , iff for any miner-user coalition, for any bid vector b−C submitted by non-
coalition-members, for any true value vector vC of users in C, for any strategic bid vector bC of
the coalition (whose length may not be equal to the number of users in C), the following holds
as long as the requirements of the environment E are respected:

utilC(b−C ,vC) ≥ utilC(b−C ,bC)− ϵ

Henceforth, if a mechanism satisfies ex post ϵ-UIC for ϵ = 0 (i.e., the strict incentive compati-
bility case), we often omit writing the ϵ, and simply say that the mechanism satisfies ex post UIC.
The terms “ex post MIC”, “ex post SCP” are similarly defined.

Recall that in the game representing the plain model, strategic players can choose their actions
after having observed the bids submitted by honest users. This gives rise to the following fact
which essentially says it does not make sense to consider Bayesian notions of equilibrium in the
plain model.

Fact 3.3. Any plain-model TFM that satisfies Bayesian ϵ-UIC (or Bayesian ϵ-MIC, Bayesian ϵ-
SCP resp.) in some environment E must also satisfy ex post ϵ-UIC (or ex post ϵ-MIC, ex post
ϵ-SCP resp.).

4 Analysis of the LP-Based Mechanism

4.1 Preliminaries: Linear Algebra Tools

We first introduce some linear algebra tools needed for analyzing the LP-based mechanism.
Throughout this section, all our indexing for vectors and matrices starts from 0. Given a vector

b = (b0, b1, . . . , bn) and two integers i, j such that i ≤ j, we define b[i : j] to be the subvector
(bi, . . . , bj). We use A = (aij) ∈ Rn,m to denote a matrix in which the entry of the i-th row and
j-th column is aij . Let AT denote the transpose of A, and A−1 denote the inverse of A if A is
non-singular.
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Norm. Define the infinity-norm ∥b∥∞ of a vector b to be ∥b∥∞ = max{|bi| : 0 ≤ i ≤ n}. For a
square n× n matrix A = (aij), define the following matrix norms:

• Infinity norm: ∥A∥∞ = sup
∥x∥∞=1

∥Ax∥∞ = maxi
∑n

j=1 |aij |.

• ℓ2-norm: ∥A∥2 = sup
∥x∥2=1

∥Ax∥2.

• Frobenius norm: ∥A∥F =
(∑n−1

i,j=0 a
2
ij

)1/2
.

It is easy to check that ∥A∥∞ ≤ ∥A∥2, and that ∥Ax∥∞ ≤ ∥A∥∞∥x∥∞.

Singular value. For a square n × n matrix A, the singular values are the square roots of the
eigenvalues of ATA.

Fact 4.1. Let A ∈ Rn×n be non-singular. Let λ1 ≥ · · · ≥ λn be the singular values of A. Then
∥A−1∥2 = 1

λn
.

Lemma 4.2 (Yu and Gu [YG97]). Let A ∈ Rn×n be non-singular and λ be the smallest singular
value of A. Then

λ ≥ |det(A)| ·
(
n− 1

∥A∥2F

)(n−1)/2

> 0.

Determinant. The determinant of a matrixA = (aij) ∈ Rn×n is det(A) =
∑

σ∈Sn
sgn(σ)

∏n
i=1 ai,σi ,

where Sn is the set of all permutations σ over the set {0, . . . , n− 1}. For each permutation σ ∈ Sn,
let σi denote the value of the i-th position after reordering by σ. The signature sgn(σ) of a permu-
tation σ is +1 if the permutation can be obtained by an even number of swaps between two entries
and −1 otherwise.

4.2 Proofs for the LP-Based Mechanism

We now prove that the MPC-assisted LP-based mechanism satisfies strict incentive compatibility in
an (h, ∗, c, d)-environment. Suppose that each user’s true value is sampled i.i.d. from a distribution
D. Recall that m denotes the median of the bid distribution D, and CD = Ex∼D[x−m|x ≥ m] is
another constant related to the distribution D. Without loss of generality, we assume Pr[x ≥ m] = 1

2
(see Remark 2.1).

Theorem 4.3 (Theorem 1.1 restated). Suppose that the block size is infinite. Fix any4 h ≥ 2, and

any c ≤ d ≤ 1
8

√
h

2 log h , the MPC-assisted, LP-based mechanism guarantees ex post UIC, Bayesian

MIC, and Bayesian SCP in an (h, ∗, c, d)-environment, and meanwhile, the mechanism achieves
Θ(h ·m) expected miner revenue, and at least Θ(h̃ ·CD) expected social welfare for the users where
h̃ ≥ h is the the actual number of honest users that show up.

We prove Theorem 4.3 in two steps. First, we show that if the linear program defined in
Equations (1) and (2) has a feasible solution, then the resulting mechanism satisfies incentive
compatibility, as formally stated below:

4For the special case h = 1, we can just use the parity-based mechanism of Section 2.1.
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Lemma 4.4. When the linear program defined in Equations (1) and (2) has a feasible solution,
the LP-based mechanism satisfies ex post UIC, Bayesian MIC, and Bayesian SCP in an (h, ∗, ∗, d)-
environment. Moreover, the expected miner revenue is h·m

4 , and the user social welfare is Θ(h̃ ·CD).

Proof. First, it is easy to see that the expected total miner revenue is h·m
4 , as guaranteed by the

linear program Equations (1) and (2). Moreover, since the expected utility of a user with true value
v is v −m if v ≥ m, the expected user social welfare is at least∑

i∈H
E

vi∼D
[vi −m | vi > m] = h̃ · E

x∼D
[x−m | x ≥ m],

where H is the set of all honest users.
Next, we prove that the mechanism is strict incentive compatible if the linear program has a

solution. UIC is easy to see as in the proof of Lemma A.1. Next, we only prove SCP since MIC
follows from the same reasoning.

SCP. Since the confirmation and the payment of each bid are independent of other bids, and the
mechanism is strict UIC, the coalition cannot increase colluding users’ expected utilities. Therefore,
we only need to show that the coalition cannot increase the expected total miner revenue by
deviating from the mechanism. Intuitively, the linear program Equations (1) and (2) ensures that
for arbitrary d bids, the total miner revenue taking an expectation over the remaining n − d bids
always remains h·m

4 .

Formally, let h̃ denote the number of real honest bids and b−C denote the random variable of
honest users’ bids. Then h̃ ≥ n− d = γ. For any bid bC controlled by the coalition, the expected
total miner revenue is

E
b−C∼Dh̃

[µ(b−C ,bC)] =

∫
t∼Dh̃−γ

E
b∼Dγ

[µ(b, t,bC)] f(t)dt, (6)

where f(·) is the p.d.f. for Dh̃−γ . For any fixed (t,bC), let I denote the number of bids that are
larger than or equal to m in (t,bC). Since the probability of an honest bid being at least m is
exactly 1

2 ,

E
b∼Dγ

[µ(b, t,bC)] =

γ∑
i=0

1

2γ

(
γ

i

)
yi+I ,

which is exactly h·m
4 as guaranteed by Equation (2). Substituting back into (6), for any bid bC , we

have that

E
b−C∼Dh̃

[µ(b−C ,bC)] =

∫
t∼Dh̃−γ

h ·m
4

· f(t)dt = h ·m
4

.

Therefore, for any d bids controlled by the coalition, the expected miner revenue remains h·m
4 .

In the main body, we focus on proving the more challenging step, that is, as long as d ≤
1
8

√
h

2 log h , the linear program indeed has a feasible solution, formally stated below.

Lemma 4.5. For h ≥ 2 and d ≤ 1
8

√
h

2 log h , the linear program specified by Equations (1) and (2)

is guaranteed to have a feasible solution.
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Proof. We will give a constructive solution to the linear program Equations (1) and (2). Let γ :=
n−d denote the number of bids that are sampled randomly from D. Let t = ⌊γ4 ⌋, and µ be our target

expected miner revenue m·h
4 . We start from an “approximate” solution ŷ = (ŷ0, . . . , ŷn) ∈ Rn+1

such that ŷi = 0 for any i ≤ t, and ŷi = µ for any i > t. Our goal is to find a correction
e = (e0, . . . , en) ∈ Rn+1 that is zero everywhere except for the indices i ∈ [z + d, z + 2d] for some
z ≥ γ

2 such that ŷ+e is a feasible solution to the linear program Equations (1) and (2). Henceforth,
let δ := e[z + d, z + 2d]/µ be the non-zero coordinates of the correction, scaled by µ. Then δ must
satisfy the linear system A(z)δ = ∆, where A(z) and ∆ are defined as follows:

A(z) =



(
γ

z+d

) (
γ

z+d+1

)
. . .

(
γ

z+2d

)(
γ

z+d−1

) (
γ

z+d

)
. . .

(
γ

z+2d−1

)
...

...
. . .

...(
γ
z

) (
γ

z+1

)
. . .

(
γ

z+d

)

 , ∆ =



∑t
i=0

(
γ
i

)
∑t−1

i=0

(
γ
i

)
...∑t−d

i=0

(
γ
i

)

 .

If there exists a z∗ ∈ [⌈γ2 ⌉, ⌈
γ
2 ⌉ + 2d2] such that this linear system A(z∗)δ = ∆ has a solution δ,

then choosing e such that e[z∗+d : z∗+2d] = µ ·δ gives a solution ŷ+e that satisfies Equation (2).

Claim 4.6. There exists a z∗ ∈ [⌈γ2 ⌉, ⌈
γ
2 ⌉+ 2d2] such that the matrix A(z∗) is non-singular, and

∥A(z∗)−1∥∞ ≤ (z∗ + 2d)2d(d+1)(
γ
z∗

) ·
(
d+ 1√

d

)d

. (7)

When choosing this z∗, we have a unique solution δ = A(z∗)−1∆. Moreover, under the given
parameter range, the solution δ has bounded infinity norm:

Claim 4.7. For h ≥ 2 and d ≤ 1
8

√
h

2 log h , we have ∥δ∥∞ ≤ 1.

For now, we assume that Claim 4.6 and Claim 4.7 are true, and we show how they lead to Lemma 4.5.
The proofs of the two claims appear right afterward. To prove Lemma 4.5, it suffices to show that
ŷ+e indeed satisfies the budget feasibility specified by Equation (1). Since for all i /∈ [z∗+d, z∗+2d],
we have ŷi+ei = ŷi ≤ i·m, so we only need to show that for the correction position z∗+d, . . . , z∗+2d,
the budget feasibility is satisfied. Substituting ∥δ∥∞ ≤ 1, for each i ∈ [z∗ + d, z∗ + 2d],

0 = µ− µ ≤ ŷi + ei ≤ 2µ ≤ γ

2
·m ≤ i ·m.

Lemma 4.5 thus follows.

Proof of Claim 4.6. We separate the proof in two parts: we first show that there exists a z∗ ∈
[⌈γ2 ⌉, ⌈

γ
2 ⌉+2d2] such that A(z∗) is non-singular; then we show that the infinity norm of the inverse

of A(z∗) satisfies Equation (7).

Non-singularity. We show that there exists z∗ in the given range such that det(A(z∗)) ̸= 0.
Define

B(z) =
A(z)(

γ
z

) ·
2d∏
i=1

(z + i).

Since(
γ

z+j

)(
γ
z

) ·
2d∏
i=1

(z + i) =
(γ − z − j + 1) . . . (γ − z)

(z + 1) . . . (z + j)
·

2d∏
i=1

(z + i) =

j∏
i=1

(γ − z − j + i) ·
2d∏

i=j+1

(z + i),
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B(z) is equal to the following matrix:



∏d
i=1(γ − z − d+ i)

∏2d
i=d+1(z + i)

∏d+1
i=1 (γ − z − d− 1 + i)

∏2d
i=d+2(z + i) . . .

∏2d
i=1(γ − z − 2d+ i)∏d−1

i=1 (γ − z − d+ 1 + i)
∏2d

i=d(z + i)
∏d

i=1(γ − z − d+ i)
∏2d

i=d+1(z + i) . . .
∏2d−1

i=1 (γ − z − d+ 1 + i)(z + 2d)
...

...
. . .

...∏2d
i=1(z + i) (γ − z)

∏2d
i=2(z + i) . . .

∏d
i=1(γ − z − d+ i)

∏2d
i=d+1(z + i)


It is sufficient to show that there exists a z∗ ∈ [⌈γ2 ⌉, ⌈

γ
2 ⌉+ 2d2] such that det(B(z∗)) ̸= 0. To show

this, note that the determinant of B(z) is a polynomial q(z) of z with degree at most 2d2. As
long as q(z) is not a zero polynomial, q(z) has at most 2d2 roots. That means, there must exist a
z∗ ∈ [⌈γ2 ⌉, ⌈

γ
2 ⌉+ 2d2] such that q(z∗) ̸= 0. The non-singularity of A(z∗) thus follows.

Hence, it suffices to show that q(z) is not a zero polynomial. Indeed, when z = γ−d, the matrix
B(z) becomes the following lower triangle matrix, which has a positive determinant.

∏c
i=1 i ·

∏2c
i=c+1(z + i) 0 . . . 0∏c−1

i=1 (i+ 1) ·
∏2c

i=c(z + i)
∏c

i=1 i ·
∏2c

i=c+1(z + i) . . . 0
...

...
. . .

...∏2c
i=1(z + i) c ·

∏2c
i=2(z + i) . . .

∏c
i=1 i ·

∏2c
i=c+1(z + i)


This implies that q(z) is not a zero polynomial.

Infinity norm. For simplicity, we use A := A(z∗) in this part. By Fact 4.1, ∥A−1∥2 = 1
λ , where

λ is the smallest singular value of A. By Lemma 4.2, the smallest singular value λ satisfies

λ ≥ |det(A)| ·
(

d

∥A∥2F

) d
2

.

By the definition of Frobenius norm and the fact that the largest term in A is
(
γ
z∗

)
,

∥A∥2F =

c∑
i=0

d∑
j=0

a2ij ≤ (d+ 1)2 ·
(
γ

z∗

)2

.

We only need to bound the determinant of A. Let A′ = (a′i,j)(d+1)×(d+1) where a′i,j =
ai,j

( γ
z∗)

. Then

we have that |det(A)| =
(
γ
z∗

)(d+1) · | det(A′)|, where

A′ =



(γ−z∗−d+1)...(γ−z∗)
(z∗+1)...(z∗+d)

(γ−z∗−d)...(γ−z∗)
(z∗+1)...(z∗+d+1) . . . (γ−z∗−2d+1)...(γ−z∗)

(z∗+1)...(z∗+2d)

(γ−z∗−d+2)...(γ−z∗)
(z∗+1)...(z∗+d−1)

(γ−z∗−d+1)...(γ−z∗)
(z∗+1)...(z∗+d) . . . (γ−z∗−2d+2)...(γ−z∗)

(z∗+1)...(z∗+2d−1)

...
...

. . .
...

1 γ−z∗

z∗+1 . . . (γ−z∗−d+1)...(γ−z∗)
(z∗+1)...(z∗+d)


By the definition of determinant, det(A′) =

∑
σ∈Sd+1

sgn(σ)
∏d+1

i=1 a′i,σi
. For each σ ∈ Sd+1,

let qσ denote the product
∏d+1

i=1 a′i,σi
. Since all the entries in A′ are rational numbers, for each σ,
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the product qσ is also a rational number. Note that the denominator of each entry is a factor of∏2d
i=1(z

∗ + i), we can write each qσ = pσ∏2d
i=1(z

∗+i)(d+1)
for an integer pσ. Thus,

|det(A′)| =

∣∣∣∣∣∣
∑

σ∈Sd+1

sgn(σ)
d+1∏
i=1

a′i,σi

∣∣∣∣∣∣ =
∣∣∣∣∣∣
∑

σ∈Sd+1

sgn(σ)
pσ∏2d

i=1(z
∗ + i)(d+1)

∣∣∣∣∣∣
=

|
∑

σ∈Sd+1
sgn(σ)pσ|∏2d

i=1(z
∗ + i)(d+1)

≥ 1∏d
i=1(z

∗ + i)(d+1)
,

where the last step follows from the fact that A′ is non-singular; thus the absolute value of the
nominator is at least 1. Therefore,

λ ≥ |det(A)| ·
(

d

∥A∥2F

) d
2

≥
(
γ

z∗

)(d+1)

· 1∏2d
i=1(z

∗ + i)(d+1)
·

(
d

(d+ 1)2
(
γ
z∗

)2
) d

2

≥
(
γ

z∗

)
· 1

(z∗ + 2d)2d(d+1)
·

( √
d

d+ 1

)d

.

The claim thus follows from the fact that ∥A−1∥∞ ≤ ∥A−1∥2 = 1
λ .

Proof of Claim 4.7. Since A(z∗) is non-singular, we have δ = A(z∗)−1∆. By properties of matrix
norms, we have that

∥δ∥∞ ≤ ∥A(z∗)−1∥∞ · ∥∆∥∞. (8)

By Claim 4.6 and note that ∥∆∥∞ ≤ t ·
(
γ
t

)
, we have

∥δ∥∞ ≤ ∥A(z∗)−1∥∞ · ∥∆∥∞ ≤ (z∗ + 2d)2d(d+1)(
γ
z∗

) ·
(
d+ 1√

d

)d

· t ·
(
γ

t

)
.

Because z∗ + 2d ≤ γ, d+1√
d
≤ γ and t ≤ γ, we have

∥δ∥∞ ≤ (z∗ + 2d)2d(d+1)(
γ
z∗

) ·
(
d+ 1√

d

)d

· t ·
(
γ

t

)
≤ γ2d

2+3d+1 ·
(
γ
t

)(
γ
z∗

) . (9)

By the assumption that d ≤ 1
8

√
h

2 log h , we have

(2d2 + 3d+ 1) · log(h− d) +
log 6

5

4
· d ≤ 8d2 · log h ≤ h

4
· log 6

5
.

Re-arrange the inequality and notice that h− d ≤ γ, we have

2d2 + 3d+ 1 ≤
(h− d) log 6

5

4 log(h− d)
≤

γ log 6
5

4 log γ
, (10)

therefore,

γ2d
2+3d+1 ≤

(
6

5

) γ
4

. (11)
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Next, note that for any integers a, b such that a < b, we have
(γa)
(γb)

= (a+1)(a+2)···b
(γ−b+1)(γ−b+2)···(γ−a) ≤

( b
γ−a)

b−a. Because z∗ ∈ [⌈γ2 ⌉, ⌈
γ
2 ⌉+ 2d2], we have

(
γ
z∗

)
≥
( γ
⌈ γ
2
⌉+2d2

)
. Thus,

(
γ
t

)(
γ
z∗

) ≤
(
γ
t

)( γ
⌈ γ
2
⌉+2d2

) ≤
(⌈γ2 ⌉+ 2d2

γ − t

)⌈ γ
2
⌉+2d2−t

≤

(
γ
2 + 2d2 + 1

3
4γ

)⌈ γ
2
⌉+2d2−t

. (12)

Because γ ≥ h − d, for any h ≥ 2 and d ≤ 1
8

√
h

2 log h , it must be
log 6

5
log γ < 1

2 . By Equation (10), we

have

2d2 + 1 ≤ 2d2 + 3d+ 1 ≤
γ log 6

5

4 log γ
≤ γ

8
.

By 2d2 + 1 ≤ γ
8 and Equation (12), we have

(
γ
t

)(
γ
z∗

) ≤

(
γ
2 + 2d2 + 1

3
4γ

)⌈ γ
2
⌉+2d2−t

≤
(
5

6

)⌈ γ
2
⌉+2d2−t

≤
(
5

6

) γ
4

. (13)

Combining Equations (9), (11), and (13), we have that ∥δ∥∞ ≤ 1.

5 Characterization for Finite Block Size

5.1 Characterization for Strict IC

In this section, we give a characterization for strict incentive compatibility for finite block size. In
an (h, ρ, c, d)-environment, we can indeed circumvent the 0-miner revenue impossibility result in
[SCW23]. However, it turns out that for c = 1 and c ≥ 2, the mechanisms are different. Specifically,
for c ≥ 2, each user’s utility has to be 0. Therefore, we separately give the mechanisms for c = 1
and c ≥ 2.

5.1.1 Feasibility for c = 1

For c = 1, the mechanism is simply the LP-based mechanism in Section 4 with a random selection
process. Still, we assume that each user’s true value is drawn i.i.d. from a distribution D, and the
median m of the distribution satisfies that Pr[x ≥ m] = 1

2 (see Remark 2.1).

MPC-assisted, LP-based mechanism for finite blocks

Parameters: the block size k, the environment parameter (h, ∗, 1, d), the distribution median
m.

Input: a bid vector b = (b1, . . . , bn).

Mechanism:

• Confirmation Rule. Let b̃ = (̃b1, . . . , b̃s) denote the bids that are at least m. If s ≤ k,
confirm all bids in b̃. Otherwise, randomly select k bids from b̃ to confirm.

• Payment rule. Each confirmed bid pays m.
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• Miner revenue rule. Let y := (y0, y1, . . . , yn) be any feasible solution to the following linear
program:

∀i ∈ [n] : 0 ≤ yi ≤ min(i, k) ·m (14)

∀0 ≤ j ≤ d :
n−d∑
i=0

qi · yi+j =
m ·min(h, k)

4
(15)

where qi =
1

2n−d

(
n−d
i

)
is the probability of observing i heads if we flip n−d independent fair

coins. The total miner revenue is yt where t is the number of confirmed bids in the block.

Theorem 5.1. Suppose the block size is k. Fix any5 h ≥ 2, and any d ≤ 1
8

√
h

2 log h . The MPC-

assisted, LP-based mechanism for finite blocks is ex post UIC, Bayesian MIC, and Bayesian SCP
in an (h, ∗, 1, d)-environment. Moreover, the expected miner revenue is Θ(min{h, k}).

Proof. First, Equation (14) guarantees that total miner revenue is at most the total payment of
the confirmed users, so the mechanism satisfies budget feasibility.

Next, we show that when the linear program Equations (14) and (15) has a solution, the
mechanism satisfies all three incentive-compatible properties.

• UIC: By the same reasoning as in Lemma A.1, overbidding or underbidding does not increase
the user’s utility. Injecting bids cannot increase the user’s utility either: it may only decrease
the probability that the user gets confirmed. Moreover, dropping out can only give the user
zero utility. Therefore, a user cannot increase its utility by deviating.

• SCP: By the same reasoning as in the proof of Lemma 4.4, the linear program Equation (15)
guarantees that no matter how the coalition chooses the d bids it controls, the expected total
miner revenue remains unchanged. Meanwhile, the coalition cannot increase the colluding
user’s utility by UIC. Therefore, this mechanism is SCP.

• MIC: Follows by the same reasoning as SCP.

It remains to show that the linear program indeed has a feasible solution. We will give a constructive
solution. Let ỹ = (ỹ1, . . . , ỹn) denote the constructive solution given in the proof of Lemma 4.5
that satisfies

∀0 ≤ j ≤ d :
n−d∑
i=0

qi · ỹi+j =
m · h
4

.

In the proof of Lemma 4.5, ỹ satisfies that 0 ≤ ỹi ≤ min(i, h) ·m for any 0 ≤ i ≤ n. There are two
possible cases.

• h ≤ k. We have 0 ≤ ỹi ≤ min(i, h) ·m ≤ min(i, k) ·m. Thus, ỹ is a feasible solution to the
linear program in this case.

• h > k. Let y = (y0, . . . , yn) = k
h · ỹ. Then yi satisfies that 0 ≤ yi ≤ k

h min(i, h) · m ≤
min(i, k) ·m. Moreover, for any 0 ≤ j ≤ d,

n−d∑
i=0

qi · yi+j =
k

h
·
n−d∑
i=0

qi · ỹi+j =
m · k
4

.

Thus, y = k
h · ỹ is a feasible solution to the linear program if h > k.

5For the special case h = 1, we can just use the parity-based mechanism of Section 2.1 with the random selection.
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5.1.2 Zero Social Welfare for Users When c ≥ 2

Unfortunately, the above MPC-assisted, LP-based mechanism for finite block size only works for
c = 1. When c ≥ 2, although deviating cannot increase the expected total miner revenue, the
coalition can increase a colluding user’s utility. Imagine that the coalition consists of some colluding
miners and two users i and j, where user i has true value m and user j has a large true value. Then
user i may choose to drop out to increase the probability of user j getting confirmed. This strictly
increases the expected joint utility of the coalition.

Therefore, to construct a Bayesian SCP mechanism in an (h, ρ, c, d)-environment for d ≥ c ≥ 2,
we need to make sure that deviating cannot increase a colluding user’s utility. Indeed, for some
(contrived) distributions, we can construct a mechanism that generates optimal miner revenue and
achieves UIC, MIC, and SCP in an (h, ρ, c, d)-environment for d ≥ c ≥ 2. However, the total
social welfare for all users is 0. For example, imagine that users’ true values are drawn i.i.d.
from Bernoulli(12). Now, if we run the MPC-assisted, LP-based mechanism for finite blocks (see
Section 5.1.1) and set m = 1, the resulting mechanism achieves ex post UIC, Bayesian MIC, and

Bayesian SCP in (h, ∗, c, d)-environments, even when c ≥ 2 (as long as the condition d ≤ 1
8

√
h

2 log h

is satisfied). This is because setting m = 1 makes sure that every user’s utility is always 0. Thus,
no matter how the coalition deviates, it cannot increase the strategic users’ joint utility. Moreover,
as long as the linear program Equations (14) and (15) has a feasible solution, the coalition cannot
increase the expected total miner revenue either. The mechanism achieves Θ(m) expected miner
revenue but unfortunately, the total user social welfare is always 0. It turns out that this zero user
social welfare limitation is intrinsic, as stated below.

Theorem 5.2 (Restatement of Theorem 1.4). Suppose that the block size is finite, and fix any
h ≥ 1, any d ≥ c ≥ 2, and any ρ ∈ (0, 1). Then, any MPC-assisted TFM that simultaneously
satisfies Bayesian UIC, MIC and SCP in an (h, ρ, c, d)-model must suffer from 0 social welfare for
the users when there actually are more than h honest bids. Equivalently, for any ℓ > h,

E
b∼Dℓ

[USW(b)] = 0. (16)

In the above, USW(b) denotes the expected total user social welfare under the bid vector b where
the expectation is taken over the randomness of the mechanism.

The proof is similar to the proof of Theorem 5.2 of [SCW23]. We will use the following lemma
of [SCW23] to prove this theorem. Although the original lemma considers a universal MPC-
assisted mechanism, the proof also holds for MPC-assisted TFM in an (h, ρ, c, d)-environment for
d ≥ c ≥ 2. Henceforth, we use utili(b) to denote the utility of identity i when the input bid vector
to the mechanism is b. In the proof, we use vid (bid) to denote a bid v (b) coming from identity id.

Lemma 5.3. Fix any h ≥ 1, any d ≥ c ≥ 2, any ρ ∈ (0, 1). Given any (possibly random) MPC-
assisted mechanism that is Bayesian UIC, MIC and SCP in an (h, ρ, c, d)-environment, for any
identity i and identity j, for any bid bj and b′j, it must be that for any ℓ ≥ h,

E
(vi,b−i,j)∼Dℓ+1

[utili(vi, bj ,b−i,j)] = E
(vi,b−i,j)∼Dℓ+1

[utili(vi, b
′
j ,b−i,j)], (17)

where b−i,j represents all except identity i and j’s bids. Moreover, it must be that

E
(vi,b−i,j)∼Dℓ+1

[utili(vi, bj ,b−i,j)] = E
(vi,b−i)∼Dℓ+1

[utili(vi,b−i)]. (18)
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Proof. The proof to this lemma is the same as in Lemma 5.2 and 5.3 of Shi et al. [SCW23], except
that now we need to guarantee that at least h bids are sampled randomly from D.

Corollary 5.4. Fix any h ≥ 1, any d ≥ c ≥ 2, any ρ ∈ (0, 1). Given any (possibly random) MPC-
assisted mechanism that is Bayesian UIC, MIC and SCP in an (h, ρ, c, d)-environment, for any two
sets H and H ′ consisting of at least h identities, let bH (bH′) denote the bids from identities in H
(H ′). For any i /∈ H ∪H ′, it must be that

E
(vi,bH)∼D|H|+1

[utili(vi,bH)] = E
(vi,bH′ )∼D|H′|+1

[utili(vi,bH′)],

where vi denotes that identity i bids v.

Proof. Let S = H ′\H. Without loss of generality, we assume that S consists of identities 1, . . . , |S|.
By the definition of the total expectation, we have

E
(vi,bS ,bH)∼D|S|+|H|+1

[utili(vi,bS ,bH)]

=

∫ ∞

0
E

(vi,bS\{1},bH)∼D|S|+|H|
[utili(vi, z1,bS\{1},bH)]f(z1)dz1

= E
(vi,bS\{1},bH)∼D|S|+|H|

[utili(vi, b1,bS\{1},bH)]

∫ ∞

0
f(z1)dz1 By Equation (17)

= E
(vi,bS\{1},bH)∼D|S|+|H|

[utili(vi, b1,bS\{1},bH)]

= E
(vi,bS\{1},bH)∼D|S|+|H|

[utili(vi,bS\{1},bH)] By Equation (18)

= · · · = E
(vi,bH)∼D|H|+1

[utili(vi,bH)].

By the same reasoning, consider S′ = H \H ′. Then it must be that

E
(vi,bS′ ,bH′ )∼D|S′|+|H′|+1

[utili(vi,bS′ ,bH′)] = E
(vi,bH′ )∼D|H′|+1

[utili(vi,bH′)].

Note that S′ ∪H ′ = S ∪H = H ′ ∪H. Hence,

E
(vi,bS′ ,bH′ )∼D|S′|+|H′|+1

[utili(vi,bS′ ,bH′)] = E
(vi,bS ,bH)∼D|S|+|H|+1

[utili(vi,bS ,bH)].

Combining the equalities, we have

E
(vi,bH)∼D|H|+1

[utili(vi,bH)] = E
(vi,bS ,bH)∼D|S|+|H|+1

[utili(vi,bS ,bH)]

= E
(vi,bS′ ,bH′ )∼D|S′|+|H′|+1

[utili(vi,bS′ ,bH′)]

= E
(vi,bH′ )∼D|H′|+1

[utili(vi,bH′)]

This corollary implies that when identity i’s bid is sampled from D in a world with h or more
random bids, its expected utility only depends on its identity i. Henceforth we will use the following
notation to denote this utility (where the notation vi means identity i is bidding the value v):

Ui := E
(vi,bH)∼D|H|+1

[utili(vi,bH)]. (19)
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Lemma 5.5. Fix any h ≥ 1, any d ≥ c ≥ 2, any ρ ∈ (0, 1). Given any (possibly random) MPC-
assisted mechanism that is Bayesian UIC, MIC and SCP in an (h, ρ, c, d)-environment, for any
user i, j, it must be that

Ui = Uj . (20)

Proof. Fix any set H of at least h+ 1 number of users. By our symmetric assumption, it must be
that

E
bH∼D|H|

[USW(vi,bH)] = E
bH∼D|H|

[USW(vj ,bH)] , (21)

where vi (vj) denotes that identity i (j) bids v, and USW(b) denotes the expected social welfare
for all users when the input bid vector is b. For any identity l ∈ H, for any vi from identity i, let
H ′ = H \ {l}. It must be

E
(bl,bH′ )∼D|H|

[utill(bl, vi,bH′)] = E
(bl,bH′ )∼D|H|

[utill(bl,bH′)] By Equation (18)

= Ul By Equation (19)

By the same reasoning, E
(bl,bH′ )∼D|H|

[utill(bl, vj ,bH′)] = Ul. Thus, for any value v, the sum of the

expected utility of every user in H is∑
l∈H

E
bH∼D|H|

[utill(vi,bH)] =
∑
l∈H

Ul =
∑
l∈H

E
bH∼D|H|

[utill(vj ,bH)].

Combining this with Equation (21), it must be that for any vi and vj (which denote that identity
i and j bid value v, respectively),

E
bH∼D|H|

[utili(vi,bH)] = E
bH∼D|H|

[utilj(vj ,bH)].

The lemma follows by taking expectations over v on both sides.

Lemma 5.6. Fix any h ≥ 1, any d ≥ c ≥ 2, any ρ ∈ (0, 1), and suppose that the distribution
D has bounded support. Given any (possibly random) MPC-assisted mechanism that is Bayesian
UIC, MIC and SCP in an (h, ρ, c, d)-environment, for any identity i, it must be that

Ui = 0.

Proof. Consider a crowded world with many users and all of their bids are sampled independently
at random from D. Let K be the total number of users. By Corollary 5.4 and Lemma 5.5, every
user’s expected utility is the same where the expectation is taken over the random coins for sampling
all bids as well as random coins of the mechanism. On the other hand, since there are K total
bids, there must exist a user whose confirmation probability is at most k/K, and thus its expected
utility is at most max(D) · k/K where k is the block size. The lemma follows by taking K to be
arbitrarily large.

Proof of Theorem 5.2 Fix any set H of size at least h+ 1. Then

E
b∈D|H|

[USW(b)] =
∑
i∈H

E
b∈D|H|

utili(b).

By Lemma 5.6, for each identity i in H,

E
b∈D|H|

utili(b) = Ui = 0.

Therefore, the social welfare is 0.
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5.2 Feasibility for Approximate IC: Diluted Threshold-Based Mechanism

Although there is no interesting mechanism for strict incentive compatibility when c ≥ 2, there
are meaningful mechanisms if we allow approximate incentive compatibility. Still, we assume that
each user’s true value is drawn i.i.d. from a distribution D, and m is the median of D such that
Pr[x ≥ m] = 1

2 (see Remark 2.1). In addition, we assume that there is an upper bound T on users’
true values: Pr[x ≤ T ] = 1. Without loss of generality, we assume T ≥ ϵ.

MPC-assisted, diluted threshold-based Mechanism

Parameters: the block size k, the environment parameter (h, ∗, c, ∗), the approximation
parameter ϵ, the distribution median m, and the upper bound T of the distribution.

Input: a bid vector b = (b1, . . . , bn).

Mechanism:

• Confirmation rule. Let R := max

(
2c
√

kT
ϵ , k

)
. Given a bid vector b, let b̃ = (̃b1, . . . , b̃s)

denote the bids that are at least m. If s ≤ R, randomly select k
R · s bids from b̃ to confirm;

otherwise, randomly select k bids from b̃ to confirm.

• Payment rule. Every confirmed bid pays m.

• Miner revenue rule. If s ≥ h
4 , the total miner revenue is µ := m ·min

(
h
4 · k

R , k
)
. Otherwise,

the total miner revenue is 0.

Theorem 5.7. Suppose the block size is k. For any h ≥ 1, c ≥ 1, and ϵ ≥ m · h
2 · e−

h
16 , the diluted

threshold posted price auction satisfies strict ex post UIC, Bayesian ϵ-MIC, and Bayesian ϵ-SCP

in an (h, ∗, c, ∗)-environment. Moreover, the expected total miner revenue is m ·min
(

h
√
kϵ

8c
√
T
, h4 , k

)
,

where T is the upper bound of users’ true values.

Proof. We first show that the budget feasibility is satisfied. Since the mechanism confirms min
(
s · k

R , k
)

number of bids that are at least m, the total payment is m ·min
(
s · k

R , k
)
. When s ≥ h

4 , the total

miner revenue is at most m · h4 ·
k
R ≤ m · s · k

R , which is no more than the total payment of the users.
Next, we prove UIC, MIC, and SCP separately.

UIC. Since the mechanism is posted price auction from each user’s perspective, each user’s best
response is to follow the protocol honestly, as in the proof of Theorem 5.1.

MIC. By the same reasoning as in Theorem A.2, by injecting fake bids, the miner can only
increase its expected miner revenue if the number of bids that are at least m from honest users is

less than h
4 . This happens with a probability at most e−

h
16 . Thus, the expected total miner revenue

increases by no more than

µ · e−
h
16 ≤ m · e−

h
16 · h

4
≤ ϵ

2
.

SCP. By the same reasoning as in MIC, the expected increase of the miner revenue is at most
ϵ/2 by any deviation. Thus, to show that the mechanism is Bayesian ϵ-SCP, it suffices to show that
the coalition cannot increase the joint utility of the “users” in the coalition by more than ϵ

2 .
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Because injecting bids smaller than m does not change the confirmation probability and the
payment of each confirmed bid is fixed, injecting bids smaller than m does not increase the users’
utilities. On the other hand, injecting bids at least m will only decrease the probability of each
colluding user getting confirmed, which does not increase the users’ utilities.

Now, it suffices to show that overbidding and underbidding do not increase the coalition’s joint
utility since dropping out is equivalent to underbidding to some value less than m. Let s be the
number of bids ≥ m when every user bids truthfully. Each bid is confirmed with probability k

R if

s ≤ R, and k
s if s > R. Let s′ be the number of bids ≥ m when the colluding users bid strategically.

The colluding users can be partitioned into four groups:

• S1: Those whose true values are less than m but overbid to values larger than or equal to m;

• S2: Those whose true values are less than m and bid values less than m;

• S3: Those whose true values are at least m but underbids to values less than m;

• S4: Those whose true values are at least m and still bid values at least m.

When the coalition bids strategically, only the utilities of the users in S4 increase compared to
the honest case. Consider a colluding user in S4 with the true value v ≥ m. Its utility increases by
at most

(v −m) · k

max{s′, R}
− (v −m) · k

max{s,R}
. (22)

Note that Equation (22) is positive only when s′ < s and s > R. In this case, Equation (22) can
be upper bounded by

(v −m)

[
k

max{s′, R}
− k

s

]
≤(T −m)

[
k

s′
− k

s

]
≤(T −m) · ck

s(s− c)
By s′ ≥ s− c.

≤T · ck

R(R− c)
.

Since by the choice of R, R(R− c) ≥ 1
2R

2, we have

Equation (22) ≤ T · 2ck
R2

≤ ϵ

2c
.

Therefore, by bidding untruthfully, each user’s utility can increase by at most ϵ
2c . Therefore, the

joint utility of the users in the coalition by more than ϵ
2 .

6 Bounds on Miner Revenue

6.1 Optimality of Θ(h)-Miner Revenue in (h, ρ, c, d)-environment

It turns out that in an (h, ρ, c, d)-environment, Θ(h)-miner revenue is the best we can hope for.
One critical step is to show that when one bid changes, the expected miner revenue should not
change. Formally,
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Lemma 6.1 (Lemma 3.3 of [SCW23]). Fix any h ≥ 1, d ≥ c ≥ 1 and ρ ∈ (0, 1). Given any
(possibly randomized) MPC-assisted TFM in an (h, ρ, c, d)-environment that is Bayesian UIC and
SCP, for any user i and any value v, for any ℓ ≥ h it must be that

E
b∼Dℓ

[µ(b, v)] = E
b∼Dℓ

[µ(b, 0)] , (23)

where µ(b) denotes the total miner revenue when the input bid vector is b.

Although the original lemma in [SCW23] is stated for universal mechanisms, the same proof
holds for MPC-assisted mechanisms in (h, ρ, c, d)-environment.

Theorem 6.2 (Theorem 1.2 restated). Fix any h ≥ 1, d ≥ c ≥ 1, and ρ ∈ (0, 1). No MPC-assisted
TFM that simultaneously satisfies Bayesian UIC, MIC, and SCP in an (h, ρ, c, d)-environment can
achieve more than h ·E(D) expected miner revenue where E(D) denotes the expectation of the bid
distribution D.

Proof. Since the mechanism is MIC, it must be that for any ℓ ≥ h,

E
b∼Dℓ

[µ(b, 0)] ≤ E
b ∼Dℓ

[µ(b)] , (24)

Otherwise, the colluding miners can increase their utility by injecting a 0 bid.
Let f(·) be the p.d.f. of D. By the law of total expectation,

E
b∼Dn

[µ(b)] =

∫ ∞

0
E

b′∼Dn−1
[µ(b′, r)]f(r)dr

=

∫ ∞

0
E

b′∼Dn−1
[µ(b′, 0)]f(r)dr By Lemma 6.1

= E
b′∼Dn−1

[µ(b′, 0)] ≤ E
b′∼Dn−1

[µ(b′)] By Equation (24)

Repeat the above argument for (n− h) steps, we have

E
b∼Dn

[µ(b)] ≤ E
b′∼Dh

[µ(b)]

≤ E
(b′1,...,b

′
h)∼Dh

[
h∑

i=1

b′i

]
By budget feasibility

= hE[D].

6.2 Necessity of Bayesian Incentive Compatibility

If we insist on ex post incentive compatibility, our new model will not help us overcome the previous
impossibility result.

Lemma 6.3. Fix any h ≥ 1, d ≥ c ≥ 1 and ρ ∈ (0, 1). Given any (possibly randomized) MPC-
assisted TFM in an (h, ρ, c, d)-environment that is ex post ϵu-UIC and ϵs-SCP, for any user i, for
any value r and any b−i of length at least h, it must be that

µ(b−i, r)− µ(b−i, 0) ≤

{
2
ρ(ϵs + ϵu), if r ≤ ϵs + ϵu
2
ρ(
√
r(ϵs + ϵu)), if r > ϵs + ϵu.

(25)
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Proof. The proof of this lemma is the same as the proof of Lemma 3.3 in [SCW23].

Theorem 6.4. Fix any h ≥ 1, d ≥ c ≥ 1 and ρ ∈ (0, 1). Suppose there are n users whose true
values are drawn i.i.d. from some distribution D. Given any (possibly randomized) MPC-assisted
TFM in an (h, ρ, c, d)-environment that is ex post ϵu-UIC and ex post ϵs-SCP it must be that for
any b = (b1, . . . , bn) of length n > h,

µ(b) =
2nϵ

ρ
+

2
√
ϵ

ρ

n∑
i=1

√
bi, (26)

where ϵ = ϵs + ϵu.

Proof. For any b = (b1, . . . , bn), it must be that

µ(b) = µ(b1, b2, . . . , bn)

≤ µ(b1, . . . , bn−1, 0) +
2

ρ
ϵ+

2

ρ

√
bnϵ By Lemma 6.3

≤ µ(b1, . . . , bn−2, 0, 0) +
4

ρ
ϵ+

2

ρ

√
bnϵ+

2

ρ

√
bn−1ϵ

≤ · · · ≤ µ(0 . . . , 0) +
2nϵ

ρ
+

2
√
ϵ

ρ

n∑
i=1

√
bi

≤ 2nϵ

ρ
+

2
√
ϵ

ρ

n∑
i=1

√
bi.
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A Feasibility for Infinite Block Size

A.1 MPC-Assisted, Parity-Based Mechanism

Lemma A.1. Fix any h ≥ 1. The MPC-assisted, parity-based mechanism satisfies ex post UIC,
Bayesian MIC, and Bayesian SCP in an (h, ∗, ∗, ∗)-environment.

Proof. We prove the three properties separately.

UIC. Since the confirmation and the payment of each bid are independent of other bids, injecting
fake bids or dropping out does not help to increase each user’s utility. For a fixed user i, suppose
its true value is v. When it bids b, its expected utility is v−m if b ≥ m. By direct calculation, the
expected utility is maximized when b = v no matter what other bids are. Thus, the MPC-assisted,
parity-based mechanism satisfies UIC.

MIC. MIC follows directly from the fact that as long as there is one honest bid sampled from
D, the expectation of the parity is 1

2 , no matter what other bids are. Therefore, the expected total
miner revenue is always 1

2m.

SCP. By the same reasoning as in MIC, no matter how the coalition deviates, they cannot
increase the total miner revenue. Henceforth, we only need to argue that no matter how the
coalition deviates, it cannot increase the joint users’ utility. This follows directly from UIC and the
fact that each bid is confirmed independently from other bids.

A.2 MPC-Assisted, Threshold-Based Mechanism

Without loss of generality, we assume that each user’s bid is drawn i.i.d. from a known distribution
D with the median m such that Prx∼D[x ≥ m] = 1/2 (see Remark 2.1).

MPC-assisted, threshold-based mechanism
Parameters: lower bound h on the number of honest users, the distribution median m.
Mechanism:

• Confirmation rule. Given a bid vector b = (b1, . . . , bℓ), for each bid bi, confirm bi if bi ≥ m.

• Payment rule. Each confirmed bid pays m.

• Miner revenue rule. Let s be the number of confirmed bids. If s ≥ h
4 , miner gets h

4 · m.
Otherwise, the miner gets nothing.

Theorem A.2. Fix any h ≥ 1. The MPC-assisted, threshold-based mechanism satisfies ex post

UIC, Bayesian ϵ-MIC and Bayesian ϵ-SCP in an (h, ∗, ∗, ∗)-environment, where ϵ = h
4 ·m · e−

h
16 .

Proof. First, UIC follows from the same reasoning as in Lemma A.1. We will focus on MIC and
SCP in the rest of the proof.

ϵ-MIC. Recall that the only strategy that a strategic miner can apply is injecting some fake bids.
Because injecting fake bids smaller than m does not influence the colluding miners’ utility, we only
consider injecting bids at least m. Let X denote the random variable representing the number of
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honest bids at least m. The only situation where the colluding miners can increase their expected
gain by injecting fake bids is when X < h

4 . By Chernoff Bound, we have

Pr

[
X <

h

4

]
≤ e−

h
16 .

Therefore, the colluding miners can gain at most h
4 ·m · e−

h
16 more expected revenue by injecting

fake bids.

ϵ-SCP. Since the confirmation and the payment of each bid are independent of other bids, and
the mechanism is strict UIC, the coalition cannot increase colluding users’ utilities. Therefore,
by deviating from the mechanism, the coalition can only try to increase the expected total miner
revenue. By a similar argument as MIC, the coalition can only increase the expected total miner

revenue when X < h
4 , which happens with a probability no more than e−

h
16 . It follows that no

matter how the coalition deviates, the expected miner’s revenue can increase by at most ρ · h
4 ·m ·

e−
h
16 .
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