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Abstract

We introduce a new notion called 𝒬-secure pseudorandom isometries (PRI). A pseudorandom
isometry is an efficient quantum circuit that maps an 𝑛-qubit state to an (𝑛 +𝑚)-qubit state
in an isometric manner. In terms of security, we require that the output of a 𝑞-fold PRI on 𝜌,
for 𝜌 ∈ 𝒬, for any polynomial 𝑞, should be computationally indistinguishable from the output
of a 𝑞-fold Haar isometry on 𝜌.

By fine-tuning 𝒬, we recover many existing notions of pseudorandomness. We present a
construction of PRIs and assuming post-quantum one-way functions, we prove the security of
𝒬-secure pseudorandom isometries (PRI) for different interesting settings of 𝒬.

We also demonstrate many cryptographic applications of PRIs, including, length extension
theorems for quantum pseudorandomness notions, message authentication schemes for quan-
tum states, multi-copy secure public and private encryption schemes, and succinct quantum
commitments.
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1 Introduction
Pseudorandomness has played an important role in theoretical computer science. In classical
cryptography, the notions of pseudorandom generators and functions have been foundational,
with applications to traditional and advanced encryption schemes, signatures, secure computa-
tion, secret sharing schemes, and proof systems. On the other hand, we have only just begun
to scratch the surface of understanding the implications pseudorandomness holds for quantum
cryptography, and there is still a vast uncharted territory waiting to be explored.

When defining pseudorandomness in the quantum world, there are two broad directions one
can consider.

Quantum States. Firstly, we can study pseudorandomness in the context of quantum
states. Ji, Liu, and Song (JLS) [JLS18] proposed the notion of a pseudorandom quantum state
generator, which is an efficient quantum circuit that on input a secret key 𝑘 produces a quantum
state (referred to as a pseudorandom quantum state) that is computationally indistinguishable
from a Haar state as long as 𝑘 is picked uniformly at random and moreover, the distinguisher is
given many copies of the state. JLS and the followup works by Brakerski and Shmueli [BS19,
BS20b] presented constructions of pseudorandom quantum state generators from one-way func-
tions. Ananth, Qian, and Yuen [AQY22] defined the notion of a pseudorandom function-like
quantum state generator, which is similar to pseudorandom quantum state generators, except
that the same key can be used to generate multiple pseudorandom quantum states. These
two notions have many applications, including in quantum gravity theory [BFV20, ABF+23],
quantum machine learning [HBC+22], quantum complexity [Kre21], and quantum cryptogra-
phy [AQY22, MY22]. Other notions of pseudorandomness for quantum states have also been
recently explored [ABF+23, ABK+23, GLG+23].

Quantum Operations. Secondly, we can consider pseudorandomness in the context of
quantum operations. This direction is relatively less explored. One prominent example, pro-
posed in the same work of [JLS18], is the notion of pseudorandom unitaries, which are efficient
quantum circuits such that any efficient distinguisher should not be able to distinguish whether
they are given oracle access to a pseudorandom unitary or a Haar unitary. Establishing the
feasibility of pseudorandom unitaries could have ramifications for quantum gravity theory (as
noted under open problems in [GLG+23]), quantum complexity theory [Kre21], and cryptog-
raphy [GJMZ23]. Unfortunately, to date, we do not have any provably secure construction of
pseudorandom unitaries, although some candidates have been proposed in [JLS18]. A recent in-
dependent work by by Lu, Qin, Song, Yao, and Zhao [LQS+23] takes an important step towards
formulating and investigating the feasibility of pseudorandomness of quantum operations. They
define a notion called pseudorandom state scramblers that isometrically maps a quantum state
|𝜓⟩ into another state |𝜓′⟩ such that 𝑡 copies of |𝜓′⟩, where 𝑡 is a polynomial, is computationally
indistinguishable from 𝑡 copies of a Haar state. They establish its feasibility based on post-
quantum one-way functions. In the same work, they also explored cryptographic applications
of pseudorandom state scramblers.

Although pseudorandom state scramblers can be instantiated from one-way functions, the defini-
tion inherently allows for scrambling only a single state. On the other extreme, pseudorandom
unitaries allow for scrambling polynomially many states but unfortunately, establishing their
feasibility remains an important open problem. Thus, we pose the following question:

Is there a pseudorandomness notion that can scramble polynomially many states and
can be provably instantiated based on well studied cryptographic assumptions?
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Our Work in a Nutshell. We address the above question in this work. Our contribution
is three-fold:

1. New definitions: We introduce a new notion called 𝒬-secure pseudorandom isometries
that can be leveraged to scramble many quantum states coming from the set 𝒬.

2. Construction: We present a construction of pseudorandom isometries and investigate
its security for different settings of 𝒬.

3. Applications: Finally, we explore many cryptographic applications of pseudorandom
isometries.

1.1 Our Results
Roughly speaking, a pseudorandom isometry is an efficient quantum circuit, denoted by 𝖯𝖱𝖨𝑘,
parameterized by a key1 𝑘 ∈ {0, 1}𝜆 that takes as input an 𝑛-qubit state and outputs an (𝑛+𝑚)-
qubit state with the guarantee that 𝖯𝖱𝖨𝑘 is functionally equivalent to an isometry. In terms of
security, we require that any efficient distinguisher should not be able to distinguish whether
they are given oracle access to 𝖯𝖱𝖨𝑘 or a Haar isometry2 ℐ. We consider a more fine-grained
version of this definition in this work, where we could fine-tune the set of allowable queries.

More precisely, we introduce a concept called (𝑛, 𝑛+𝑚)-𝒬-secure-pseudorandom isometries
(PRIs). Let us first consider a simplified version of this definition. Suppose 𝑛(𝜆), 𝑞(𝜆) are
polynomials and 𝒬𝑛,𝑞,𝜆 is a subset of 𝑛𝑞-qubit (mixed) states. Let 𝒬 = {𝒬𝑛,𝑞,𝜆}𝜆∈ℕ. The
definition states that it should be computationally infeasible to distinguish the following two
distributions: for any polynomials 𝑞,

•
(︀
𝜌, 𝖯𝖱𝖨⊗𝑞𝑘 (𝜌)

)︀
,

•
(︀
𝜌, ℐ⊗𝑞 (𝜌) (ℐ†)⊗𝑞

)︀
,

where 𝜌 ∈ 𝒬𝑛,𝑞,𝜆 and ℐ is a Haar isometry.
Let us consider some examples.

1. If𝒬𝑛,𝑞,𝜆 = {|0𝑛⟩⊗𝑞} then this notion implies a pseudorandom state generator (PRSG) [JLS18].

2. If 𝒬𝑛,𝑞,𝜆 consists of all possible 𝑞 computational basis states then this notion implies a
pseudorandom function-like state generator (PRFSG) [AQY22, AGQY22].

3. If 𝒬𝑛,𝑞,𝜆 consists of 𝑞-fold tensor of all possible 𝑛-qubit states then this notion implies a
pseudorandom state scrambler (PSS) [LQS+23].

We can generalize this definition even further. Specifically, we allow the adversary to hold an
auxiliary register that is entangled with the register on which the 𝑞-fold isometry (𝖯𝖱𝖨𝑘 or Haar)
is applied and we could require the stronger security property that the above indistinguishability
should hold even in this setting.

In more detail, 𝜌 is now an (𝑛𝑞 + ℓ)-qubit state and the distinguisher is given either of the
following:

•
(︀
𝜌,
(︀
𝐼ℓ ⊗ 𝖯𝖱𝖨⊗𝑞𝑘

)︀
(𝜌)
)︀
,

•
(︁
𝜌,
(︀
𝐼ℓ ⊗ ℐ⊗𝑞𝑘

)︀
𝜌
(︁
𝐼ℓ ⊗ ℐ†𝑘

⊗𝑞)︁)︁
where 𝐼ℓ is an ℓ-qubit identity operator. We can correspondingly define 𝒬 to be instead param-
eterized by 𝑛, 𝑞, ℓ, 𝜆, and we require 𝜌 ∈ 𝒬𝑛,𝑞,ℓ,𝜆.

1We denote 𝜆 to be the security parameter.
2The Haar distribution of isometries is defined as follows: first, sample a unitary from the Haar measure, and then

set the isometry, that on input a quantum state |𝜓⟩, first initializes an ancilla register containing zeroes and then
applies the Haar unitary on |𝜓⟩ and the ancilla register.
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The above generalization captures the notion of pseudorandom isometries (discussed in the
beginning of Section 1.1) against selective queries. Specifically, if 𝖯𝖱𝖨𝑘 is a 𝒬-secure pseudoran-
dom isometry (according to the above-generalized definition), where 𝒬 is the set of all possible
𝑛𝑞 + ℓ-qubit states then indeed it is infeasible for an efficient distinguisher making selective
queries3 to distinguish whether it has oracle access to 𝖯𝖱𝖨𝑘 or a Haar isometry oracle.

Thus, by fine-tuning 𝒬, we recover many notions of pseudorandomness in the context of
both quantum states and operations.

Construction. We first study the feasibility of PRIs.
We present a construction of PRIs and investigate its security for different settings of 𝒬. On

input an 𝑛-qubit state |𝜓⟩ =
∑︀
𝑥∈{0,1}𝑛 𝛼𝑥 |𝑥⟩, define 𝖯𝖱𝖨𝑘 |𝜓⟩ as follows:

𝖯𝖱𝖨𝑘 |𝜓⟩ =
1√
2𝑚

∑︁
𝑥∈{0,1}𝑛,𝑦∈{0,1}𝑚

𝛼𝑥 · 𝜔
𝑓𝑘1

(𝑥||𝑦)
𝑝 |𝑔𝑘2(𝑥||𝑦)⟩

In the above construction, we parse 𝑘 as a concatenation of two 𝜆1-bit strings 𝑘1 and 𝑘2, where
𝜆 = 2𝜆1. The first key 𝑘1 would serve as a key for a pseudorandom function 𝑓 : {0, 1}𝜆1 ×
{0, 1}𝑛+𝑚 → ℤ𝑝, where 𝑝 ∼ 2𝜆1 is an integer. The second key 𝑘2 would serve as a key for a
pseudorandom permutation 𝑔 : {0, 1}𝜆1 × {0, 1}𝑛+𝑚 → {0, 1}𝑛+𝑚. Both 𝑓 and 𝑔 should satisfy
quantum query security. Moreover, both of them can be instantiated from post-quantum one-
way functions [Zha12, Zha16]. We require 𝑛 to be a polynomial in 𝜆, larger than 𝜆, and similarly,
we set 𝑚 to be a polynomial in 𝜆, larger than 𝜆.

The above construction was first studied by [BBSS23, ABF+23], perhaps surprisingly, in
completely different contexts. Brakerski, Behera, Sattath, and Shmueli [BBSS23] introduced a
new notion of PRSG and PRFSG and instantiated these two notions using the above construc-
tion. Aaronson, Bouland, Fefferman, Ghosh, Vazirani, Zhang, and Zhou [ABF+23] introduced
the notion of pseudo-entanglement and instantiated this notion using the above construction.
An important property of this construction is that it is invertible, that is, given the key 𝑘, it is
efficient to implement 𝖨𝗇𝗏𝑘 such that 𝖨𝗇𝗏𝑘𝖯𝖱𝖨𝑘 is the identity map.

It is natural to wonder if it is possible to modify the above construction to have binary
phase as against 𝑝𝑡 roots of unity, for a large 𝑝. There is some recent evidence to believe
since [HBK23] showed that pseudorandom unitaries cannot just have real entries.

Security. We look at different possible settings of 𝒬 and study their security4.

I. Haar states. Our main contribution is showing that the output of 𝖯𝖱𝖨𝑘 on many copies
of many 𝑛-qubit Haar states, namely, (|𝜓1⟩⊗𝑡 , . . . , |𝜓𝑠⟩⊗𝑡) with 𝑡 being a polynomial and
|𝜓1⟩ , . . . , |𝜓𝑠⟩ are Haar states, is computationally indistinguishable from a Haar isometry on
(|𝜓1⟩⊗𝑡 , . . . , |𝜓𝑠⟩⊗𝑡). Moreover, the computational indistinguishability should hold even if (|𝜓1⟩⊗𝑡 ,
. . . , |𝜓𝑠⟩⊗𝑡) is given to the QPT adversary. In other words, 𝖯𝖱𝖨𝑘 can be used to map maximally
mixed states on smaller dimensional symmetric subspaces onto pseudorandom states on larger
dimensional symmetric subspaces. We consider the following setting:

• Let 𝑡(𝜆) and 𝑠(𝜆) be two polynomials. Let 𝑞 = 𝑠 · 𝑡 and ℓ = 𝑛 · 𝑞.
3Roughly speaking, the selective query setting is one where all the queries are made at the same time. In contrast,

in the adaptive query setting, each query could depend on the previous queries and answers.
4We only consider a simplified version of these settings here and in the technical sections, we consider the most

general version.

5



• We define 𝒬𝖧𝖺𝖺𝗋 = {𝒬𝑛,𝑞,ℓ,𝜆}𝜆∈ℕ, where 𝒬𝑛,𝑞,ℓ,𝜆 is defined as follows5:

𝒬𝑛,𝑞,ℓ,𝜆 =

{︃
𝔼|𝜓1⟩,...,|𝜓𝑠⟩←H𝑛

[︃
𝑠⨂︁
𝑖=1

|𝜓𝑖⟩⟨𝜓𝑖|⊗𝑡 ⊗
𝑠⨂︁
𝑖=1

|𝜓𝑖⟩⟨𝜓𝑖|⊗𝑡
]︃}︃

Recall that the first ℓ qubits (in the above case, it is the first 𝑡 red-colored copies of 𝑛-qubit
Haar states |𝜓1⟩ , . . . , |𝜓𝑠⟩) are not touched. On the next 𝑞 𝑛-qubit states (colored in blue),
either 𝖯𝖱𝖨⊗𝑞𝑘 or ℐ⊗𝑞 is applied.

We prove the following.

Theorem 1.1 (Informal). Assuming post-quantum one-way functions exist, 𝖯𝖱𝖨𝑘 is a 𝒬𝖧𝖺𝖺𝗋-
secure pseudorandom isometry.

This setting is reminiscent of weak pseudorandom functions [DN02, ABG+14] studied in the
classical cryptography literature, where we require the pseudorandomness to hold only on in-
puts chosen from the uniform distribution on binary strings.

Application: Length Extension Theorem. As an application, we demonstrate a length
extension theorem for PRSGs and PRFSGs. Specifically, we show how to extend the output
length of both these pseudorandomness notions assuming PRIs secure against Haar queries6.
Specifically, we show the following.

Theorem 1.2 (Length Extension Theorem; Informal). Assuming 𝒬𝖧𝖺𝖺𝗋-secure pseudorandom
isometry, mapping 𝑛 qubits to 𝑛+𝑚 qubits, and an 𝑛-qubit PRSG, there exists an 𝑛+𝑚-qubit
PRSG.

Similarly, assuming 𝒬𝖧𝖺𝖺𝗋-secure pseudorandom isometry, mapping 𝑛 qubits to 𝑛+𝑚 qubits,
and 𝑛-qubit PRFSG, there exists an (𝑛+𝑚)-qubit PRFSG.

Prior to our work, the only known length extension theorem was by Gunn, Ju, Ma, and
Zhandry [GJMZ23] who demonstrated a method to increase the output length of pseudorandom
states and pseudorandom unitaries but at the cost of reducing the number of copies given to the
adversary. That is, the resulting PRSG in their transformation is only secure if the adversary
is given one copy. On the other hand, in the above theorem, the number of copies of the PRSG
is preserved in the above transformation.

II. Many copies of an 𝑛-qubit state. We also consider the setting where we have multiple
copies of a single state. Specifically, we consider the following setting:

• Let 𝑞 = 𝑞(𝜆) be a polynomial. Let ℓ = 𝑛 · 𝑞.
• We define 𝒬𝖲𝗂𝗇𝗀𝗅𝖾 = {𝒬𝑛,𝑞,ℓ,𝜆}𝜆∈ℕ, where 𝒬𝑛,𝑞,ℓ,𝜆 is defined as follows:

𝒬𝑛,𝑞,ℓ,𝜆 =
{︁
|𝜓⟩⊗𝑞 ⊗ |𝜓⟩⊗𝑞 : |𝜓⟩ ∈ 𝒮(ℂ2𝑛)

}︁
We prove the following.

Theorem 1.3 (Informal). Assuming post-quantum one-way functions exist, 𝖯𝖱𝖨𝑘 is a 𝒬𝖲𝗂𝗇𝗀𝗅𝖾-
secure pseudorandom isometry.

Informally, the above theorem ensures that even if an efficient distinguisher is given polynomi-
ally many copies of |𝜓⟩, for an arbitrary 𝑛-qubit state |𝜓⟩, it should not be able to efficiently

5H𝑛 denotes the Haar distribution on 𝑛-qubit Haar states.
6An (𝑛, 𝑛+𝑚)-pseudorandom isometry secure against any 𝒬 trivially gives a PRSG or PRFSG on 𝑛+𝑚 qubits.

However, our length extension theorem requires the underlying PRI to only be secure against Haar queries.
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distinguish 𝑞 copies of 𝖯𝖱𝖨𝑘 |𝜓⟩ versus 𝑞 copies of ℐ |𝜓⟩, for any polynomial 𝑞(𝜆).

Application: Pseudorandom State Scamblers. A recent work [LQS+23] shows how to
isometrically scramble a state such that many copies of the scrambled state should be com-
putationally indistinguishable from many copies of a Haar state. Our notion of 𝒬𝖲𝗂𝗇𝗀𝗅𝖾-secure
pseudorandom isometry is equivalent to pseudorandom state scramblers. Thus, we have the
following.

Theorem 1.4 (Informal). 𝒬𝖲𝗂𝗇𝗀𝗅𝖾-secure pseudorandom isometry exists if and only if pseudo-
random state scramblers exist.

The work of [LQS+23] presents an instantiation of pseudorandom scramblers from post-quantum
one-way functions. While our result does not give anything new for pseudorandom scramblers
in terms of assumptions, we argue that our construction and analysis are (in our eyes) much
simpler than [LQS+23]. In addition to pseudorandom permutations and functions, they also use
rotation unitaries in the construction. Their analysis also relies on novel and sophistical tools
such as Kac random walks whereas our analysis is more elementary.

Application: Multi-Copy Secure Public-Key Encryption. There is a simple technique
to encrypt a quantum state, say |𝜓⟩: apply a quantum one-time pad on |𝜓⟩ and then encrypt
the one-time pad keys using a post-quantum encryption scheme. However, the disadvantage of
this construction is that the security is not guaranteed to hold if the adversary receives many
copies of the ciphertext state. A natural idea is to apply a unitary 𝑡-design on |𝜓⟩ rather than a
quantum one-time pad but this again only guarantees security if the adversary receives at most
𝑡 queries. On the other hand, we formalize a security notion called multi-copy secure public-
key and private-key encryption schemes, where the security should hold even if the adversary
receives arbitrary polynomially many copies of the ciphertext.

Theorem 1.5 (Informal). Assuming 𝒬𝖲𝗂𝗇𝗀𝗅𝖾-secure pseudorandom isometry7, there exists multi-
copy secure private-key and public-key encryption schemes.

The investigation of multi-copy security was independently conducted by [LQS+23]. However,
they only studied multi-copy security in the context of one-time encryption schemes whereas we
introduce the definition of multi-copy security for private-key and public-key encryption schemes
and establish their feasibility for the first time.

Conjecture. Unfortunately, we currently do not know how to prove that 𝖯𝖱𝖨𝑘 is a 𝒬-secure
pseudorandom isometry for every 𝒬. We leave the investigation of this question as an interesting
open problem.

Conjecture 1.6. For every 𝒬 = {𝒬𝑛,𝑞,ℓ,𝜆}𝜆∈ℕ, where 𝒬𝑛,𝑞,ℓ,𝜆 consists of 𝑛𝑞-qubit states, 𝖯𝖱𝖨𝑘
is a 𝒬-secure pseudorandom isometry.

Other Applications. We explore other applications of PRIs that were not covered before.

Application: Quantum MACs. We explore novel notions of message authentication codes
(MAC) for quantum states. Roughly speaking, in a MAC for quantum states, there is a signing
algorithm using a signing key 𝑠𝑘 that on input a state, say |𝜓⟩, outputs a tag that can be
verified using the same signing key 𝑠𝑘. Intuitively, we require that any adversary who receives
tags on message states of their choice should not be able to produce a tag on a challenge message
state. For the notion to be meaningful, we require that the challenge message state should be
orthogonal (or small fidelity) to all the message states seen so far.

7We additionally require that the pseudorandom isometry satisfy an invertibility condition. We define this more
formally in the technical sections.
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There are different settings we consider:

• In the first setting, the verification algorithm gets as input multiple copies of the message
state |𝜓⟩ and the tag state. In this case, we require the probability that the adversary
should succeed is negligible.

• In the second setting, the verification algorithm gets as input many copies of the message
state but only a single copy of the tag. In this case, we weaken the security by only requiring
that the adversary should only be able to succeed with inverse polynomial probability.

• Finally, we consider the setting where we restrict the type of message states that can be
signed. Specifically, we impose the condition that for every message state |𝜓⟩, there is a
circuit 𝐶 that on input an all-zero state outputs |𝜓⟩. Moreover this circuit 𝐶 is known
to the verification algorithm. In this case, we require that the adversary only be able to
succeed with negligible probability.

We show how to achieve all of the above three settings using PRIs.

Application: Length Extension Theorem. Previously, we explored a length extension the-
orem where we showed how to generically increase the output length of pseudorandom (function-
like) state generators assuming only PRIs secure against Haar queries. We explore a qualitatively
different method to extend the output length of pseudorandom states. Specifically, we show the
following.

Theorem 1.7 (Informal). Assuming the existence of (𝑛, 𝑛+𝑚)-secure pseudorandom isometry
and an (2𝑛)-output PRSG secure against 𝑜(𝑚) queries, there exists a (2𝑛 +𝑚)-output PRSG
secure against the same number of queries. Moreover, the key of the resulting PRSG is a
concatenation of the (2𝑛)-output PRSG and the (𝑛, 𝑛+𝑚)-secure PRI.

One might be tempted to conclude that a unitary 𝑜(𝑚)-design can be used to get the above result.
The main issue with using a 𝑜(𝑚)-design is that it increases the key size significantly [BCH+21].
However, in the above theorem, if we start with a PRI with short keys (i.e., 𝜆 ≪ 𝑚) then the
above transformation gets a PRSG with a much larger stretch without increasing the key size
by much.

1.2 Technical Overview

1.2.1 Haar Unitaries: Observations

Before we talk about proving security of our construction, we point out some useful properties of
Haar unitaries. Note that Haar isometries are closely related to Haar unitaries since the former
can be implemented by appending suitably many zeroes8 followed by a Haar random unitary.

Behavior on Orthogonal Inputs. In the classical world, a random function 𝑓 with
polynomial output length is indistinguishable from the corresponding random permutation 𝑔
against a query-bounded black-box adversary 𝒜. One can prove this fact in three simple steps:

1. Without loss of generality one can assume 𝒜 only makes distinct queries {𝑥1, . . . , 𝑥𝑞}.
2. 𝑓 is perfectly indistinguishable from 𝑔 conditioned on the fact that 𝑓(𝑥𝑖) ̸= 𝑓(𝑥𝑗) for 𝑖 ̸= 𝑗.

3. If the number 𝑞 is polynomial, then the probability that 𝑓 has a collision on {𝑥1, . . . , 𝑥𝑞}
is negligible.

Now consider the quantum analogue of the same problem. Namely, consider two oracles
𝑂1, 𝑂2 that can only be queried on classical inputs, where: (1) 𝑂1 on input 𝑥 outputs 𝒰 |𝑥⟩,

8The state being appended and the position of the new qubits is not important.
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where 𝒰 is a Haar unitary; and (2) 𝑂2 for each distinct input 𝑥, outputs an i.i.d. Haar-random
state |𝜓𝑥⟩. Our goal is to show that 𝑂1, 𝑂2 are indistinguishable against a query-bounded
quantum adversary 𝒜. If we try to replicate the classical proof above, we run into problems:
we can no longer assume distinct queries due to the principle of no-cloning, and we need to
generalize step 3 in a non-trivial to an almost-orthogonality argument. Instead, we consider an
alternative proof for the classical case.

Fix the set of queries {𝑥1, . . . , 𝑥𝑞} and for 0 ≤ 𝑖 ≤ 𝑞 define a hybrid oracle 𝑂𝑖 as follows:

• For 1 ≤ 𝑗 ≤ 𝑞, if 𝑥𝑗 ∈ {𝑥1, . . . , 𝑥𝑞−1}, then output consistently as the previous instance of
the same query.

• Otherwise, for 1 ≤ 𝑗 ≤ 𝑖: On input 𝑥𝑗 , sample 𝑦𝑗 /∈ {𝑦1, . . . , 𝑦𝑗−1} uniformly at random
and output 𝑦𝑗 . For 𝑖+ 1 ≤ 𝑗 ≤ 𝑞, sample an i.i.d. random answer 𝑦𝑗 and output 𝑦𝑗 .

Now, one can argue that 𝑂𝑖 is perfectly indistinguishable from 𝑂𝑖+1 conditioned on the
answer 𝑦𝑖+1 sampled by 𝑂𝑖 satisfying 𝑦𝑖+1 /∈ {𝑦1, . . . , 𝑦𝑖}. It turns out this argument is more
easily generalizable to the quantum case, where we can define oracle ̃︀𝑂𝑖 as answering 𝑥1, . . . , 𝑥𝑖
using a random isometry and answering 𝑥𝑖+1, . . . , 𝑥𝑞 using i.i.d. Haar-random states (while
maintaining consistency). Indistinguishability of ̃︀𝑂𝑖 and ̃︀𝑂𝑖+1 follows from an analysis comparing
the dimensions of the subspaces the hybrid oracles sample outputs from.

Almost-Invariance Property. The security definition for a pseudorandom unitary, and
similarly isometry, can be cumbersome to work with. Let us focus on the information-theoretic
setting first, i.e. when there is no computational assumption on the adversary besides a query
bound. We investigate what it means for a candidate pseudorandom unitary 𝐹𝑘 to be informa-
tion theoretically indistinguishable from a Haar unitary 𝒰 for different query sets 𝒬; in other
words, we consider statistical 𝒬-security of 𝐹𝑘. Rather than attempting to directly calculate the
trace distance between the output of 𝐹𝑘 on a given query 𝜌 and the output of a Haar unitary
𝒰 on the same input, which may look significantly different for different values of 𝜌, we are
naturally drawn to look for a simpler condition that suffices for security.

Accordingly, we show that 𝐹𝑘 is statistically 𝒬-secure if and only if for every 𝜌 ∈ 𝒬 which
describes 𝑞 queries to 𝐹𝑘, we have that 𝐹⊗𝑞𝑘 𝜌(𝐹 †𝑘 )

⊗𝑞 changes only negligibly (in trace distance)
under the action of 𝑞-fold Haar unitary 𝒰⊗𝑞(·)(𝒰†)⊗𝑞. We prove this fact for any quantum
channel Φ (in particular for Φ(·) = 𝐹𝑘(·)𝐹 †𝑘 ) as long as Φ is a mixture of unitary maps, and the
proof follows by the unitary invariance of the Haar measure.

We note that the argument above can be easily generalized to a pseudorandom isometry
(PRI), since an isometry can be decomposed into appending zeroes followed by applying a uni-
tary. The detailed proofs of the almost-invariance property can be found in Section 4.2.

Next, we will describe our construction, then discuss its security and applications in more
detail.

1.2.2 Construction

We describe how to naturally arrive at our construction of pseudorandom isometry, which was re-
cently studied by [BBSS23, ABF+23] in different contexts. Given an input state |𝜓⟩ =

∑︀
𝛼𝑥 |𝑥⟩,

we will first apply an isometry ̃︀𝐼 to get a state |𝜙⟩ =
∑︀
𝜃𝑧 |𝑧⟩, followed by unitary operations.

A commonly used technique to scramble a given input state |𝜙⟩ is to apply a random binary
function 𝑓 with a phase kickback [JLS18], i.e. apply the unitary 𝑂𝑓 |𝜓⟩ =

∑︀
(−1)𝑓(𝑧)𝜃𝑧 |𝑧⟩. The

action of 𝑂𝑓 on a mixed state 𝑞-query input 𝜌 =
∑︀
�⃗�,�⃗�′ 𝛽�⃗�,�⃗�′ |�⃗�⟩ ⟨�⃗�′| can be calculated as

𝔼
𝑓

[︁
𝑂⊗𝑞𝑓 𝜌(𝑂†𝑓 )

⊗𝑞
]︁
= 𝔼

𝑓

⎡⎣∑︁
�⃗�,�⃗�′

(−1)
∑︀

𝑖 𝑓(𝑧𝑖)+𝑓(𝑧
′
𝑖)𝛽�⃗�,�⃗�′ |�⃗�⟩ ⟨�⃗�′|

⎤⎦
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=
∑︁
�⃗�,�⃗�′

𝛽�⃗�,�⃗�′ |�⃗�⟩ ⟨�⃗�′|𝔼
𝑓

[︁
(−1)

∑︀
𝑖 𝑓(𝑧𝑖)+𝑓(𝑧

′
𝑖)
]︁
.

Observe that if �⃗� and �⃗�′ are related by a permutation9, then (−1)
∑︀

𝑖 𝑓(𝑧𝑖)+𝑓(𝑧
′
𝑖) = 1. Otherwise,

if there exists 𝑧, which occurs odd number of times in �⃗� and even number of times in �⃗�′ (or
vice versa), we get (−1)

∑︀
𝑖 𝑓(𝑧𝑖)+𝑓(𝑧

′
𝑖) = 0. Ideally we would like all terms |�⃗�⟩ ⟨�⃗�′| to vanish

when �⃗� and �⃗�′ are not related by a permutation. We can easily fix this by switching to 𝑝-th
root of unity phase kickback, i.e. apply ̃︀𝑂𝑓 for a random function 𝑓 with codomain ℤ𝑝, wherẽ︀𝑂𝑓 |𝜓⟩ =

∑︀
𝑥 𝜔

𝑓(𝑥)
𝑝 |𝑥⟩ and 𝜔𝑝 = 𝑒2𝜋𝑖/𝑝. As long as 𝑞 ≪ 𝑝 (e.g. 𝑞 is polynomial and 𝑝 is

super-polynomial), we get that

𝔼
𝑓

[︁ ̃︀𝑂⊗𝑞𝑓 𝜌( ̃︀𝑂†𝑓 )⊗𝑞]︁ = ∑︁
�⃗�,�⃗�′

∃𝜎: �⃗�′=𝜎(�⃗�)

𝛽�⃗�,�⃗�′ |�⃗�⟩ ⟨�⃗�′| .

Now we would like to scramble the remaining terms |�⃗�⟩ ⟨�⃗�′| in the equation above. A natural
try is to apply a random permutation 𝜋 in the computational basis, denoted by 𝑂𝜋 as a unitary
operation. Such an operation would scramble the term above as 𝑂⊗𝑞𝜋 |�⃗�⟩ ⟨�⃗�′| (𝑂†𝜋)⊗𝑞, which only
depends on 𝜎 as long as �⃗� has distinct entries. Hence, to achieve maximal scrambling we would
like |𝜙⟩ to have negligible weight on states |�⃗�⟩ with collisions of the form 𝑧𝑖 = 𝑧𝑗 .

In order to make sure that the weight on |�⃗�⟩ with distinct entries is close to 1, we pick ̃︀𝐼
to append a uniform superposition of strings10, which brings us to the information-theoretic
inefficient construction

𝐺(𝑓,𝜋) |𝜓⟩ =
1√
2𝑚

∑︁
𝑥∈{0,1}𝑛,𝑦∈{0,1}𝑚

𝛼𝑥 · 𝜔𝑓(𝑥||𝑦)𝑝 |𝜋(𝑥||𝑦)⟩ , (1)

To make the construction efficient, we instantiate 𝑓 and 𝑔 with a post-quantum pseudoran-
dom function and a post-quantum pseudorandom permutation, respectively, hence reaching our
construction

𝐹(𝑘1,𝑘2) |𝜓⟩ =
1√
2𝑚

∑︁
𝑥∈{0,1}𝑛,𝑦∈{0,1}𝑚

𝛼𝑥 · 𝜔
𝑓𝑘1

(𝑥||𝑦)
𝑝 |𝑔𝑘2(𝑥||𝑦)⟩ .

1.2.3 Security Proof

As a first step, we argue that a QPT adversary cannot distinguish the PRF (𝑓𝑘1) and the PRP
(𝑔𝑘2) from a random function and a random permutation, respectively. To show this we use a 2𝑞-
wise independent hash function as an intermediate hybrid for 𝑓𝑘1 to get an efficient reduction,
following [Zha12] who showed that such a hash function is indistinguishable from a random
function under 𝑞 queries. Combining this with [Zha16] who showed how to instantiate the PRP
(𝑔𝑘2) from post-quantum one-way functions, we successfully invoke computational assumptions.

Now that we have invoked the computational assumptions as per the existence of quantum-
secure PRF and PRP, we are left with the information theoretic construction given by 𝐺(𝑓,𝜋)

(eq. (1)), which is parametrized by a random function 𝑓 and a random permutation 𝜋. Below,
we write 𝜌 ∈ 𝒬 as a short-hand to mean 𝜌 ∈ 𝒬𝑛,𝑞,ℓ,𝜆 for some 𝜆 ∈ ℕ. To show that 𝐺(𝑓,𝜋) is
statistically 𝒬-secure for different query sets 𝒬, we will show that the output of 𝐺(𝑓,𝜋) under
any query 𝜌 ∈ 𝒬 is almost-invariant under 𝑞-fold Haar unitary as per our second observation
above. We achieve this in two steps:

9This condition will later be referred to as �⃗� and �⃗�′ having the same type.
10Note that this step crucially relies on the fact that we are constructing a pseudorandom isometry, not a pseudo-

random unitary.
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Step 1: Find a particular mixed state 𝜌𝗎𝗇𝗂, to be defined later, which is almost-invariant
under 𝑞-fold Haar unitary. Conclude that if the output of 𝐺(𝑓,𝜋) under any query 𝜌 ∈ 𝒬
is negligibly close (in trace distance) to 𝜌𝗎𝗇𝗂, then it is 𝑞-fold Haar almost invariant, hence
𝐺(𝑓,𝜋) satisfies statistical 𝒬-security.

Step 2: For 3 different instantiations of 𝒬, prove that the condition in Step 1 is satisfied,
hence 𝐺(𝑓,𝜋) is statistically 𝒬-secure.

Note that our proof-strategy outlined above is a top-down approach, and the first two steps can
be viewed as reducing the problem of PRI-security to a simpler condition that is easier to check
for different query sets, and is independent of the action of Haar isometry on 𝒬. In Step 3, we
show instantiations of 𝒬 that satisfy the simpler condition. Next, we delve into the details of
each step.

Step 1: An Almost-Invariant State: 𝜌𝗎𝗇𝗂. Having established 𝑞-fold Haar almost-
invariance as a sufficient condition for statistical security of 𝐺(𝑓,𝜋), it is natural to ask the
question:

Can we find a state 𝜌* which is both:
(a) close to the output of 𝐺(𝑓,𝜋) on certain inputs, and
(b) 𝑞-fold Haar almost-invariant?

This would allow us to use negligible closeness to 𝜌* as a sufficient condition for 𝑞-fold Haar
almost-invariance, hence for statistical security of 𝐺(𝑓,𝜋). We start by analyzing condition (a).

We restrict our attention to queries with a particular, yet quite general, structure. Namely,
suppose 𝒬 = {𝒬𝑛,𝑞,ℓ,𝜆} is such that every 𝜌 ∈ 𝒬 is a mixture of pure states of the form⨂︀𝑠

𝑖=1 |𝜓𝑖⟩
⊗𝑡, where 𝑞 = 𝑠𝑡. In other words, the adversary makes queries in the form of 𝑠 states

with 𝑡-copies each, or formally queries from the 𝑠-fold tensor product of symmetric subspaces,
denoted by ℋ =

(︀
∨𝑡ℂ𝑁

)︀𝑠. For such inputs, the output of the isometry will belong to the
corresponding tensor product of symmetric subspacesℋ′ :=

(︀
∨𝑡ℂ𝑁𝑀

)︀𝑠, where 𝑁 = 2𝑛 and𝑀 =
2𝑚. It is known [Har13] that ℋ is spanned by 𝑠-fold tensor product of type states |𝜓𝑇1,...,𝑇𝑠

⟩ =⨂︀𝑠
𝑖=1 |𝗍𝗒𝗉𝖾𝑇𝑖

⟩, where |𝗍𝗒𝗉𝖾𝑇𝑖
⟩ is a uniform superposition over computational basis states |�⃗�⟩ ∈

ℂ𝑁𝑡 of the same type (𝑇𝑖), where �⃗� and �⃗� are said to have the same type if �⃗� = 𝜎�⃗� for some
permutation 𝜎 ∈ 𝑆𝑡 over 𝑡 elements.

To understand the action of 𝐺(𝑓,𝜋) on 𝒬, we consider its action on a basis state |𝜓𝑇1,...,𝑇𝑠
⟩

of ℋ. We first look at the action of a random isometry ℐ on |𝜓𝑇1,...,𝑇𝑠
⟩ and see that

𝔼
ℐ

[︀
ℐ⊗𝑞 |𝜓𝑇1,...,𝑇𝑠⟩⟨𝜓𝑇1,...,𝑇𝑠 | ℐ⊗𝑞

]︀
= 𝔼
𝑇 ′
1,...,𝑇

′
𝑠

[︀
|𝜓𝑇 ′

1,...,𝑇
′
𝑠
⟩⟨𝜓𝑇 ′

1,...,𝑇
′
𝑠
|
]︀

is maximally mixed over ℋ′, where 𝑇 ′1, . . . , 𝑇 ′𝑠 are types over ℂ𝑁𝑀𝑡. The same fact is not quite
true for 𝐺(𝑓,𝜋) due to cross terms. Nonetheless, such terms cancel out whenever (𝑇1, . . . , 𝑇𝑠)
form a set of unique types, denoted by (𝑇1, . . . , 𝑇𝑠) ∈ 𝒯𝗎𝗇𝗂𝑛𝑠,𝑡 , meaning collectively they span 𝑠𝑡

distinct computational basis states |𝑥⟩ ∈ ℂ𝑁 , thanks to the nice algebraic structure of the image
of 𝑓 , i.e. ℤ𝑝. As a result, we get

𝔼
𝑓,𝜋

[︁
𝐺⊗𝑞(𝑓,𝜋) |𝜓𝑇1,...,𝑇𝑠⟩⟨𝜓𝑇1,...,𝑇𝑠 |𝐺

⊗𝑞
(𝑓,𝜋)

]︁
= 𝔼

(𝑇 ′
1,...,𝑇

′
𝑠)←𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠,𝑡

[︀
|𝜓𝑇 ′

1,...,𝑇
′
𝑠
⟩⟨𝜓𝑇 ′

1,...,𝑇
′
𝑠
|
]︀
=: 𝜌𝗎𝗇𝗂 (2)

for any (𝑇1, . . . , 𝑇𝑠) ∈ 𝒯𝗎𝗇𝗂𝑛𝑠,𝑡 . Fortunately, 𝜌𝗎𝗇𝗂 satisfies11 property (b) as well. The reason

11We note that 𝜌𝗎𝗇𝗂 = 𝜌𝗎𝗇𝗂𝑠,𝑡 is parametrized by 𝑠, 𝑡 in the tecnhical sections, which we omit here for simplicity of
notation.
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is that the 𝑞-fold unique type states |𝜓𝑇1,...,𝑇𝑠
⟩ constitute the vast majority12 of the basis for

ℋ′, so that 𝜌𝗎𝗇𝗂 is negligibly close to the maximally mixed state over ℋ′, which is invariant
under 𝑞-fold unitary operations. Therefore, if 𝐺⊗𝑞(𝑓,𝜋)𝜌(𝐺

†
(𝑓,𝜋))

⊗𝑞 is negligible close to 𝜌𝗎𝗇𝗂, then
it is 𝑞-fold Haar almost-invariant, hence we have a simpler sufficient condition to check for PRI
security as desired. Note that so far we have ignored the ℓ-qubit (purification) register held by
the adversary, but the arguments generalize without trouble. The detailed proofs of this step
can be found in Section 4.2.2.

Step 2: Closeness to 𝜌𝗎𝗇𝗂. In the final step of our security proof, we show that 𝐺(𝑓,𝜋) is
statistically 𝒬-secure for three instantiations of 𝒬 by showing that the output of 𝐺(𝑓,𝜋) is close
to 𝜌𝗎𝗇𝗂 in each case.

Distinct Types: By 𝑒𝑞. (2), it follows that 𝐺(𝑓,𝜋) is 𝒬-secure for13 𝒬 = 𝒯𝗎𝗇𝗂𝑛𝑠,𝑡 . We can gener-
alize this to distinct type states |𝜓𝑇1,...,𝑇𝑠

⟩, which are defined by the condition that the computa-
tional basis states spanned by the types 𝑇𝑖 are mutually disjoint, denoted by (𝑇1, . . . , 𝑇𝑠) ∈ 𝒯𝖽𝗂𝗌𝑛𝑠,𝑡 .
Note that 𝒯𝗎𝗇𝗂𝑛𝑠,𝑡 ⊂ 𝒯𝖽𝗂𝗌𝑛𝑠,𝑡 since for types (𝑇1, . . . , 𝑇𝑠) ∈ 𝒯𝖽𝗂𝗌𝑛𝑠,𝑡 each 𝑇𝑗 may contain repetitions.
Fortunately, a careful analysis shows that the output of 𝐺(𝑓,𝜋) on a distinct type state acquires
a nice form and is close to 𝜌𝗎𝗇𝗂 as well. Intuitively, the reason for this is that the first step in
our construction appends a random string �⃗� to the input query, and after this step the internal
collisions in 𝒯𝖽𝗂𝗌𝑛𝑠,𝑡 get eliminated except with negligible weight. Accordingly, we get security for
the query set

𝒬𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍𝑡,𝑠 =

{︃
𝑠⨂︁
𝑖=1

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| : (𝑇1, · · · , 𝑇𝑠) ∈ 𝒯𝖽𝗂𝗌𝑛𝑠,𝑡

}︃
.

As a corollary, we conclude that our construction is secure against computational basis queries.

Many Copies of an 𝑛-Qubit State: Next, we show security for many copies of the same
pure state, defined by the query set

𝒬𝖲𝗂𝗇𝗀𝗅𝖾 =
{︁
|𝜓⟩⊗𝑡 ⊗ |𝜓⟩⊗𝑡 : |𝜓⟩ ∈ 𝒮(ℂ2𝑛)

}︁
,

which allows for the adversary to keep 𝑡 copies of the state that are not fed into the PRI, with
ℓ = 𝑞 = 𝑡. We can write the input state in the type-basis of the symmetric subspace as

|𝜓⟩⟨𝜓|⊗𝑡 =
∑︁
𝑇,𝑇 ′

𝛼𝑇,𝑇 ′ |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ | .

Thanks to the algebraic structure of ℤ𝑝, the terms with 𝑇 ̸= 𝑇 ′ vanish under the application
of 𝐺⊗𝑞(𝑓,𝜋)(·)(𝐺

†
(𝑓,𝜋))

⊗𝑞. The rest of the terms are approximately mapped to 𝜌𝗎𝗇𝗂 as we showed in
𝒬𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍𝑡,𝑠-security above (by taking 𝑠 = 1). Hence, the result follows.

Haar States: Finally, we consider the case when the query contains a collection of 𝑠 i.i.d. Haar
states, with 𝑡 copies of each kept by the adversary and 𝑡 copies given as input to the PRI, i.e.
the query set is

𝒬𝖧𝖺𝖺𝗋 =

{︃
𝔼|𝜓1⟩,...,|𝜓𝑠⟩←H𝑛

[︃
𝑠⨂︁
𝑖=1

|𝜓𝑖⟩⟨𝜓𝑖|⊗𝑡 ⊗
𝑠⨂︁
𝑖=1

|𝜓𝑖⟩⟨𝜓𝑖|⊗𝑡
]︃}︃

.

12This follows from the fact that a random type will contain no repetitions with overwhelming probability as long
as 𝑡 = 𝗉𝗈𝗅𝗒(𝜆).

13The reader may observe that we can also consider the convex closure of 𝒯𝗎𝗇𝗂𝑛𝑠,𝑡
.
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Note that without the red part, the security would simply follow by taking an expectation over
unique types in eq. (2). Since the adversary will keep 𝑡 copies of each Haar state to herself, she
holds an entangled register (purification) to the query register, hence we need to work more.
We first recall that the query 𝜌𝖧𝖺𝖺𝗋 ∈ 𝒬𝖧𝖺𝖺𝗋 is negligibly close to the uniform mixture of unique
𝑠-fold type states (for 2𝑡 copies). We combine this with the useful expression

|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | =
1

(2𝑡)!

∑︁
𝜎∈𝑆2𝑡

∑︁
�⃗�∈[𝑁 ]2𝑡

𝗍𝗒𝗉𝖾(�⃗�)=𝑇

|�⃗�⟩⟨𝜎(�⃗�)| . (3)

to express the output as

𝜌 ∝ 𝔼
(𝑓,𝜋)

𝑇1,...,𝑇𝑠

(𝑥1,··· ,𝑥𝑠)∈(𝑇1,··· ,𝑇𝑠)
𝜎1,··· ,𝜎𝑠∈𝑆2𝑡

[︃
𝑠⨂︁
𝑖=1

(︂(︁
𝐼𝑛𝑡 ⊗

(︀
𝐺(𝑓,𝜋)

)︀⊗𝑡)︁ |𝑥𝑖⟩⟨𝜎𝑖(𝑥𝑖)|(︂𝐼𝑛𝑡 ⊗ (︁𝐺†(𝑓,𝜋))︁⊗𝑡)︂)︂
]︃
.

Above, due to the nice structure of 𝐺(𝑓,𝜋), the only terms that do not vanish are those with
permutations 𝜎𝑖 that act separately on the first and the last 𝑛 qubits, i.e. 𝜎𝑖(𝑥𝑖) = 𝜎1

𝑖 (𝑥
1
𝑖 )||𝜎2

𝑖 (𝑥
2
𝑖 )

with 𝜎𝑏𝑖 ∈ 𝑆𝑛, 𝑥𝑏𝑖 ∈ {0, 1}
𝑛. With this observation, and using eq. (3) in reverse, we see that the

𝑞-fold application of 𝐺(𝑓,𝜋) effectively unentangles the state, which was the only barrier against
security.

The detailed proofs of this step for all three query sets can be found in Section 5.3.

1.2.4 Applications.

We discuss several applications of PRIs, giving an overview of Section 6.

Multi-Copy Secure Encryption. As a first application, we achieve multi-copy secure
public-key and private-key encryption for quantum messages. Multi-copy security is defined via
a chosen-plaintext attack (CPA) with the modification that the CPA adversary gets polynomially
many copies of the ciphertext in the security experiment. This modification only affects security
in the quantum setting due to the no-cloning principle, with the ciphertexts being quantum
states. We note that using 𝑡-designs one can achieve multi-copy security if the number of copies
is fixed a-priori before the construction, whereas using PRI we can achieve it for arbitrary
polynomially many copies. Multi-copy security was independently studied by [LQS+23] albeit
in the one-time setting.

We will focus on the public-key setting, for the private-key setting is similar. Formally, we
would like an encryption scheme (𝖲𝖾𝗍𝗎𝗉,𝖤𝗇𝖼,𝖣𝖾𝖼) with the property that no QPT adversary,
given 𝜌⊗𝑡, where 𝜌 ← 𝖤𝗇𝖼(|𝜓𝑏⟩), can distinguish the cases 𝑏 = 0 and 𝑏 = 1 with non-negligible
advantage, for any quantum messages |𝜓0⟩ , |𝜓1⟩. In the construction, we will use a post-quantum
public-key encryption scheme (𝗌𝖾𝗍𝗎𝗉, 𝖾𝗇𝖼, 𝖽𝖾𝖼) and a secure pseudorandom isometry 𝖯𝖱𝖨. The
public-secret keys are those generated by 𝗌𝖾𝗍𝗎𝗉(1𝜆). To encrypt a quantum message |𝜓⟩, we
sample a PRI key 𝑘 and output (𝖼𝗍, 𝜙), where 𝖼𝗍 is encryption of 𝑘 using 𝖾𝗇𝖼, and 𝜙← 𝖯𝖱𝖨𝑘(|𝜓⟩).
Note that for correctness we need the ability to efficiently invert the PRI, which is a property
satisfied by our PRI construction.

To show security, we deploy a standard hybrid argument where we invoke the security of
(𝗌𝖾𝗍𝗎𝗉, 𝖾𝗇𝖼, 𝖽𝖾𝖼) as well as the 𝒬𝖲𝗂𝗇𝗀𝗅𝖾-security of 𝖯𝖱𝖨. This suffices since we only run 𝖯𝖱𝖨 on
copies of the same pure-state input (the quantum message).
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Succinct Commitments. [GJMZ23] showed how to achieve succinct quantum commit-
ments using pseudorandom unitaries (PRU) by first achieving one-time secure quantum encryp-
tion, and then showing that one-time secure quantum encryption implies succinct commitments.
We adapt their approach to achieve succinct quantum commitments from PRIs. [LQS+23] uses
the work of [GJMZ23] in a similar fashion to achieve succinct commitments from quantum
pseudorandom state scramblers.

To one-time encrypt a quantum message, we apply in order: (1) inverse Schur transform,
(2) PRI, and (3) Schur transform. Note that in contrast with [GJMZ23], the Schur transforms
in (1) and (3) have different dimensions. The security proof follows that of [GJMZ23] closely
and relies on Schur’s Lemma.

Quantum MACs. We show how to achieve a restricted version of quantum message authen-
tication codes (QMACs) using an invertible pseudorandom isometry 𝖯𝖱𝖨. We face definitional
challenges in this task.

Similar to an injective function, an isometry does not have a unique inverse14. We discuss
this and give a natural definition of the inverse in Section 3.1.

There is extensive literature [BCG+02, DNS12, GYZ17, AM17] on one-time, private-key
quantum state authentications, i.e., the honest parties can detect whether the signed quantum
state has been tempered. However, defining many-time security, such as existentially unforgeable
security under a chosen-message attack, is quite challenging. In particular, defining QMACs is
non-trivial for several reasons, explicitly pointed out by [AGM18]. Firstly, one needs to carefully
define what constitutes a forgery, and secondly, verification may require multiple copies of the
message and/or the tag. We give a new syntax which differs from the classical setting in that
the verification algorithm outputs a message instead of Accept/Reject.

In our construction, the signing algorithm simply applies 𝖯𝖱𝖨 to the quantum message,
whereas the verification applies the inverse of 𝖯𝖱𝖨. Given this syntax, we show that our con-
struction satisfies three different security notions:

• In the first setting, the verification algorithm is run polynomially many times in parallel
on fresh (message, tag) pairs, and the outputs of the verifier is compared with the mes-
sage using a SWAP test. We argue that during a forgery, each swap test succeeds with
constant probability, hence the forgery succeeds with exponentially small probability due
to independent repetition of SWAP tests.

• In the second setting, the verification is run once on the tag, and the output is compared
to polynomially many copies of the message using a generalized SWAP test called the
permutation test [BBD+97, KNY08, GHMW15, BS20a]. The upside of this security notion
is that it requires only one copy of the tag, yet the downside is that the it yields inverse
polynomial security rather than negligible security.

• In the third setting, the adversary is asked to output the description of an invertible
quantum circuit that generates the forgery message on input |0𝑛⟩, together with the tag.
In this setting, the verification is run on the tag, and the inverse of the circuit is computed
on the output to see if the outcome is |0𝑛⟩. We show that negligible security in this setting
follows as a direct consequence of PRI security.

Now we will describe the security proof for the first and the second settings. Firstly, we can
replace the PRI with a Haar isometry ℐ using PRI security. Next, suppose the adversary 𝒜
makes 𝑞 queries |𝜓1⟩ , . . . , |𝜓𝑞⟩ to the signing oracle, receiving tags |𝑣1⟩ , . . . , |𝑣𝑞⟩ in return. Let
the forgery output by 𝒜 be (|𝜓*⟩ , |𝜑*⟩). It is forced by definition that |𝜓*⟩ is orthogonal to
𝑉 := 𝗌𝗉𝖺𝗇(|𝜓1⟩ , . . . , |𝜓𝑞⟩). From 𝒜’s point of view, ℐ |𝜓*⟩ is a Haar-random state sampled from
𝑉 ⊥. Therefore, any |𝜑*⟩ ∈ 𝑉 will be mapped to a state orthogonal to |𝜓*⟩ by the verification,

14We remind the reader that the map ℐ† is not a physical map (quantum channel) for a general isometry ℐ.
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whereas a forgery satisfying |𝜑*⟩ ∈ 𝑉 ⊥ is as good as any other such forgery. Putting these
together, a straightforward calculation using the fact that dim𝑉 ≤ 𝑞 ≪ 2𝜆 suffices for the proof
in both settings.

PRS Length Extension. We show how to generically extend the length of a Haar-random
state using a small amount of randomness assuming the existence of PRIs. Formally, we show
that if 𝖯𝖱𝖨 is a secure (𝑛, 𝑛 + 𝑚)-pseudorandom isometry, then given 𝑡 copies of a 2𝑛-qubit
Haar-random state |𝜃⟩, the state (𝐼𝑛 ⊗ 𝖯𝖱𝖨𝑘)

⊗𝑡 |𝜃⟩⊗𝑡, obtained by applying 𝖯𝖱𝖨𝑘 to the last 𝑛
qubits, is computationally indistinguishable from 𝑡 copies of a (2𝑛+𝑚)-qubit Haar-random state
|𝛾⟩⊗𝑡.

In the proof, we can replace 𝖯𝖱𝖨 with a random isometry ℐ up to negligible loss invoking
security. After writing |𝜃⟩ ⟨𝜃|⊗𝑡 as a uniform mixture of type states, we obtain the expression

𝜌′ = 𝔼
𝑇,ℐ

[︀
(𝐼𝑛 ⊗ ℐ)⊗𝑡 |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | (𝐼𝑛 ⊗ ℐ†)⊗𝑡

]︀
,

where by a collision-bound we can assume (up to a negligible loss) that 𝑇 is sampled as a good
type, meaning if it contains strings {𝑥1||𝑦1 . . . 𝑥𝑡||𝑦𝑡}, then 𝑥𝑖 ̸= 𝑥𝑗 and 𝑦𝑖 ̸= 𝑦𝑗 for 𝑖 ̸= 𝑗. For
such good types 𝑇 , we can show that the state 𝜌′ is close to the uniform mixture of type states
|𝗍𝗒𝗉𝖾𝑇 ′⟩ ⟨𝗍𝗒𝗉𝖾𝑇 ′ | spanning states of the form |�⃗�⟩ |�⃗�⟩, where �⃗� ∈ {0, 1}(𝑛+𝑚)𝑡 is a random vector
with pairwise distinct coordinates. This is because the mapping (𝐼𝑛 ⊗ ℐ)⊗𝑡 scrambles �⃗� and
leaves �⃗� untouched. In the proof we use our (first) observation about how 𝑡-fold Haar unitary
acts on orthogonal inputs.

For technical reasons, our loss in this step is proportional to 𝑡!, which necessitates the as-
sumption that 𝑡 must be sublinear in the security parameter (e.g. 𝑡 = 𝗉𝗈𝗅𝗒 log(𝜆). In more
detail, we expand 𝜌′ by expressing the type state |𝗍𝗒𝗉𝖾𝑇 ⟩ as superposition of computational
basis states pairwise related by a permutation to get

𝜌′ =
1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ 𝔼
ℐ
[ℐ⊗𝑡 |𝜎(�⃗�)⟩⟨𝜋(�⃗�)| (ℐ†)⊗𝑡]

=
1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ 𝑃𝜎 𝔼
ℐ
[ℐ⊗𝑡 |�⃗�⟩⟨�⃗�| (ℐ†)⊗𝑡]𝑃 †𝜋 ,

where we used the fact that the permutation operators 𝑃𝜎, 𝑃𝜋 commute15 with the 𝑡-fold isom-
etry ℐ⊗𝑡. We can show that the term between the permutation operators 𝑃𝜎, 𝑃 †𝜋 is maximally
scrambled for any given 𝜎, 𝜋, which can be combined with a union bound over 𝜎, 𝜋 that yields
a factor of 𝑡! in the loss. Unfortunately we do not know how to relate the terms across differ-
ent 𝜎, 𝜋 to avoid this loss. Finally, the uniform mixture we obtained is negligibly close to the
distribution of |𝛾⟩⊗𝑡 by another collision-bound.

2 Preliminaries
We denote the security parameter to be 𝜆. We assume that the reader is familiar with the
fundamentals of quantum computing covered in [NC10].

We define 𝒮(ℂ𝑁 ) to be the set of 𝑁 -dimensional vectors with unit norm. An element in
𝒮(ℂ𝑁 ) is denoted using the ket notation |·⟩. We use 𝒟(ℂ𝑁 ) to denote the set of 𝑁 -dimensional
density matrices. Let 𝐻𝐴, 𝐻𝐵 be finite-dimensional Hilbert spaces, we use ℒ(𝐻𝐴, 𝐻𝐵) to denote
the set of all linear operators from 𝐻𝐴 to 𝐻𝐵 . If 𝐻𝐴

∼= 𝐻𝐵 , then we write ℒ(𝐻𝐴) instead

15Technically the permutation operator acts on a larger Hilbert space after applying the isometry, but it applies
the same permutation to the order of 𝑡 copies.
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of ℒ(𝐻𝐴, 𝐻𝐵) for short. Sometimes we abuse the notation and denote a density matrix of
the form |𝜓⟩⟨𝜓| to be |𝜓⟩. We denote the trace distance between quantum states 𝜌, 𝜌′ by
TD(𝜌, 𝜌′) := 1

2‖𝜌− 𝜌‖1. We denote the operator norm of 𝐴 by ‖𝐴‖∞.
We refer to Section 2.1 in [AQY22] for the definition of quantum polynomial-time (QPT)

algorithms adopted in this work.

2.1 Notation
• Let 𝑛, 𝑝 ∈ ℕ, we use [𝑛] to denote the set {0, . . . , 𝑛− 1}.
• We denote by 𝑆𝑛 the symmetric group on 𝑛 elements.

• We denote by ℱ𝑛,𝑝 the set of all functions from [𝑛] to [𝑝].

• For a set 𝐴 and 𝑡 ∈ ℕ, we define 𝐴𝑡 := {(𝑎1, . . . , 𝑎𝑡) : ∀𝑖, 𝑎𝑖 ∈ 𝐴}.
• Let 𝑛,𝑚, 𝑡 ∈ ℕ, �⃗� = (𝑥1, · · · , 𝑥𝑡) ∈ {0, 1}𝑛𝑡, �⃗� = (𝑦1, · · · , 𝑦𝑡) ∈ {0, 1}𝑚𝑡, we define
�⃗�||�⃗� := (𝑥1||𝑦1, · · · , 𝑥𝑡||𝑦𝑡) ∈ {0, 1}(𝑛+𝑚)𝑡.

• Let 𝜎 ∈ 𝑆𝑡, we define 𝜎(�⃗�) := (𝑥𝜎−1(1), · · · , 𝑥𝜎−1(𝑡)) ∈ {0, 1}𝑛𝑡.
• Let 𝜋 ∈ 𝑆2𝑛 , we define �⃗�𝜋 := (𝜋(𝑥1), · · · , 𝜋(𝑥𝑡)) ∈ {0, 1}𝑛𝑡.
• Let 𝐹 : {0, 1}𝑛 → ℤ, we define 𝐹 (�⃗�) :=

∑︀𝑡
𝑖=1 𝐹 (𝑥𝑖).

• Let 𝑋𝐴𝐵 ∈ ℒ(𝐻𝐴 ⊗𝐻𝐵). By Tr𝐵(𝑋𝐴𝐵) we mean the partial trace over 𝐵.

2.2 Haar Measure, Symmetric Subspaces, and Type States
Haar Unitaries, Haar States, and Haar Isometries.

Definition 2.1 (Haar Unitaries and Haar States). We denote by H𝑛 the Haar measure over
2𝑛 × 2𝑛 unitaries. We call a 2𝑛 × 2𝑛 unitary 𝑈 a Haar unitary if 𝑈 ← H𝑛. Let 𝑉 be a
finite-dimensional Hilbert space, we denote by H (𝑉 ) the uniform spherical measure on the unit
sphere 𝒮(𝑉 ). If 𝑉 ∼= ℂ2𝑛 , then we write H𝑛 instead of H (ℂ2𝑛) for short. Moreover, H𝑛 is
equivalent to the distribution of 𝑈 |0𝑛⟩ induced by 𝑈 ← H𝑛. We call a state |𝜗⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
a

Haar state if |𝜗⟩ ← H𝑛. We refer the readers to [Wat18, Chapter 7] and [Mec19, Chapter 1]
for formal definitions.

Definition 2.2 (Haar Isometries). We call an isometry ℐ : ℂ𝑁 → ℂ𝑁𝑀 a Haar isometry if
ℐ |𝑥⟩ = 𝑈 |𝑥⟩ |0̂⟩, where 𝑈 : ℂ𝑁𝑀 → ℂ𝑁𝑀 is a Haar unitary and |0̂⟩ ∈ ℂ𝑀 is an arbitrary16

and fixed pure state. Equivalently, ℐ is obtained by truncating an 𝑁𝑀 ×𝑁𝑀 Haar unitary to
its first 𝑁 columns. We denote by H𝑛,𝑛+𝑚 the distribution of a Haar isometry from 𝑛 qubits to
𝑛+𝑚 qubits. We refer the readers to [ZS00, KNP+21] for more details.

An Explicit Geometric Construction of Haar Unitaries. According to [Mec19,
page 19], sampling a Haar unitary 𝑈 has a nice geometric interpretation. Intuitively, the pro-
cedure goes by “uniformly” sampling 𝑈 column-by-column conditioned on being orthogonal to
all the previously sampled columns.

Fact 2.3 (Sampling Haar Unitaries). For any 𝑑 ∈ ℕ, the following procedures output a 𝑑 × 𝑑
Haar unitary 𝑈 .

1. Let 𝑉0 := {0}.
2. For 𝑖 = 1, 2, . . . , 𝑑, samples |𝑣𝑖⟩ ←H (𝑉 ⊥𝑖−1) and let 𝑉𝑖 := 𝗌𝗉𝖺𝗇{|𝑣1⟩ , |𝑣2⟩ , . . . , |𝑣𝑖⟩} ⊆ ℂ𝑑.

3. Output 𝑈 :=
∑︀𝑑
𝑖=1 |𝑣𝑖⟩⟨𝑖|.

16Note that the choice of |0̂⟩ does not affect the distribution of ℐ because 𝑈 is distributed according to the Haar
distribution.
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Similarly, a Haar random isometry from ℂ𝑑′ to ℂ𝑑 (𝑑′ ≤ 𝑑) is identically distributed to running
the above procedure right after 𝑑′ columns are sampled (or equivalently, truncating the last
𝑑− 𝑑′ columns of 𝑈 [ZS00]).

Fact 2.4 (Sampling Haar Isometries). For any 𝑑′, 𝑑 ∈ ℕ such that 𝑑′ ≤ 𝑑, the following proce-
dures output a 𝑑× 𝑑′ Haar isometry ℐ.

1. Let 𝑉0 := {0}.
2. For 𝑖 = 1, 2, . . . , 𝑑′, samples |𝑣𝑖⟩ ←H (𝑉 ⊥𝑖−1) and let 𝑉𝑖 := 𝗌𝗉𝖺𝗇{|𝑣1⟩ , |𝑣2⟩ , . . . , |𝑣𝑖⟩} ⊆ ℂ𝑑.

3. Output ℐ :=
∑︀𝑑′

𝑖=1 |𝑣𝑖⟩⟨𝑖|.
Hence, we can view PRIs as a relaxation of PRUs from the following perspective: By leveraging
computational assumptions, PRIs approximate the marginal distribution of the first few columns
of a Haar unitary, whereas PRUs need to approximate the whole matrix.

Symmetric Subspace and Type States. The proof of facts and lemmas in the rest of
this subsection can be found in [Har13, Mel23]. Let 𝑣 = (𝑣1, . . . , 𝑣𝑡) ∈ [𝑁 ]𝑡 for some 𝑁, 𝑡 ∈ ℕ, we
define 𝗌𝗂𝗓𝖾(𝑣) :=

∑︀𝑡
𝑖=1 𝑣𝑖. Define 𝗍𝗒𝗉𝖾(𝑣) to be a vector in [𝑡+1]𝑁 where the 𝑖𝑡 entry in 𝗍𝗒𝗉𝖾(𝑣)

denotes the frequency of 𝑖 in 𝑣. For each type vector 𝑇 ∈ [𝑡 + 1]𝑁 , with 𝑇 = (𝑡1, · · · , 𝑡𝑁 ),
we define 𝖿𝗋𝖾𝗊𝑖(𝑇 ) := 𝑡𝑖 and 𝗌𝖾𝗍(𝑇 ) to be the multiset of size 𝑡 + 1 containing 𝑡𝑖 copies of 𝑖
for 1 ≤ 𝑖 ≤ 𝑁 . We define the support of 𝑇 by 𝗌𝗎𝗉𝗉(𝑇 ) := {𝑖 ∈ [𝑁 ] : 𝖿𝗋𝖾𝗊𝑖(𝑇 ) > 0}. We
sometimes write �⃗� ∈ 𝑇 to mean �⃗� ∈ [𝑁 ]𝑡 with 𝗍𝗒𝗉𝖾(�⃗�) = 𝑇 . Similarly, we write 𝑇 ′ ⊂ 𝑇 to mean
𝗌𝖾𝗍(𝑇 ′) ⊂ 𝗌𝖾𝗍(𝑇 ).

Definition 2.5 (Type States). Let 𝑇 ∈ [𝑡+ 1]𝑁 with 𝗌𝗂𝗓𝖾(𝑇 ) = 𝑡 for some 𝑁, 𝑡 ∈ ℕ, define the
type state:

|𝗍𝗒𝗉𝖾𝑇 ⟩ :=

√︃∏︀
𝑖∈𝗌𝗎𝗉𝗉(𝑇 ) 𝖿𝗋𝖾𝗊𝑖(𝑇 )!

𝑡!

∑︁
�⃗�∈𝑇

|�⃗�⟩ .

Lemma 2.6. Let 𝑇 ∈ [𝑡+ 1]𝑁 with 𝗌𝗂𝗓𝖾(𝑇 ) = 𝑡 for some 𝑁, 𝑡 ∈ ℕ, then

|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | =
1

𝑡!

∑︁
𝜎∈𝑆𝑡

∑︁
�⃗�∈[𝑁 ]𝑡:

𝗍𝗒𝗉𝖾(�⃗�)=𝑇

|�⃗�⟩⟨𝜎(�⃗�)| .

Proof. Notice that by Definition 2.5,

|𝗍𝗒𝗉𝖾𝑇 ⟩ =

√︃∏︀
𝑖∈𝗌𝗎𝗉𝗉(𝑇 ) 𝖿𝗋𝖾𝗊𝑖(𝑇 )!

𝑡!

∑︁
�⃗�∈[𝑁 ]𝑡:

𝗍𝗒𝗉𝖾(�⃗�)=𝑇

|�⃗�⟩ .

Hence,

|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | =
∏︀
𝑖∈𝗌𝗎𝗉𝗉(𝑇 ) 𝖿𝗋𝖾𝗊𝑖(𝑇 )!

𝑡!

∑︁
�⃗�,𝑣′∈[𝑁 ]𝑡:

𝗍𝗒𝗉𝖾(�⃗�)=𝗍𝗒𝗉𝖾(𝑣′)=𝑇

|�⃗�⟩⟨𝑣′| .

Note that since 𝗍𝗒𝗉𝖾(𝑣′) = 𝗍𝗒𝗉𝖾(�⃗�), 𝑣′ = 𝜎(�⃗�) for some 𝜎 ∈ 𝑆𝑡. Notice that the number of 𝑣′ with
𝗍𝗒𝗉𝖾(𝑣′) = 𝑇 is 𝑡!∏︀

𝑖∈𝗌𝗎𝗉𝗉(𝑇 ) 𝖿𝗋𝖾𝗊𝑖(𝑇 )! . Summing over all permutations 𝜎, each 𝑣′ is repeated exactly∏︀
𝑖∈𝗌𝗎𝗉𝗉𝑇 𝖿𝗋𝖾𝗊𝑖(𝑇 )! times. Hence,

|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | =
1

𝑡!

∑︁
𝜎∈𝑆𝑡

∑︁
�⃗�∈[𝑁 ]𝑡:

𝗍𝗒𝗉𝖾(�⃗�)=𝑇

|�⃗�⟩⟨𝜎(�⃗�)| .
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Next, we define permutation operators and discuss a few properties of Haar states.

Definition 2.7 (Permutation Operator). Let 𝑁, 𝑡 ∈ ℕ. For any permutation 𝜎 ∈ 𝑆𝑡, let
𝑃𝑁 (𝜎) denote the unitary that permutes the 𝑡 tensor factors according to 𝜎, i.e., 𝑃𝑁 (𝜎) :=∑︀
�⃗�∈[𝑁 ]𝑡 |𝜎(�⃗�)⟩⟨�⃗�| ∈ ℒ((ℂ𝑁 )⊗𝑡). When the dimension 𝑁 is clear from the context, we sometimes

omit it and write 𝑃𝜎 for brevity.

Definition 2.8 (Symmetric Subspace). Let 𝑡 ∈ ℕ and 𝐻 be a finite-dimensional Hilbert space.
The symmetric subspace ∨𝑡𝐻 ⊆ 𝐻⊗𝑡 is defined as

∨𝑡𝐻 :=
{︁
|𝜓⟩⊗𝑡 : |𝜓⟩ ∈ 𝐻

}︁
,

and the orthogonal projector onto ∨𝑡𝐻 is denoted by Π𝐻,𝑡𝗌𝗒𝗆. In particular, if 𝐻 ∼= ℂ𝑁 , then we
write Π𝑁,𝑡𝗌𝗒𝗆 rather than Πℂ𝑁 ,𝑡

𝗌𝗒𝗆 for brevity.

Fact 2.9 (Dimension of symmetric subspace). For 𝑁, 𝑡 ∈ ℕ, dim(∨𝑡ℂ𝑁 ) = Tr(Π𝑁,𝑡𝗌𝗒𝗆) =
(︀
𝑁+𝑡−1

𝑡

)︀
.

Fact 2.10 (Average of 𝑡-copies Haar states). Let 𝐻 be a finite-dimensional Hilbert space and
𝑁 := dim(𝐻). For all 𝑡 ∈ ℕ,

𝔼
|𝜗⟩←H (𝐻)

|𝜗⟩⟨𝜗|⊗𝑡 =
Π𝐻,𝑡𝗌𝗒𝗆

Tr(Π𝐻,𝑡𝗌𝗒𝗆)
= 𝔼
𝑇←[𝑡+1]𝑁

𝗌𝗂𝗓𝖾(𝑇 )=𝑡

|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | = 𝔼
𝜎←𝑆𝑡

[𝑃𝑁 (𝜎)] .

Fact 2.11 (Projection onto symmetric subspace stabilizes type states). For all 𝑁, 𝑡 ∈ ℕ and
𝑇 ∈ [𝑡+ 1]𝑁 such that 𝗌𝗂𝗓𝖾(𝑇 ) = 𝑡,

Π𝑁,𝑡𝗌𝗒𝗆 |𝗍𝗒𝗉𝖾𝑇 ⟩ = |𝗍𝗒𝗉𝖾𝑇 ⟩ .

Fact 2.12 (Average inner product with Haar states). For any 𝑁 ∈ ℕ and fixed |𝜓⟩ ∈ 𝒮(ℂ𝑁 ),
𝔼|𝜗⟩←H (ℂ𝑁 )[|⟨𝜓|𝜗⟩|2] = 1/𝑁 .

Fact 2.13. Let 𝑇 be sampled uniformly from [𝑡 + 1]2
ℓ+𝑘

conditioned on 𝗌𝗂𝗓𝖾(𝑇 ) = 𝑡, where
𝗌𝖾𝗍(𝑇 ) = {𝑥1||𝑦1, 𝑥2||𝑦2, . . . , 𝑥𝑡||𝑦𝑡} and 𝑥𝑖 ∈ {0, 1}ℓ, 𝑦𝑗 ∈ {0, 1}𝑘. Then Pr[∃𝑖 ̸= 𝑗 𝑠.𝑡. 𝑥𝑖 =
𝑥𝑗 ∨ 𝑦𝑖 = 𝑦𝑗 ] = 𝑂(𝑡2/2ℓ) +𝑂(𝑡2/2𝑘).

Lemma 2.14 ([Wat18, Theorem 7.5], restated). For all 𝑁, 𝑡 ∈ ℕ, there exists a finite set
𝐴 ⊆ 𝒮(ℂ𝑁 ) such that ∨𝑡ℂ𝑁 = 𝗌𝗉𝖺𝗇{|𝜓⟩⊗𝑡 : |𝜓⟩ ∈ 𝐴}.

2.3 Pseudorandom Primitives
We recall existing post-quantum secure pseudorandom primitives as well as quantum pseudo-
random primitives.

Pseudorandom Functions.

Definition 2.15 (Quantum-Query Secure Pseudorandom Functions). We say that a determinis-
tic polynomial-time algorithm 𝐹 : {0, 1}ℓ(𝜆)×{0, 1}𝑑(𝜆) → {0, 1}𝑛(𝜆) is a quantum-query 𝜀-secure
pseudorandom function (QPRF) if for all QPT (non-uniform) distinguishers 𝐴 = (𝐴𝜆, 𝜌𝜆) there
exists a function 𝜀(·) such that the following holds:⃒⃒⃒⃒

Pr
𝑘←{0,1}ℓ(𝜆)

[︁
𝐴
|𝒪𝗉𝗋𝖿(𝑘,·)⟩
𝜆 (𝜌𝜆) = 1

]︁
− Pr
𝒪𝖱𝖺𝗇𝖽

[︁
𝐴
|𝒪𝖱𝖺𝗇𝖽(·)⟩
𝜆 (𝜌𝜆) = 1

]︁⃒⃒⃒⃒
≤ 𝜀(𝜆),

where:
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• 𝒪𝗉𝗋𝖿(𝑘, ·) on input a (𝑑 + 𝑛)-qubit state on registers 𝐗 (first 𝑑 qubits) and 𝐘, applies an
(𝑛 + 𝑑)-qubit unitary 𝑈 described as follows: 𝑈 |𝑥⟩ |𝑎⟩ = |𝑥⟩ |𝑎⊕ 𝐹 (𝑘, 𝑥)⟩. It sends back
the registers 𝐗 and 𝐘.

• 𝒪𝖱𝖺𝗇𝖽(·) on input a (𝑑 + 𝑛)-qubit state on registers 𝐗 (first 𝑑 qubits) and 𝐘, applies an
(𝑛+𝑑)-qubit unitary 𝑅 described as follows: 𝑅 |𝑥⟩ |𝑎⟩ = |𝑥⟩ |𝑎⊕ 𝑦𝑥⟩, where 𝑦𝑥 ← {0, 1}𝑛(𝜆).
It sends back the registers 𝐗 and 𝐘.

We denote the fact that 𝐴𝜆 has quantum access to an oracle 𝒪 by 𝐴|𝒪⟩𝜆 .
We also say that 𝐹 is an (ℓ(𝜆), 𝑑(𝜆), 𝑛(𝜆), 𝜀)-𝖰𝖯𝖱𝖥 to succinctly indicate that its input length

is 𝑑(𝜆) and its output length is 𝑛(𝜆). When ℓ(𝜆) = 𝜆, we drop ℓ(𝜆) from the notation. Similarly,
when 𝜀(𝜆) can be any negligible function, we drop 𝜀(𝜆) from the notation.

Zhandry [Zha12] showed how to instantiate quantum-query secure pseudorandom functions from
post-quantum one-way functions.

Pseudorandom Permutations.

Definition 2.16 (Quantum-Query Secure Pseudorandom Permutation). We say that a de-
terministic polynomial-time algorithm 𝐹 : {0, 1}ℓ(𝜆) × {0, 1}𝑛(𝜆) → {0, 1}𝑛(𝜆) is a quantum-
query 𝜀-secure pseudorandom permutation (QPRP) if for all QPT (non-uniform) distinguishers
𝐴 = (𝐴𝜆, 𝜌𝜆) there exists a function 𝜀(·) such that the following holds:

⃒⃒⃒⃒
Pr

𝑘←{0,1}ℓ(𝜆)

[︁
𝐴
|𝒪𝗉𝗋𝗉(𝑘,·)⟩,|𝒪𝗉𝗋𝗉−1 (𝑘,·)⟩
𝜆 (𝜌𝜆) = 1

]︁
− Pr

𝑔
$←−𝑆

2𝑛(𝜆)

[︁
𝐴
|𝒪𝑔(·)⟩,|𝒪𝑔−1 (·)⟩
𝜆 (𝜌𝜆) = 1

]︁⃒⃒⃒⃒⃒⃒ ≤ 𝜀(𝜆),

where:

• 𝒪𝗉𝗋𝗉(𝑘, ·) on input a (2𝑛)-qubit state on registers 𝐗 (first 𝑛 qubits) and 𝐘, applies an
(2𝑛)-qubit unitary 𝑈 described as follows: 𝑈 |𝑥⟩ |𝑎⟩ = |𝑥⟩ |𝑎⊕ 𝐹 (𝑘, 𝑥)⟩. It sends back the
registers 𝐗 and 𝐘.

• 𝒪𝗉𝗋𝗉−1(𝑘, ·) on input a (2𝑛)-qubit state on registers 𝐗 (first 𝑛 qubits) and 𝐘, applies an
(2𝑛)-qubit unitary 𝑈 described as follows: 𝑈 |𝑥⟩ |𝑎⟩ = |𝑥⟩ |𝑎⊕ 𝐹−1(𝑘, 𝑥)⟩. It sends back
the registers 𝐗 and 𝐘.

• 𝒪𝑔(·) on input a (2𝑛)-qubit state on registers 𝐗 (first 𝑑 qubits) and 𝐘, applies an (𝑛+ 𝑑)-
qubit unitary 𝑅 described as follows: 𝑅 |𝑥⟩ |𝑎⟩ = |𝑥⟩ |𝑎⊕ 𝑔(𝑥)⟩. It sends back the registers
𝐗 and 𝐘.

• 𝒪𝑔−1(·) on input a (2𝑛)-qubit state on registers 𝐗 (first 𝑑 qubits) and 𝐘, applies an (𝑛+𝑑)-
qubit unitary 𝑅 described as follows: 𝑅 |𝑥⟩ |𝑎⟩ = |𝑥⟩ |𝑎⊕ 𝑔−1(𝑥)⟩. It sends back the registers
𝐗 and 𝐘.

We also say that 𝐹 is an (ℓ(𝜆), 𝑛(𝜆), 𝜀)-𝖰𝖯𝖱𝖯 to succinctly indicate that its input and output
length is 𝑛(𝜆). When ℓ(𝜆) = 𝜆, we drop ℓ(𝜆) from the notation. Similarly, when 𝜀(𝜆) can be
any negligible function, we drop 𝜀(𝜆) from the notation.

Zhandry [Zha16] showed how to instantiate quantum-query secure pseudorandom permutations
from post-quantum one-way functions. Moreover, Zhandry [Zha12] showed that no algorithm
making 𝑞 queries can distinguish between a random function and a 2𝑞-wise independent function.

Theorem 2.17 ([Zha12]). Let 𝐴 be a quantum algorithm making 𝑞 quantum queries to an oracle
𝐻 : 𝑋 → 𝑌 . If we draw 𝐻 from uniformly random functions from 𝑋 to 𝑌 versus if we draw 𝐻
uniformly from 2𝑞-wise independent functions, then for every 𝑧, the quantity Pr𝐻 [𝐴𝐻() = 𝑧] is
the same for both the cases.
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Pseudorandom State Generators (PRSGs).

Definition 2.18 (PRS Generator). We say that a QPT algorithm 𝐹 is a pseudorandom state
(PRS) generator if the following holds.

1. State Generation. For all 𝜆 and for all 𝑘 ∈ {0, 1}𝜆, the algorithm 𝐹 behaves as

𝐹𝜆(𝑘) = 𝜌𝑘.

for some 𝑛(𝜆)-qubit (possibly mixed) state 𝜌𝑘.

2. Pseudorandomness. For all polynomials 𝑡(·) and (non-uniform) QPT distinguisher 𝐴
there exists a negligible function 𝜀(·) such that for all 𝜆, we have⃒⃒⃒⃒

Pr
𝑘←{0,1}𝜆

[︁
𝐴𝜆(𝐹𝜆(𝑘)

⊗𝑡(𝜆)) = 1
]︁
− Pr
|𝜗⟩←H𝑛(𝜆)

[︁
𝐴𝜆(|𝜗⟩⊗𝑡(𝜆)) = 1

]︁⃒⃒⃒⃒
≤ 𝜀(𝜆) .

We also say that 𝐹 is a 𝑛(𝜆)-PRS generator to succinctly indicate that the output length of 𝐹
is 𝑛(𝜆).

Ji, Liu and Song [JLS18] and Brakerski and Shmueli [BS20a] presented instantiatiations of
PRSGs from post-quantum secure one-way functions.

Pseudorandom Function-Like State Generators.

Definition 2.19 (Selectively Secure PRFS Generator). We say that a QPT algorithm 𝐹 is
a (selectively secure) pseudorandom function-like state (PRFS) generator if for all polynomials
𝑠(·), 𝑡(·), QPT (nonuniform) distinguishers 𝐴 and a family of indices

(︀
{𝑥1, . . . , 𝑥𝑠(𝜆)} ⊆ {0, 1}𝑑(𝜆)

)︀
𝜆
,

there exists a negligible function 𝜀(·) such that for all 𝜆,⃒⃒⃒
Pr

𝑘←{0,1}𝜆

[︁
𝐴𝜆(𝑥1, . . . , 𝑥𝑠(𝜆), 𝐹𝜆(𝑘, 𝑥1)

⊗𝑡(𝜆), . . . , 𝐹𝜆(𝑘, 𝑥𝑠(𝜆))
⊗𝑡(𝜆)) = 1

]︁
− Pr
|𝜗1⟩,...,|𝜗𝑠(𝜆)⟩←H𝑛(𝜆)

[︁
𝐴𝜆(𝑥1, . . . , 𝑥𝑠(𝜆), |𝜗1⟩

⊗𝑡(𝜆)
, . . . , |𝜗𝑠(𝜆)⟩

⊗𝑡(𝜆)
) = 1

]︁ ⃒⃒⃒
≤ 𝜀(𝜆) .

We say that 𝐹 is a (𝑑(𝜆), 𝑛(𝜆))-PRFS generator to succinctly indicate that its input length is
𝑑(𝜆) and its output length is 𝑛(𝜆).

Ananth, Qian, and Yuen [AQY22] presented instantiations of PRFSGs either assuming post-
quantum secure one-way functions or PRSGs (in the setting when the input length was loga-
rithmic).

3 Pseudorandom Isometry: Definition
For a given class of inputs 𝒬, we propose the following definition of 𝒬-secure psuedorandom
isometries. Throughout the rest of the paper, for a polynomial 𝑝(·), we denote 𝑝 to be 𝑝(𝜆),
where 𝜆 is the security parameter.

Definition 3.1 (𝒬-Secure Pseudorandom Isometry (PRI)). Let 𝑛,𝑚, 𝑞, ℓ be polynomials in 𝜆.
Suppose 𝒬 = {𝒬𝑛,𝑞,ℓ,𝜆}𝜆∈ℕ, where 𝒬𝑛,𝑞,ℓ,𝜆 ⊆ 𝒟(ℂ2𝑛𝑞+ℓ

). We say that 𝖯𝖱𝖨 = {𝐹𝜆}𝜆∈ℕ is an
(𝑛, 𝑛+𝑚)-𝒬-secure pseudorandom isometry if the following holds:

• For every 𝑘 ∈ {0, 1}𝜆, 𝐹𝜆(𝑘, ·) is a QPT algorithm implementing a quantum channel such
that it is functionally equivalent to ℐ𝑘, where ℐ𝑘 is an isometry that maps 𝑛 qubits to 𝑛+𝑚
qubits.
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• For sufficiently large 𝜆 ∈ ℕ, any QPT distinguisher 𝒜, the following holds: for every
𝜌 ∈ 𝒬𝑛,𝑞,ℓ,𝜆,⃒⃒

Pr
[︀
𝒜
(︀
(𝐼ℓ ⊗ 𝐹⊗𝑞𝑘 ) (𝜌)

)︀
= 1
]︀
− Pr

[︀
𝒜
(︀
(𝐼ℓ ⊗ ℐ⊗𝑞) (𝜌)

)︀
= 1
]︀⃒⃒
≤ 𝗇𝖾𝗀𝗅(𝜆),

where:

– ℐ(·) is the channel implementing a Haar-random isometry that takes an 𝑛-qubit input
|𝜓⟩ and outputs an (𝑛+𝑚)-qubit output ℐ(|𝜓⟩),

– 𝐼ℓ is an identity operator on ℓ qubits.

We sometimes write 𝒬-secure with 𝑚,𝑛 being implicit. We consider the following set of queries.
We color the part of the query given to 𝐼ℓ with red and color the part of the query given to 𝐹𝑘
or ℐ with blue.

Computational basis queries. We define 𝒬(𝖢𝗈𝗆𝗉)
𝑛,𝑞,ℓ,𝜆 as follows.

𝒬(𝖢𝗈𝗆𝗉)
𝑛,𝑞,ℓ,𝜆 = 𝒟(ℂ2ℓ)⊗ {(|𝑥1⟩⟨𝑥1| ⊗ . . .⊗ |𝑥𝑞⟩⟨𝑥𝑞|) : 𝑥1, . . . , 𝑥𝑞 ∈ {0, 1}𝑛} .

Let 𝑛(·), 𝑞(·), ℓ(·) be polynomials. We also define𝒬𝖢𝗈𝗆𝗉 (implicitly parameterized by 𝑛(·), 𝑞(·), ℓ(·))
to be 𝒬𝖢𝗈𝗆𝗉 =

{︁
𝒬(𝖢𝗈𝗆𝗉)
𝑛,𝑞,ℓ,𝜆

}︁
𝜆∈ℕ

.

Multiple copies of a single pure state. We define 𝒬(𝖲𝗂𝗇𝗀𝗅𝖾)
𝑛,𝑞,ℓ,𝜆 as follows:

𝒬(𝖲𝗂𝗇𝗀𝗅𝖾)
𝑛,𝑞,ℓ,𝜆 = 𝒟(ℂ2ℓ)⊗

{︁(︁
|𝜓⟩⟨𝜓|⊗𝑞

)︁
: |𝜓⟩ is an 𝑛-qubit pure state

}︁
.

Let 𝑛(·), 𝑞(·), ℓ(·) be polynomials. We also define𝒬𝖲𝗂𝗇𝗀𝗅𝖾 (implicitly parameterized by 𝑛(·), 𝑞(·), ℓ(·))
to be 𝒬𝖲𝗂𝗇𝗀𝗅𝖾 =

{︁
𝒬(𝖲𝗂𝗇𝗀𝗅𝖾)
𝑛,𝑞,ℓ,𝜆

}︁
𝜆∈ℕ

.

Haar queries. We first define 𝒬(𝖧𝖺𝖺𝗋)
𝑛,𝑠,𝑡,ℓ′,𝜆 as follows, for some polynomials 𝑠(·), 𝑡(·), ℓ′(·),

𝒬(𝖧𝖺𝖺𝗋)
𝑛,𝑠,𝑡,ℓ′,𝜆 = 𝒟(ℂ2ℓ

′(𝜆)

)⊗

⎧⎨⎩𝔼|𝜓1⟩,...,|𝜓𝑠(𝜆)⟩←H𝑛

⎡⎣𝑠(𝜆)⨂︁
𝑖=1

|𝜓𝑖⟩⟨𝜓𝑖|⊗𝑡(𝜆) ⊗
𝑠(𝜆)⨂︁
𝑖=1

|𝜓𝑖⟩⟨𝜓𝑖|⊗𝑡(𝜆)
⎤⎦⎫⎬⎭ .

Next, we define 𝒬(𝖧𝖺𝖺𝗋)
𝑛,𝑞,ℓ,𝜆 as follows

𝒬(𝖧𝖺𝖺𝗋)
𝑛,𝑞,ℓ,𝜆 =

⋃︁
𝑠,𝑡,ℓ′

such that 𝑞=𝑠𝑡
and ℓ=ℓ′+𝑠𝑡

𝒬(𝖧𝖺𝖺𝗋)
𝑛,𝑠,𝑡,ℓ′,𝜆.

Let 𝑛(·), 𝑞(·), ℓ(·) be polynomials. We also define𝒬𝖧𝖺𝖺𝗋 (implicitly parameterized by 𝑛(·), 𝑞(·), ℓ(·))
to be 𝒬𝖧𝖺𝖺𝗋 =

{︁
𝒬(𝖧𝖺𝖺𝗋)
𝑛,𝑞,ℓ,𝜆

}︁
𝜆∈ℕ

.

Selective PRI. Above, we considered the security of PRI in the setting where the queries
came from a specific query set. However, we can consider an alternate definition where the
indistinguishability holds against computationally bounded adversaries making a single parallel
query to an oracle that is either PRI or Haar. We term such a PRI to be a selectively secure
PRI.
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Definition 3.2 (Selective Pseudorandom Isometry). 𝖯𝖱𝖨 = {𝐹𝜆}𝜆∈ℕ is an (𝑛, 𝑛+𝑚)-selective
pseudorandom isometry if the following holds:

• For every 𝑘 ∈ {0, 1}𝜆, 𝐹𝜆(𝑘, ·) is a QPT algorithm such that it is functionally equivalent
to ℐ𝑘, where ℐ𝑘 is an isometry that maps 𝑛 qubits to 𝑛+𝑚 qubits.

• For sufficiently large 𝜆 ∈ ℕ, for any 𝑞 = 𝗉𝗈𝗅𝗒(𝜆), any QPT distinguisher 𝒜 making 1 query
to the oracle, the following holds:⃒⃒⃒

Pr
[︁
𝒜(𝐹𝜆(𝑘,·))⊗𝑞

= 1
]︁
− 𝖯𝗋

[︁
𝒜(ℐ(·))⊗𝑞

= 1
]︁⃒⃒⃒
≤ 𝗇𝖾𝗀𝗅(𝜆),

where:
– 𝐹𝜆(𝑘, ·) takes as input |𝜓⟩ and outputs 𝐹𝜆(𝑘, |𝜓⟩)
– ℐ(·) is a Haar-random isometry that takes as 𝑛-qubit input |𝜓⟩ and outputs an (𝑛+𝑚)-

qubit output ℐ(|𝜓⟩).
The following claim is immediate.

Claim 3.3. Let 𝑛(·),𝑚(·) be two polynomials. Suppose 𝖯𝖱𝖨 is an (𝑛, 𝑛 + 𝑚)-𝒬𝑛,𝑞,ℓ-secure
pseudorandom isometry for every polynomial 𝑞(·), ℓ(·), and, 𝒬𝑛,𝑞,ℓ = {𝒬𝑛,𝑞,ℓ,𝜆}𝜆∈ℕ, where
𝒬𝑛,𝑞,ℓ,𝜆 = 𝒟(ℂ2𝑛𝑞+ℓ

). Then, 𝖯𝖱𝖨 is a selective pseudorandom isometry.

Similarly, the other direction is true as well.

Claim 3.4. Let 𝑛(·),𝑚(·) be two polynomials. Suppose 𝖯𝖱𝖨 is an (𝑛, 𝑛+𝑚)-secure pseudorandom
isometry. Then 𝖯𝖱𝖨 is a (𝑛, 𝑛+𝑚)-𝒬𝑛,𝑞,ℓ-secure pseudorandom isometry for every polynomial
𝑞(·), ℓ(·), and, 𝒬𝑛,𝑞,ℓ = {𝒬𝑛,𝑞,ℓ,𝜆}𝜆∈ℕ, where 𝒬𝑛,𝑞,ℓ,𝜆 = 𝒟(ℂ2𝑛𝑞+ℓ

).

Adapive PRI. We also define an adaptive version of the pseudorandom isometries below.
In this definition, the adversary can make an arbitrary number of queries to the oracle.

Definition 3.5 (Adaptive Pseudorandom Isometry). 𝖯𝖱𝖨 = {𝐹𝜆}𝜆∈ℕ is an (𝑛, 𝑛+𝑚)-adaptive
pseudorandom isometry if the following holds:

• For every 𝑘 ∈ {0, 1}𝜆, 𝐹𝜆(𝑘, ·) is a QPT algorithm such that it is functionally equivalent
to ℐ𝑘, where ℐ𝑘 is an isometry that maps 𝑛 qubits to 𝑛+𝑚 qubits.

• For sufficiently large 𝜆 ∈ ℕ, for any 𝑡 = 𝗉𝗈𝗅𝗒(𝜆), any QPT distinguisher 𝒜 making 𝑡
queries to the oracle, the following holds:⃒⃒⃒

Pr
[︁
𝒜𝐹𝜆(𝑘,·) = 1

]︁
− Pr

[︁
𝒜ℐ(·) = 1

]︁⃒⃒⃒
≤ 𝗇𝖾𝗀𝗅(𝜆),

where:
– 𝐹𝜆(𝑘, ·) takes as input |𝜓⟩ and outputs 𝐹𝜆(𝑘, |𝜓⟩)
– ℐ(·) is a Haar-random isometry that takes as 𝑛-qubit input |𝜓⟩ and outputs an (𝑛+𝑚)-

qubit output ℐ(|𝜓⟩).

Observations. It should be immediate that pseudorandom unitaries, introduced in [JLS18],
imply adaptive PRI, which in turn implies selectively secure PRI. Whether pseudorandom isome-
tries are separated from pseudorandom unitaries or there is a transformation from the former
to the latter is an interesting direction to explore.

If we weaken our definition of pseudorandom isometries further, where we a priori fix the
number of queries made by the adversary and allow the description of the pseudorandom isom-
etry to depend on this then this notion is implied by unitary 𝑡-designs [AE07, BHH16].

In terms of implications of pseudorandom isometries to other notions of pseudorandomness
in the quantum world, we note that pseudorandom isometries imply both PRSGs and PRFSGs
(see Section 2.3 for formal definitions and Section 6.1 for the proof.).
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3.1 Invertibility
Invertible Pseudorandom Isometries. In applications, we need a stronger notion of
invertible pseudorandom isometries.

Definition 3.6 (Invertible 𝒬-Secure Pseudorandom Isometry). We say that 𝖯𝖱𝖨 = {𝐹𝜆}𝜆∈ℕ is
an invertible (𝑛, 𝑛+𝑚)-𝒬-secure pseudorandom isometry if first and foremost, it is a 𝒬-secure
pseudorandom isometry (Definition 3.1) and secondly, there is a QPT algorithm 𝖨𝗇𝗏 with the
following guarantee: for every |𝜓⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
and 𝑘 ∈ {0, 1}𝜆,

TD(|𝜓⟩⟨𝜓| , 𝖨𝗇𝗏 (𝑘, 𝐹𝜆(𝑘, |𝜓⟩))) = 𝗇𝖾𝗀𝗅(𝜆).

Remark 3.7. Similarly, we can define invertible versions of 𝒬-secure PRIs and selectively
secure PRIs. Also, note that for |𝜑⟩ which is orthogonal to the range of 𝐹𝜆(𝑘, ·), being invertible
has no guarantee on 𝖨𝗇𝗏(𝑘, |𝜑⟩).

Inverse of Isometries. For a (fixed) isometry ℐ maps 𝑛-qubit states to (𝑛 + 𝑚)-qubit
states, the “inverse” of ℐ is not unique. However, under the view of Stinespring dilation, it
is possible to naturally define a quantum channel ℐ−1 such that ℐ−1 ∘ (ℐ |𝜓⟩⟨𝜓| ℐ†) = |𝜓⟩⟨𝜓|
for every |𝜓⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
.17 Consider an arbitrary unitary 𝑈ℐ on 𝑛 +𝑚 qubits such that 𝑈ℐ is

consistent with ℐ, that is, 𝑈ℐ |𝜓⟩ |0𝑚⟩𝖠𝗎𝗑 = ℐ |𝜓⟩ for every |𝜓⟩ ∈ 𝒮
(︀
ℂ2𝑛

)︀
. One can easily verify

that Tr𝖠𝗎𝗑

(︁
𝑈†ℐℐ |𝜓⟩⟨𝜓| ℐ†𝑈ℐ

)︁
= |𝜓⟩⟨𝜓| for every |𝜓⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
. Furthermore, one can even

provide a distribution over such unitaries. This yields the following candidate definition: let 𝜇ℐ
be some distribution over unitaries that are consistent with ℐ, the inverse of ℐ can be defined
as

ℐ−1(𝑋) = 𝔼
𝑈ℐ←𝜇ℐ

Tr𝖠𝗎𝗑

(︁
𝑈†ℐ𝑋𝑈ℐ

)︁
.

Since we focus on Haar isometries in this work, we’ll choose the distribution 𝜇ℐ to be Haar
random conditioned on being consistent with ℐ. Formally, we have the following definition.

Definition 3.8 (Inverse of Isometries). Let ℐ be an isometry from 𝑛 qubits to 𝑛 + 𝑚 qubits.
The inverse of ℐ is a quantum channel from 𝑛+𝑚 qubits to 𝑛 qubits defined to be

ℐ−1(𝑋) := 𝔼
𝑈←H𝑛+𝑚|ℐ

Tr𝖠𝗎𝗑
(︀
𝑈†𝑋𝑈

)︀
,

for any 𝑋 ∈ ℒ(ℂ2𝑛+𝑚

), where register 𝖠𝗎𝗑 refers to the last 𝑚 qubits and H𝑛+𝑚 |ℐ denotes
the Haar measure over (𝑛+𝑚)-qubit unitaries 𝑈 conditioned on 𝑈 |𝜓⟩ |0𝑚⟩𝖠𝗎𝗑 = ℐ |𝜓⟩ for any
|𝜓⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
.

From Fact 2.3, sampling 𝑈 according to H𝑛+𝑚 |ℐ is equivalent to the following: Fix ℐ and then
keep appending columns one-by-one by sampling a uniform unit vector conditioned on being
orthogonal to the existing columns until the matrix is square. Therefore, by Fact 2.4, the inverse
of a Haar isometry satisfies the following:

Fact 3.9. Let ℐ be a Haar isometry from 𝑛 qubits to 𝑛+𝑚 qubits. Then the joint distribution
of (ℐ, ℐ−1) is identically distributed to the following procedures: (1) Sample 𝑈 ← H𝑛+𝑚. (2)
Define ℐ to be the first 2𝑛 columns of 𝑈 . That is, ℐ satisfies ℐ |𝜓⟩ = 𝑈 |𝜓⟩ |0𝑚⟩𝖠𝗎𝗑 for any
|𝜓⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
. (3) Define ℐ−1(𝑋) := Tr𝖠𝗎𝗑(𝑈

†𝑋𝑈).
17The readers should not confuse ℐ†, the conjugate transpose of ℐ, with the channel ℐ−1.
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Strong Invertible Adaptive PRI. In order to achieve more applications, we define the
following stronger security definition in which the adversary is given the inversion oracle.

Definition 3.10 (Strong Invertible Adaptive Pseudorandom Isometry). 𝖯𝖱𝖨 = {𝐹𝜆}𝜆∈ℕ is a
strong invertible (𝑛, 𝑛 + 𝑚)-pseudorandom isometry if it satisfies the following conditions for
every 𝜆 ∈ ℕ:

• For every 𝑘 ∈ {0, 1}𝜆, 𝐹 (𝑘, ·) is a QPT algorithm such that it is functionally equivalent to
ℐ𝑘, where ℐ𝑘 is an isometry that maps 𝑛 qubits to 𝑛+𝑚 qubits.

• For every 𝑘 ∈ {0, 1}𝜆, 𝖨𝗇𝗏(𝑘, ·) is a QPT algorithm such that it is functionally equivalent
to ℐ−1𝑘 , where ℐ−1𝑘 is the inverse of ℐ𝑘 (Definition 3.8) that maps 𝑛+𝑚 qubits to 𝑛 qubits.

• For any polynomial 𝑡 = 𝗉𝗈𝗅𝗒(𝜆), any QPT distinguisher 𝒜 making a total of 𝑡 queries to
the oracles, the following holds:⃒⃒⃒⃒

⃒ Pr
𝑘←{0,1}𝜆

[︁
𝒜𝐹 (𝑘,·),𝖨𝗇𝗏(𝑘,·) = 1

]︁
− Pr
ℐ←H𝑛,𝑛+𝑚

[︁
𝒜ℐ(·),ℐ

−1(·) = 1
]︁⃒⃒⃒⃒⃒ ≤ 𝗇𝖾𝗀𝗅(𝜆).

4 Properties of Haar Unitaries
We prove some useful properties of Haar unitaries.

4.1 Haar Unitary on Orthogonal Inputs
We start by studying the action of an 𝑠-fold Haar unitary. Recall that a Haar unitary is closely
related to a Haar isometry, for the latter can be represented as appending appropriately many
0s followed by applying a Haar unitary.

One way to understand an 𝑠-fold Haar unitary 𝑈 is that it scrambles a collection of 𝑠
quantum states while respecting the pairwise inner-products. A special case of interest is when
all the pairwise inner products are zero, i.e. when the input equals the tensor product of 𝑠
orthogonal states. By unitary invariance of the Haar measure, we can consider the input in the
computational basis without loss of generality. Below in Lemma 4.1 we formalize this depiction
of a Haar unitary by showing that this is statistically close to 𝑠 i.i.d. Haar-random states, even
if given polynomially many copies of each state.

Lemma 4.1. Let 𝑛, 𝑠, 𝑡 ∈ ℕ and �⃗� = (𝑥1, · · · , 𝑥𝑠) ∈ {0, 1}𝑛𝑠 such that �⃗� has no repeating
coordinates. Let

𝜌 := 𝔼
𝑈←H𝑛

⎡⎣ 𝑠⨂︁
𝑗=1

(︀
𝑈 |𝑥𝑗⟩⟨𝑥𝑗 |𝑈†

)︀⊗𝑡⎤⎦ ,
and

𝜎 :=

𝑠⨂︁
𝑗=1

𝔼
𝑈𝑗←H𝑛

[︂(︁
𝑈𝑗 |0𝑛⟩⟨0𝑛|𝑈†𝑗

)︁⊗𝑡]︂
,

then TD(𝜌, 𝜎) = 𝑂(𝑠2𝑡/2𝑛).

Proof. We prove this using the hybrid method.

Hybrid 1. Sample (𝑈1, . . . , 𝑈𝑠) i.i.d. from H𝑛 and output

𝑠⨂︁
𝑗=1

(︁
𝑈𝑗 |0𝑛⟩⟨0𝑛|𝑈†𝑗

)︁⊗𝑡
.
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Hybrid 2.𝑖 for 1 ≤ 𝑖 ≤ 𝑠. Sample 𝑈 from H𝑛 and 𝑈𝑖, · · · , 𝑈𝑠 i.i.d. from H𝑛. Output

𝑖−1⨂︁
𝑗=1

(︀
𝑈 |𝑥𝑗⟩⟨𝑥𝑗 |𝑈†

)︀⊗𝑡 ⊗ 𝑠⨂︁
𝑗=𝑖

(︁
𝑈𝑗 |0𝑛⟩⟨0𝑛|𝑈†𝑗

)︁⊗𝑡
.

Hybrid 3. Sample 𝑈 from H𝑛 and output

𝑠⨂︁
𝑗=1

(︁
𝑈⊗𝑡 |𝑥𝑗⟩⟨𝑥𝑗 |⊗𝑡

(︀
𝑈†
)︀⊗𝑡)︁

.

Note that Hybrid 1 and Hybrid 2.1 are syntactically equivalent.

Claim 4.2. For 1 ≤ 𝑖 ≤ 𝑠 − 1, the trace distance between Hybrid 2.𝑖 and Hybrid 2.(𝑖 + 1) is
𝑂(𝑖𝑡/2𝑛).

Proof. For 1 ≤ 𝑘 ≤ 2𝑛, we define the distribution 𝜇𝑘 over 𝒮
(︀
ℂ2𝑛

)︀⊗𝑘
via the following proce-

dures:

• Let 𝑉0 := {0}.
• For 𝑖 = 1, 2 . . . , 𝑘: Sample |𝜗𝑖⟩ ←H (𝑉 ⊥𝑖−1) and let 𝑉𝑖 := 𝗌𝗉𝖺𝗇{|𝜗1⟩ , |𝜗2⟩ , . . . , |𝜗𝑖⟩}.
• Output (|𝜗1⟩ , |𝜗2⟩ , . . . , |𝜗𝑘⟩).

From Fact 2.3, the output of Hybrid 2.𝑖 is identical to

𝜌𝑖 = 𝔼
(|𝜗1⟩,|𝜗2⟩,...,|𝜗𝑖−1⟩)←𝜇𝑖−1

⎡⎣ 𝑖−1⨂︁
𝑗=1

|𝜗𝑗⟩⟨𝜗𝑗 |⊗𝑡
⎤⎦⊗ 𝑠⨂︁

𝑗=𝑖

𝔼
|𝜗𝑗⟩←H𝑛

[︁
|𝜗𝑗⟩⟨𝜗𝑗 |⊗𝑡

]︁
Similarly, the output of Hybrid 2.(𝑖+ 1) is identical to

𝜌𝑖+1 = 𝔼
(|𝜗1⟩,|𝜗2⟩,...,|𝜗𝑖⟩)←𝜇𝑖

⎡⎣ 𝑖⨂︁
𝑗=1

|𝜗𝑗⟩⟨𝜗𝑗 |⊗𝑡
⎤⎦⊗ 𝑠⨂︁

𝑗=𝑖+1

𝔼
|𝜗𝑗⟩←H𝑛

[︁
|𝜗𝑗⟩⟨𝜗𝑗 |⊗𝑡

]︁
From the fact that TD(𝑋 ⊗ 𝑍, 𝑌 ⊗ 𝑍) = TD(𝑋,𝑌 ), the trace distance between 𝜌𝑖, 𝜌𝑖+1 is
equivalent to that between

𝜌𝑖 := 𝔼
(|𝜗1⟩,|𝜗2⟩,...,|𝜗𝑖−1⟩)←𝜇𝑖−1

⎡⎣ 𝑖−1⨂︁
𝑗=1

|𝜗𝑗⟩⟨𝜗𝑗 |⊗𝑡 ⊗ 𝔼
|𝜗𝑖⟩←H𝑛

[︁
|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡

]︁⎤⎦
and

𝜌𝑖+1 := 𝔼
(|𝜗1⟩,|𝜗2⟩,...,|𝜗𝑖⟩)←𝜇𝑖

⎡⎣ 𝑖⨂︁
𝑗=1

|𝜗𝑗⟩⟨𝜗𝑗 |⊗𝑡
⎤⎦

= 𝔼
(|𝜗1⟩,|𝜗2⟩,...,|𝜗𝑖−1⟩)←𝜇𝑖−1

⎡⎣ 𝑖−1⨂︁
𝑗=1

|𝜗𝑗⟩⟨𝜗𝑗 |⊗𝑡 ⊗ 𝔼
|𝜗𝑖⟩←H (𝑉 ⊥

𝑖−1)

[︁
|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡

]︁⎤⎦ .
By strong convexity of trace distance and the fact TD(𝑋 ⊗ 𝑍, 𝑌 ⊗ 𝑍) = TD(𝑋,𝑌 ) again,

TD(𝜌𝑖, 𝜌𝑖+1) ≤ 𝔼
(|𝜗1⟩,|𝜗2⟩,...,|𝜗𝑖−1⟩)←𝜇𝑖−1

[︃
TD

(︃
𝔼

|𝜗𝑖⟩←H𝑛

[︁
|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡

]︁
, 𝔼
|𝜗𝑖⟩←H (𝑉 ⊥

𝑖−1)

[︁
|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡

]︁)︃]︃
.
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For any fixed (|𝜗1⟩ , |𝜗2⟩ , . . . , |𝜗𝑖−1⟩) sampled from 𝜇𝑖−1,

TD

(︃
𝔼

|𝜗𝑖⟩←H𝑛

[︁
|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡

]︁
, 𝔼
|𝜗𝑖⟩←H (𝑉 ⊥

𝑖−1)

[︁
|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡

]︁)︃

=TD

⎛⎝ Π2𝑛,𝑡
𝗌𝗒𝗆

dim(∨𝑡ℂ2𝑛)
,

Π
𝑉 ⊥
𝑖−1,𝑡

𝗌𝗒𝗆

dim(∨𝑡𝑉 ⊥𝑖−1)

⎞⎠
=
dim(∨𝑡ℂ2𝑛)− dim(∨𝑡𝑉 ⊥𝑖−1)

dim(∨𝑡ℂ2𝑛)
= 1−

(︀
(2𝑛−𝑖+1)+𝑡−1

𝑡

)︀(︀
2𝑛+𝑡−1

𝑡

)︀
=1− (2𝑛 + 𝑡− 𝑖) · (2𝑛 + 𝑡− 𝑖− 1) · · · · · (2𝑛 − 𝑖+ 1)

(2𝑛 + 𝑡− 1) · (2𝑛 + 𝑡− 2) · · · · · 2𝑛

=1−
𝑡−1∏︁
𝑗=0

(︂
1− 𝑖− 1

2𝑛 + 𝑡− 1− 𝑗

)︂

≤1−

⎛⎝1−
𝑡−1∑︁
𝑗=0

𝑖− 1

2𝑛 + 𝑡− 1− 𝑗

⎞⎠ = 𝑂

(︂
𝑖𝑡

2𝑛

)︂
.

The first equality follows from Fact 2.10. The second equality follows from the following reasons.
First, 𝑉 ⊥𝑖−1 is a subspace of ℂ2𝑛 , so ∨𝑡𝑉 ⊥𝑖−1 is also a subspace of ∨𝑡ℂ2𝑛 . Therefore, the fully
mixed states in ∨𝑡𝑉 ⊥𝑖−1 and ∨𝑡ℂ2𝑛 can be simultaneously diagonalized. In such a basis, the trace
distance between them degrades to the statistical distance between two uniform distributions
with support 𝑆0, 𝑆1 respectively such that |𝑆0| = dim(∨𝑡𝑉 ⊥𝑖−1), |𝑆1| = dim(∨𝑡ℂ2𝑛) and 𝑆0 ⊆ 𝑆1.
The statistical distance between is (|𝑆1|−|𝑆0|)/|𝑆1| from a direct calculation. The last inequality
follows from 1−

∑︀
𝑖 𝜀𝑖 ≤

∏︀
𝑖(1− 𝜀𝑖) when 𝜀𝑖 ∈ [0, 1] for every 𝑖.

Claim 4.3. The trace distance between Hybrid 2.𝑠 and Hybrid 3 is 𝑂(𝑠𝑡/2𝑛).

Proof. Using the same argument as for the above claim, we get 𝑂(𝑠𝑡/2𝑛).

By triangle inequalities, the trace distance between Hybrid 1 and Hybrid 3 is
∑︀𝑠
𝑖=1𝑂(𝑖𝑡/2𝑛)

= 𝑂(𝑠2𝑡/2𝑛). This completes the proof of Lemma 4.1.

Letting 𝑡 = 1 in Lemma 4.1 yields the following corollary.

Corollary 4.4. Let 𝑛, 𝑞 ∈ ℕ and �⃗� = (𝑥1, · · · , 𝑥𝑞) ∈ {0, 1}𝑛𝑞 such that �⃗� has no repeating
coordinates. Let

𝜌 := 𝔼
𝑈←H𝑛

[︁
𝑈⊗𝑞 |�⃗�⟩⟨�⃗�|

(︀
𝑈†
)︀⊗𝑞]︁

and 𝜎 := 𝔼
[︁
|�⃗�⟩⟨�⃗�| : �⃗� $←− 𝒮𝑛,𝑞

]︁
,

where 𝒮𝑛,𝑞 := {�⃗� = (𝑧1, . . . , 𝑧𝑞) ∈ {0, 1}𝑛𝑞 : �⃗� has no repeating coordinates}. Then TD(𝜌, 𝜎) =
𝑂(𝑞2/2𝑛).

Proof. From Lemma 4.1, we know that 𝜌 is close to the following state 𝜌′ with the trace distance
bounded by 𝑂(𝑞2/2𝑛),

𝜌′ = 𝔼
𝑈1,··· ,𝑈𝑞←H𝑛

[︁
⊗𝑞𝑖=1𝑈𝑖 |0

𝑛⟩⟨0𝑛|𝑈†𝑖
]︁
.

Then by Fact 2.10, we have

𝜌′ = 𝔼
𝑎1,··· ,𝑎𝑞←{0,1}𝑛

[⊗𝑞𝑖=1 |𝑎𝑖⟩⟨𝑎𝑖|] .
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This can equivalently be written as

𝜌′ = 𝔼
�⃗�←{0,1}𝑛𝑞

[|⃗𝑎⟩⟨⃗𝑎|] .

Then by a collision bound, we get that 𝜌′ and 𝜎 are close in trace distance 𝑂(𝑞2/2𝑛). Hence,
the trace distance between 𝜌 and 𝜎 is at most 𝑂(𝑞2/2𝑛).

4.2 Almost Invariance under 𝑞-fold Haar Unitary
We introduce a notion called almost invariance under a 𝑞-fold Haar unitary and prove some
important properties about it. Most importantly, we characterize the condition that a given
quantum channel is close to a 𝑞-fold Haar unitary using almost invariance in Claim 4.7.

Definition 4.5 (Almost Invariance). Let 𝑛, 𝑞, ℓ ∈ ℕ. An (𝑛𝑞 + ℓ)-qubit state 𝜌 is 𝜀-almost
invariant under 𝑞-fold Haar unitary if the following holds:

TD

(︃
𝜌, 𝔼
𝑈←H𝑚+𝑛

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(𝜌)
]︀)︃
≤ 𝜀.

Moreover, if 𝜌 is 0-almost invariant, then we say that 𝜌 is invariant under 𝑞-fold Haar unitary.

We prove two important facts about almost invariance property. The first fact states the fol-
lowing: if 𝜌 is almost invariant under 𝑞-fold Haar and moreover, 𝜎 is close to 𝜌 then 𝜎 should
also be 𝑞-fold Haar invariant. The second fact states that almost invariance under 𝑞-fold Haar
unitary can be leveraged to show closeness to the action of 𝑞-fold Haar unitary.

Claim 4.6. Let 𝜌, 𝜎 be two (𝑛𝑞 + ℓ)-qubit states be such that:

• TD(𝜌, 𝜎) ≤ 𝛿,
• 𝜌 is 𝜀-almost invariant under 𝑞-fold Haar unitary,

then 𝜎 is (𝜀+ 2𝛿)-almost invariant under 𝑞-fold Haar unitary.

Proof. Since TD(𝜌, 𝜎) ≤ 𝛿 and TD
(︁
𝜌,𝔼𝑈←H𝑚+𝑛

[(𝐼ℓ ⊗ 𝑈⊗𝑞) (𝜌)]
)︁
≤ 𝜀, by triangle inequality,

we have

TD

(︃
𝜎, 𝔼
𝑈←H𝑚+𝑛

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(𝜌)
]︀)︃
≤ 𝜀+ 𝛿.

Since applying a channel on two states cannot increase the trace distance between them (i.e.,
monotonicity of trace distance), we have

TD

(︃
𝔼

𝑈←H𝑚+𝑛

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(𝜌)
]︀
, 𝔼
𝑈←H𝑚+𝑛

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(𝜎)
]︀)︃
≤ 𝛿.

By triangle inequality,

TD

(︃
𝜎, 𝔼
𝑈←H𝑚+𝑛

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(𝜎)
]︀)︃
≤ 𝜀+ 2𝛿.

Hence, 𝜎 is (𝜀+ 2𝛿)-almost invariant under 𝑞-fold Haar unitary.

Claim 4.7. Let 𝜇, 𝑞, ℓ ∈ ℕ. Suppose Φ is a quantum channel that is a probabilistic mixture of
unitaries on (𝜇𝑞 + ℓ) qubits.18 More precisely, Φ(𝜌) = 𝔼𝑘←𝒟[(𝐼ℓ ⊗ 𝑉 ⊗𝑞𝑘 )𝜌(𝐼ℓ ⊗ (𝑉 †𝑘 )

⊗𝑞)], where
𝒟 is a distribution on {0, 1}* and 𝑉𝑘 : ℂ2𝜇 → ℂ2𝜇 is a unitary for every 𝑘 ∈ {0, 1}*.

18Such channel is referred to as a mixed-unitary channel, see [Wat18, page 202].
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Suppose for a (𝜇𝑞 + ℓ)-qubit state 𝜌, Φ(𝜌) is 𝜀-almost invariant under 𝑞-fold Haar unitary,
where 𝜀 is a negligible function, then the following holds:

TD

(︃
Φ(𝜌), 𝔼

𝑈←H𝜇

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(𝜌)
(︀
𝐼ℓ ⊗ (𝑈†)⊗𝑞

)︀]︀)︃
≤ 𝜀.

Proof. Since Φ(𝜌) is 𝜀-almost invariant under 𝑞-fold Haar unitary,

TD

(︃
Φ(𝜌), 𝔼

𝑈←H𝜇

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(Φ(𝜌))

(︀
𝐼ℓ ⊗ (𝑈†)⊗𝑞

)︀]︀)︃
≤ 𝜀.

From the unitary invariance property of Haar, it follows that:

𝔼
𝑈←H𝜇

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(Φ(𝜌))

(︀
𝐼ℓ ⊗ (𝑈†)⊗𝑞

)︀]︀
= 𝔼
𝑈←H𝜇

[︀(︀
𝐼ℓ ⊗ 𝑈⊗𝑞

)︀
(𝜌)
(︀
𝐼ℓ ⊗ (𝑈†)⊗𝑞

)︀]︀
.

The claim follows.

What the above claim says is that if the output of Φ (on 𝜌) is almost invariant under 𝑞-fold
Haar then the action of Φ (on 𝜌) is close to 𝑞-fold Haar.

4.2.1 Invariant Subspace of 𝑞-fold Haar Unitary

In the last subsection, we introduce the notion of almost invariance under 𝑞-fold Haar and show
that this notion is very closely linked to checking if the action of a channel is close to the action
of 𝑞-fold Haar. In this section, we characterize the space of states that are invariant under the
𝑞-fold Haar unitary. In particular, we will characterize the (𝑞𝑛-qubit) states 𝜌 that satisfy the
following property:

𝜌 = 𝔼
𝑈←H𝑛

[︀
𝑈⊗𝑞𝜌(𝑈†)⊗𝑞

]︀
.

Note that any permutation operator commutes with any 𝑞-fold unitary, i.e. 𝑈⊗𝑞𝑃𝜎 = 𝑃𝜎𝑈
⊗𝑞

for any 𝜎 ∈ 𝑆𝑞.19 Hence we get that for any 𝜎 ∈ 𝑆𝑞,

𝔼
𝑈←H𝑛

[︀
𝑈⊗𝑞𝑃𝜎(𝑈

†)⊗𝑞
]︀
= 𝔼
𝑈←H𝑛

[︀
𝑃𝜎𝑈

⊗𝑞(𝑈†)⊗𝑞
]︀
= 𝑃𝜎.

This means that 𝑃𝜎 is invariant under the 𝑞-fold Haar unitary for all 𝜎 ∈ 𝑆𝑞. Hence any linear
combination 𝜌 =

∑︀
𝜎∈𝑆𝑞

𝛼𝜎𝑃𝜎 of permutation operators is also invariant under 𝑞-fold Haar
unitary. It turns out that this condition is also necessary. That is, if 𝜌 is invariant under 𝑞-fold
Haar unitary, then 𝜌 =

∑︀
𝜎∈𝑆𝑞

𝛼𝜎𝑃𝜎 for some values of 𝛼𝜎. To see this, we need the following
theorem regarding the output of applying 𝑞-fold Haar unitary on a state.

Theorem 4.8 (Twirling channel, rephrased from [Mel23, Theorem 10]). Let 𝜌 ∈ 𝒟(ℂ2𝑛𝑞

), then

𝔼
𝑈←H𝑛

[︀
𝑈⊗𝑞𝜌(𝑈†)⊗𝑞

]︀
=
∑︁
𝜎∈𝑆𝑞

𝑐𝜎(𝜌)𝑃𝜎,

where 𝑐𝜎(𝜌) ∈ ℂ.

Thus, if 𝜌 is invariant under 𝑞-fold Haar unitary, then 𝜌 = 𝔼𝑈←H𝑛

[︀
𝑈⊗𝑞𝜌(𝑈†)⊗𝑞

]︀
=
∑︀
𝜎∈𝑆𝑞

𝑐𝜎(𝜌)𝑃𝜎.
Formally, we have the following corollary.

Corollary 4.9. Let 𝜌 ∈ 𝒟(ℂ2𝑛𝑞

). Then 𝜌 is invariant under 𝑞-fold Haar unitary if and only if
there exists 𝑐𝜎(𝜌) ∈ ℂ for all 𝜎 ∈ 𝑆𝑞 such that

𝜌 =
∑︁
𝜎∈𝑆𝑞

𝑐𝜎(𝜌)𝑃𝜎.

19In fact, Schur-Weyl duality states that the commutant of 𝑞-fold unitaries is the span of permutation operators
associated to 𝑆𝑞. See [Har05] and [Mel23] for an exposition in quantum-information perspective.
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4.2.2 Instantiations of Almost Invariant States

In this subsection, we find a state that is almost invariant under the 𝑞-fold Haar unitary. This
state would mimic the properties of output construction on various classes of inputs (as we will
see in Section 5.3).
We start by defining two special classes of tuples of types. To define these, we consider the
symmetric subspace of (ℂ𝑁 )⊗𝑡 denoted by ∨𝑡ℂ𝑁 , where the dimension is 𝑁 := 2𝑛+𝑚. We use
the notation ℋ𝗌𝗒𝗆 :=

(︀
∨𝑡ℂ𝑁

)︀𝑠 (the 𝑠-fold tensor of the symmetric subspace). It holds that

{|𝗍𝗒𝗉𝖾𝑇1
⟩ ⊗ · · · ⊗ |𝗍𝗒𝗉𝖾𝑇𝑠

⟩ : 𝗌𝗂𝗓𝖾(𝑇𝑖) = 𝑡, ∀𝑖 ∈ {1, . . . , 𝑠}}

forms an orthonormal basis of ℋ𝗌𝗒𝗆. We say that an 𝑠-tuple of types (𝑇1, . . . , 𝑇𝑠) is distinct if
for all 𝑖, 𝑗 ∈ [𝑠] with 𝑖 ̸= 𝑗, 𝗌𝖾𝗍(𝑇𝑖) ∩ 𝗌𝖾𝗍(𝑇𝑗) = ∅. Moreover, we say that an 𝑠-tuple of types
(𝑇1, . . . , 𝑇𝑠) is unique if (𝑇1, . . . , 𝑇𝑠) is distinct and for all 𝑖 ∈ [𝑠], 𝗌𝖾𝗍(𝑇𝑖) contains 𝑡 distinct
elements.
We define 𝒯𝖽𝗂𝗌𝑛+𝑚

𝑠,𝑡
to be the set of all distinct (𝑇1, . . . , 𝑇𝑠) where for all 𝑖 ∈ [𝑠], 𝗌𝗂𝗓𝖾(𝑇𝑖) = 𝑡 and

𝒯𝗎𝗇𝗂𝑛+𝑚
𝑠,𝑡

to be the set of all unique (𝑇1, . . . , 𝑇𝑠) where for all 𝑖 ∈ [𝑠], 𝗌𝗂𝗓𝖾(𝑇𝑖) = 𝑡. Note that
𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠,𝑡
⊆ 𝒯𝖽𝗂𝗌𝑛+𝑚

𝑠,𝑡
.

Let

𝜌𝗎𝗇𝗂𝑠,𝑡 := 𝔼
(𝑇1,··· ,𝑇𝑠)←𝒯𝗎𝗇𝗂𝑚+𝑛

𝑠,𝑡

𝑠⨂︁
𝑖=1

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| .

We will show that 𝜌𝗎𝗇𝗂𝑠,𝑡 is almost invariant under 𝑞(= 𝑠𝑡)-fold Haar unitary.

Lemma 4.10 (Almost Invariance of 𝜌𝗎𝗇𝗂). Let 𝑛,𝑚, 𝑠, 𝑡 ∈ 𝗉𝗈𝗅𝗒(𝜆), 𝑞 = 𝑠𝑡, and let 𝒯𝗎𝗇𝗂𝑚+𝑛
𝑠,𝑡

be
defined as the set containing all 𝑠 tuples of types (𝑇1, · · · , 𝑇𝑠) which are unique. Let

𝜌𝗎𝗇𝗂𝑠,𝑡 := 𝔼
(𝑇1,··· ,𝑇𝑠)←𝒯𝗎𝗇𝗂𝑚+𝑛

𝑠,𝑡

𝑠⨂︁
𝑖=1

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

|

then 𝜌𝗎𝗇𝗂𝑠,𝑡 is 𝑂(𝑠2𝑡2/2𝑚+𝑛)-almost invariant under 𝑞-fold Haar unitary.

Proof. We prove this by showing that 𝜌𝗎𝗇𝗂𝑠,𝑡 is close to 𝑡 copies of 𝑠 i.i.d. sampled Haar states.
Next we show that 𝑡 copies of 𝑠 i.i.d. sampled Haar states can be written as a mixture of per-
mutation operators and hence is invariant under 𝑞(= 𝑠𝑡)-fold Haar unitary. Then by Claim 4.6,
we would get that 𝜌𝗎𝗇𝗂𝑠,𝑡 is almost invariant under 𝑞-fold Haar unitary. We start by showing the
following lemma:

Lemma 4.11. Let 𝑛,𝑚, 𝑠, 𝑡 ∈ 𝗉𝗈𝗅𝗒(𝜆), and let 𝒯𝗎𝗇𝗂𝑛𝑠,𝑡 be defined as the set containing all 𝑠 tuples
of types (𝑇1, · · · , 𝑇𝑠) which are unique. Let

𝜌𝗎𝗇𝗂𝑠,𝑡 := 𝔼
(𝑇1,··· ,𝑇𝑠)←𝒯𝗎𝗇𝗂𝑚+𝑛

𝑠,𝑡

𝑠⨂︁
𝑖=1

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

|

and let

𝜌 := 𝔼
𝑈1,··· ,𝑈𝑠←H𝑚+𝑛

𝑠⨂︁
𝑖=1

(︁
𝑈𝑖 |0𝑛⟩⟨0𝑛|𝑈†𝑖

)︁⊗𝑡
,

then
TD(𝜌𝗎𝗇𝗂𝑠,𝑡 , 𝜌) = 𝑂(𝑠2𝑡2/2𝑚+𝑛).

Proof. We prove this using the hybrid method.
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Hybrid 1. Sample (𝑇1, · · · , 𝑇𝑠) from 𝒯𝗎𝗇𝗂𝑛+𝑚
𝑠,𝑡

and output

𝑠⨂︁
𝑖=1

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| .

Hybrid 2.𝑖., for 1 ≤ 𝑖 ≤ 𝑠 Sample (𝑇𝑖, · · · , 𝑇𝑠) from 𝒯𝗎𝗇𝗂𝑛+𝑚
𝑠−𝑖+1,𝑡

, for 1 ≤ 𝑗 < 𝑖, sample 𝑇𝑗
from 𝒯𝗎𝗇𝗂𝑛+𝑚

1,𝑡
and output

𝑠⨂︁
𝑗=1

|𝗍𝗒𝗉𝖾𝑇𝑗
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑗

| .

Hybrid 3. Sample 𝑈1, · · · , 𝑈𝑠 i.i.d. from H𝑚+𝑛, and output
𝑠⨂︁
𝑖=1

(︁
𝑈𝑖 |0𝑛⟩⟨0𝑛|𝑈†𝑖

)︁⊗𝑡
.

Claim 4.12. Hybrid 1. and Hybrid 2.1 are identical.

Proof. This is true since the sampling procedures used in Hybrid 1 and Hybrid 2.1 are the
same.

Lemma 4.13. For 1 ≤ 𝑖 ≤ 𝑠− 1, the trace distance between Hybrid 2.𝑖 and Hybrid 2.(𝑖+ 1) is
𝑂((𝑠− 𝑖+ 1)𝑡2/2𝑛+𝑚).

Proof. Notice that for 𝑗 < 𝑖, 𝑇𝑗 is identically distributed. Hence, we need to find the distance
between

⨂︀𝑠
𝑗=𝑖 |𝗍𝗒𝗉𝖾𝑇𝑗

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑗
| for (𝑇𝑖, · · · , 𝑇𝑠) sampled from 𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠−𝑖,𝑡
×𝒯𝗎𝗇𝗂𝑛+𝑚

1,𝑡
versus 𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠−𝑖+1,𝑡
.

Notice that, sampling from 𝒯𝗎𝗇𝗂𝑛+𝑚
𝑠−𝑖+1,𝑡

is equivalent to choosing (𝑠− 𝑖+1)𝑡 distinct elements from
[2𝑛+𝑚]. Similarly, sampling from 𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠−𝑖,𝑡
× 𝒯𝗎𝗇𝗂𝑛+𝑚

1,𝑡
is equivalent to choosing (𝑠 − 𝑖)𝑡 distinct

elements from [2𝑛+𝑚] and then choosing 𝑡 distinct elements from [2𝑛+𝑚]. In this case, the
probability of having a collision between these two sets is 𝑂((𝑠 − 𝑖 + 1)𝑡2/2𝑛+𝑚). Thus, the
statistical distance between the uniform distribution on 𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠−𝑖+1,𝑡
× 𝒯𝗎𝗇𝗂𝑛+𝑚

1,𝑡
and the uniform

distribution on 𝒯𝗎𝗇𝗂𝑛+𝑚
𝑠−𝑖,𝑡

is 𝑂((𝑠 − 𝑖 + 1)𝑡2/2𝑛+𝑚). This in turn implies that the trace distance
between Hybrid 2.𝑖 and Hybrid 2.(𝑖+ 1) is 𝑂((𝑠− 𝑖+ 1)𝑡2/2𝑛+𝑚).

Lemma 4.14. The trace distance between Hybrid 2.𝑠 and Hybrid 3 is 𝑂(𝑠𝑡2/2𝑛+𝑚).

Proof. Since, in Hybrid 3, all the 𝑈𝑗 ’s are sampled independently, the output of Hybrid 3 can
be equivalently written as

𝑠⨂︁
𝑖=1

𝔼
|𝜗𝑖⟩←H𝑛+𝑚

(|𝜗𝑖⟩⟨𝜗𝑖|)⊗𝑡 .

Next by Fact 2.10, we know that that this is equivalent to
𝑠⨂︁
𝑖=1

𝔼
𝑇𝑖←[𝑡+1]2

𝑛+𝑚

𝗌𝗂𝗓𝖾(𝑇𝑖)=𝑡

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| .

Note that if instead of sampling 𝑇𝑖 uniformly from the set of vectors from [𝑡 + 1]2
𝑛+𝑚

with
𝗌𝗂𝗓𝖾(𝑇𝑖) = 𝑡, we sample 𝑇𝑖 from 𝒯𝗎𝗇𝗂𝑛+𝑚

1,𝑡
, we get the output of Hybrid 2.𝑠. In particular, we know

that the output of Hybrid 2.𝑠 can be written as
𝑠⨂︁
𝑖=1

𝔼
𝑇𝑖←𝒯𝗎𝗇𝗂𝑛+𝑚

1,𝑡

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| .
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Since the probability of having a collision when choosing 𝑡 elements from [2𝑛+𝑚] is 𝑂(𝑡2/2𝑛+𝑚),
the statistical distance between the distributions 𝑇𝑖 chosen uniformly from the vectors in [𝑡 +

1]2
𝑛+𝑚

with 𝗌𝗂𝗓𝖾(𝑇𝑖) = 𝑡 versus 𝑇𝑖 sampled from 𝒯𝗎𝗇𝗂𝑛+𝑚
1,𝑡

is 𝑂(𝑡2/2𝑛+𝑚) for each 𝑖. Hence, the
trace distance between Hybrid 2.𝑠 and Hybrid 3 is 𝑂(𝑠𝑡2/2𝑛+𝑚).

Combining the above, we get the trace distance between Hybrid 1 and Hybrid 3 is 𝑂(𝑠2𝑡2/2𝑚+𝑛).
This completes the proof of Lemma 4.11.

Next we show that

𝜌 = 𝔼
𝑈1,··· ,𝑈𝑠←H𝑚+𝑛

𝑠⨂︁
𝑖=1

(︁
𝑈𝑖 |0𝑛⟩⟨0𝑛|𝑈†𝑖

)︁⊗𝑡
,

is invariant under 𝑞-fold Haar unitary. To do this we show that 𝜌 can be written as a mixture
of permutation operators. Notice that by Fact 2.10,

𝔼
𝑈1,··· ,𝑈𝑠←H𝑚+𝑛

𝑠⨂︁
𝑖=1

(︁
𝑈𝑖 |0𝑛⟩⟨0𝑛|𝑈†𝑖

)︁⊗𝑡
= 𝔼
𝜎1,··· ,𝜎𝑠←𝑆𝑡

𝑠⨂︁
𝑖=1

𝑃𝜎𝑖
.

Here, note that for any 𝜎1, · · · , 𝜎𝑠 ∈ 𝑆𝑡,
⨂︀𝑠

𝑖=1 𝑃𝜎𝑖
can be written as 𝑃𝜎1,...,𝑠

for some 𝜎1,...,𝑠 ∈ 𝑆𝑠𝑡.
Hence,

𝔼
𝑈1,··· ,𝑈𝑠←H𝑚+𝑛

𝑠⨂︁
𝑖=1

(︁
𝑈𝑖 |0𝑛⟩⟨0𝑛|𝑈†𝑖

)︁⊗𝑡
= 𝔼

𝜎←𝑆𝑠𝑡
𝜎1,...,𝑠 is 𝑡-internal

𝑃𝜎,

where we say 𝜎 is 𝑡-internal if 𝑃𝜎 can be written as
⨂︀𝑠

𝑖=1 𝑃𝜎𝑖
for some 𝜎1, · · · , 𝜎𝑠 ∈ 𝑆𝑡. Hence,

from Corollary 4.9, we have that 𝜌 is invariant under q-fold Haar unitary. Hence, by Lemma 4.11,
we get that 𝜌𝗎𝗇𝗂𝑠,𝑡 is negligibly close to some mixture of permutation operators and by Claim 4.6
𝜌𝗎𝗇𝗂𝑠,𝑡 is almost invariant under 𝑞-fold Haar unitary.

Lemma 4.15. Let 𝜌𝗎𝗇𝗂𝑠,𝑡 be as defined above. Define for any ℓ-qubit state 𝜎, 𝜌𝜎𝗎𝗇𝗂𝑠,𝑡 := 𝜎⊗𝜌𝗎𝗇𝗂𝑠,𝑡 .
Then 𝜌𝜎𝗎𝗇𝗂𝑠,𝑡 is also 𝑂(𝑠2𝑡2/2𝑚+𝑛)-almost invariant under 𝑞-fold Haar unitary with 𝐼ℓ being
applied on 𝜎 (or is 𝑂(𝑠2𝑡2/2𝑚+𝑛)-almost invariant under 𝐼ℓ⊗𝑈⊗𝑞 where 𝑈 is sampled from the
Haar measure).

5 Construction
Let 𝑚(·), 𝑛(·) be polynomials. Let 𝑝 = 𝑝(𝜆) be a 𝜆-bit integer. Let 𝜆 = 2𝜆1. We use the
following tools in the construction of PRI.

• 𝑓 : {0, 1}𝜆1 × {0, 1}𝑛(𝜆1)+𝑚(𝜆1) → ℤ𝑝 is a quantum-query secure pseudorandom function
(𝖰𝖯𝖱𝖥, Definition 2.15). For a key 𝑘 ∈ {0, 1}𝜆1 , we denote 𝑂𝑓𝑘 to be a unitary which
maps the state |𝑥⟩ to 𝜔𝑓(𝑘,𝑥)𝑝 |𝑥⟩ for every 𝑥 ∈ {0, 1}𝑛(𝜆1)+𝑚(𝜆1) where 𝜔𝑝 is the 𝑝-th root
of unity.

• 𝑔 : {0, 1}𝜆1 × {0, 1}𝑛(𝜆1)+𝑚(𝜆1) → {0, 1}𝑛(𝜆1)+𝑚(𝜆1) is a quantum-query secure pseudoran-
dom permutation (𝖰𝖯𝖱𝖯, Definition 2.16). For a key 𝑘 ∈ {0, 1}𝜆1 , we denote 𝑂𝑔𝑘 to be a
unitary which maps the state |𝑥⟩ to |𝑔(𝑘, 𝑥)⟩ for every 𝑥 ∈ {0, 1}𝑛(𝜆1)+𝑚(𝜆1).20

We present the construction of psuedorandom isometry {𝐹𝜆}𝜆∈ℕ in Figure 1. Note that the
construction presented is functionally equivalent to an isometry even though it performs a
partial trace. Note that after appending 0’s in the second step, our construction is a mixture of

20The instantiation of the unitary 𝑂𝑔𝑘 requires one query to 𝑔(𝑘, ·) and one query to 𝑔−1(𝑘, ·) [JLS18].
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unitaries parametrized by the key 𝑘, so that it satisfies the condition of Claim 4.7. Moreover,
our construction is invertible (Definition 3.6). The inversion is done by reversing all the unitary
operations in 𝐹𝜆 and discarding (tracing out) the 𝑚-qubit register.21

On input a key 𝑘 ∈ {0, 1}𝜆 and an 𝑛-qubit register 𝐗. We define the operation of 𝐹𝜆(𝑘, ·) as follows.

• Parse the key 𝑘 as 𝑘1||𝑘2, where 𝑘1 ∈ {0, 1}𝜆1 is a 𝖰𝖯𝖱𝖥 key and 𝑘2 ∈ {0, 1}𝜆1 is a 𝖰𝖯𝖱𝖯 key.

• Append an 𝑚-qubit register 𝐙 initalized with |0𝑚⟩𝐙 to register 𝐗.

• Apply 𝐻⊗𝑚 to register 𝐙.

• Apply 𝑂𝑓𝑘1
to registers 𝐗 and 𝐙.

• Apply 𝑂𝑔𝑘2
to registers 𝐗 and 𝐙.

Explicitly, 𝐹𝜆(𝑘, ·) maps the basis vector |𝑥⟩𝐗 to

1√
2𝑚

∑︁
𝑧∈{0,1}𝑚

𝜔𝑓(𝑘1,𝑥||𝑧)
𝑝 |𝑔(𝑘2, 𝑥||𝑧)⟩𝐗𝐙 .

Figure 1: Description of 𝐹𝜆.

5.1 Invoking Cryptographic Assumptions
We start by defining the information-theoretic version of Figure 1, i.e., the same construction
but with 𝖰𝖯𝖱𝖯 replaced by a random permutation 𝜋 ∈ 𝑆2𝑛+𝑚 and 𝖰𝖯𝖱𝖥 replaced by a random
function 𝑓 ∈ ℱ2𝑛+𝑚,𝑝. This construction, denoted by 𝐺(𝑓,𝜋), is given in Figure 2.

We show that the construction in Figure 2 is computationally indistinguishable from the one
in Figure 1.

Let 𝑓 ∈ ℱ2𝑛+𝑚,𝑝 and 𝜋 ∈ 𝑆2𝑛+𝑚 . On input an 𝑛-qubit register 𝐗. We define the operation of
𝐺(𝑓,𝜋)(·) as follows.

• Append an 𝑚-qubit register 𝐙 initalized with |0𝑚⟩𝐙 to register 𝐗.

• Apply 𝐻⊗𝑚 to register 𝐙.

• Apply 𝑂𝑓 to registers 𝐗 and 𝐙.

• Apply 𝑂𝜋 to registers 𝐗 and 𝐙.

Explicitly, 𝐺(𝑓,𝜋)(·) maps the basis vector |𝑥⟩𝐗 to

1√
2𝑚

∑︁
𝑧∈{0,1}𝑚

𝜔𝑓(𝑥||𝑧)
𝑝 |𝜋(𝑥||𝑧)⟩𝐗𝐙 .

Figure 2: Description of 𝐺(𝑓,𝜋).

21The application of 𝑓(𝑘1, ·) can be inverted by manipulating the phase oracle to apply a negative phase, whereas
𝑔(𝑘2, ·) can be inverted using the oracle access to 𝑔−1(𝑘2, ·).
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Theorem 5.1. Let 𝑛,𝑚 = 𝗉𝗈𝗅𝗒(𝜆). Let 𝐶𝐹𝑘
be the quantum channel defined in Figure 1 and let

𝐺(𝑓,𝜋) be as given in Figure 2. Then, assuming the security of 𝖰𝖯𝖱𝖥 and 𝖰𝖯𝖱𝖯, for any QPT
adversary 𝒜, the following holds:⃒⃒⃒⃒

⃒𝖯𝗋 [︁1 = 𝒜𝐶𝐹𝑘 (1𝜆) : 𝑘
$←− {0, 1}𝜆

]︁
− 𝖯𝗋

[︃
1 = 𝒜𝐺(𝑓,𝜋)

(︀
1𝜆
)︀

:
𝑓

$←−ℱ2𝑛+𝑚,𝑝

𝜋
$←−𝑆2𝑛+𝑚

]︃⃒⃒⃒⃒
⃒ ≤ 𝗇𝖾𝗀𝗅(𝜆),

for some negligible function 𝗇𝖾𝗀𝗅(·).

Proof of Theorem 5.1. We prove this by a standard hybrid argument. Consider the following
hybrids:

• Hybrid 𝖧0: The oracle is 𝐹𝜆 defined in Figure 1.
• Hybrid 𝖧1: The oracle is the same as 𝐹𝜆 except that 𝖰𝖯𝖱𝖥 is replaced by a random

function.
• Hybrid 𝖧2: The oracle is 𝐺(𝑓,𝜋) defined in Figure 2.

Claim 5.2. Assuming the quantum-query security of 𝖰𝖯𝖱𝖥, the output distributions of the
hybrids 𝖧0 and 𝖧1 are computationally indistinguishable.

Proof. Suppose there exists some QPT algorithm 𝒜 that distinguishes Hybrid 0 from Hybrid 1
with a non-negligible advantage 𝜈. We’ll construct a reduction 𝒟 that given oracle access to 𝒪
distinguishes whether 𝒪 is either the 𝖰𝖯𝖱𝖥 oracle or a random function with the same advantage
𝜈 by using 𝒜. Upon receiving a query |𝜓⟩ from 𝒜, the reduction 𝒟 responds by first applying
𝐻⊗𝑚⊗𝐼𝑛 on |0𝑚⟩ |𝜓⟩, querying 𝒪 and finally, computing 𝑔(𝑘2, ·), where 𝑘2 is sampled uniformly
at random from {0, 1}𝜆1 . Since 𝒟 perfectly simulates the distributions of oracles in hybrids 𝖧0

and 𝖧1, it has the same distinguishing advantage as that of 𝒜. However, this contradicts the
post-quantum security of the underlying 𝖰𝖯𝖱𝖥.

Claim 5.3. Assuming the quantum-query security of 𝖰𝖯𝖱𝖯, the output distributions of the
hybrids 𝖧1 and 𝖧2 are computationally indistinguishable.

Proof. Suppose there exists some QPT algorithm 𝒜 that distinguishes hybrids 𝖧1 from 𝖧2 with
a non-negligible advantage 𝜈. We’ll construct a reduction 𝒟 that given access to an oracle 𝒪
distinguishes where 𝒪 implements 𝖰𝖯𝖱𝖯 or a random permutation with the same advantage
𝜈′ by using 𝒜. Suppose the number of queries made by 𝒜 is 𝑞 = 𝗉𝗈𝗅𝗒(𝜆). Since each query
to the oracle needs to invoke the random function once, the number of queries to the random
function is also 𝑞. Upon receiving a query |𝜓⟩ from 𝒜, the reduction 𝒟 responds by first applying
𝐻⊗𝑚 ⊗ 𝐼𝑛 on |0𝑚⟩ |𝜓⟩, applying a 2𝑞-wise independent hash function and finally, querying 𝒪.
From Theorem 2.17, it follows that a 2𝑞-wise independent hash function perfectly simulates a
random function. Thus, 𝒟 perfectly simulates the distributions of the oracles in the hybrids 𝖧1

and 𝖧2. So 𝒟 has the same distinguishing advantage as that of 𝒜. However, this contradicts
the post-quantum security of the underlying 𝖰𝖯𝖱𝖯.

Combining the above claims completes the proof of Theorem 5.1.

5.2 A Pathway to Security via Almost Invariance
The next step would be to show that 𝑞-fold 𝐺(𝑓,𝜋) on a state from the query set is close (in
trace distance) to 𝑞-fold Haar unitary, where 𝑞 is the number of adversarial queries, on the same
state. To prove this, we rely on the notion of almost invariance defined in Section 4.2.

In particular, we identify interesting classes of 𝒬 and show the closeness of 𝑞-fold 𝐺(𝑓,𝜋) on a
state from one of the interesting classes is close to an almost invariant state (specifically the
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one given in Section 4.2.2). Combining this with Claim 4.6, we would be showing that the state
obtained after applying 𝑞-fold 𝐺(𝑓,𝜋) on 𝜌, where 𝜌 comes from one of these query classes, is
almost invariant under 𝑞-fold Haar unitary. This when combined with Claim 4.7 would then show
that 𝑞-fold 𝐺(𝑓,𝜋) on 𝜌 is close to 𝑞-fold Haar unitary on 𝜌. We formally show this in Section 5.4.

5.3 Closeness to Almost Invariant States
We identify different classes of 𝒬 and show that applying 𝑞-fold 𝐺(𝑓,𝜋) on a state 𝜌 from one of
these classes will be close to 𝜌𝗎𝗇𝗂𝑠,𝑡 .

Note that if the input state 𝜌 (which is 𝑛𝑞 + ℓ qubits) can be written as a product state where
𝜌 = 𝜌1 ⊗ 𝜌2 where 𝜌1 is an ℓ qubit state. Then we only need to show that 𝜌2 is close to 𝜌𝗎𝗇𝗂𝑠,𝑡
for some 𝑠, 𝑡 such that 𝑠𝑡 = 𝑞. Hence, in the proofs, we ignore 𝜌1.

5.3.1 Distinct Type Queries

We define a class of states

𝒬(𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍)
𝑛,𝑡,𝑠,ℓ,𝜆 := 𝒟(ℂ2ℓ

′(𝜆)

)⊗ {
𝑠⨂︁
𝑖=1

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| : (𝑇1, · · · , 𝑇𝑠) ∈ 𝒯𝖽𝗂𝗌𝑛𝑠,𝑡}.

Next, we define the following class:

𝒬(𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍)
𝑛,𝑞,ℓ,𝜆 :=

⋃︁
𝑠,𝑡

such that 𝑞=𝑠𝑡

𝒬(𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍)
𝑛,𝑡,𝑠,ℓ,𝜆.

In this section, we prove the security of the construction on 𝒬(𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍) := {𝒬(𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍)
𝑛,𝑞,ℓ,𝜆 }𝜆∈ℕ. In

particular, we prove the following:

Theorem 5.4. Let 𝑛,𝑚, 𝑞, ℓ = 𝗉𝗈𝗅𝗒(𝜆) and 𝒬𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍 be as defined above, then, assuming the ex-
istence of post-quantum one-way functions, the construction of 𝖯𝖱𝖨 given in Figure 1 is 𝒬𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍-
secure.

A straightforward corollary of the above theorem is that our construction is secure against
computational basis states. Recall the definition of 𝒬𝖢𝗈𝗆𝗉-security in Section 3. Suppose there
are 𝑡 elements in the query set {𝑥1, . . . , 𝑥𝑞} equal to some 𝑥 ∈ {0, 1}𝑛. Observe that |𝑥⟩⊗𝑡
is a valid type state (Definition 2.5). In this manner, we can represent

⨂︀𝑞
𝑖=1 |𝑥𝑖⟩⟨𝑥𝑖| (up to

re-ordering registers) as a tensor product of distinct type vectors. This results in the following
corollary:

Corollary 5.5. Let 𝑛,𝑚, 𝑞, ℓ = 𝗉𝗈𝗅𝗒(𝜆) and 𝒬𝖢𝗈𝗆𝗉 be defined as in Section 3. Assuming the
existence of post-quantum one-way functions, the construction of 𝖯𝖱𝖨 given in Figure 1 is 𝒬𝖢𝗈𝗆𝗉-
secure.

To prove this, we show that the output of𝐺(𝑓,𝜋) on any
⨂︀𝑠

𝑖=1 |𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| for (𝑇1, · · · , 𝑇𝑠) ∈
𝒯𝖽𝗂𝗌𝑛𝑠,𝑡 is negligibly close to 𝜌𝗎𝗇𝗂𝑠,𝑡 .

Lemma 5.6. Let 𝑛,𝑚, 𝑡, 𝑠 = 𝗉𝗈𝗅𝗒(𝜆). Let (𝑇1, · · · , 𝑇𝑠) ∈ 𝒯𝖽𝗂𝗌𝑛𝑠,𝑡 . Let

𝜌 := 𝔼
(𝑓,𝜋)←(ℱ2𝑛+𝑚,𝑝,𝑆2𝑛+𝑚 )

[︃
𝑠⨂︁
𝑖=1

𝐺⊗𝑡(𝑓,𝜋) |𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| (𝐺†(𝑓,𝜋))
⊗𝑡

]︃
,

and

𝜌𝗎𝗇𝗂𝑠,𝑡 := 𝔼
(𝑇 1,··· ,𝑇 𝑠)←𝒯𝗎𝗇𝗂𝑚+𝑛

𝑠,𝑡

[︃
𝑠⨂︁
𝑖=1

|𝗍𝗒𝗉𝖾𝑇 𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖

|

]︃
.
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Then TD(𝜌, 𝜌𝗎𝗇𝗂𝑠,𝑡) = 𝑂(𝑠𝑡2/2𝑚).

Proof. Observe that |𝗍𝗒𝗉𝖾𝑇1
⟩⟨𝗍𝗒𝗉𝖾𝑇1

| ⊗ · · · ⊗ |𝗍𝗒𝗉𝖾𝑇𝑠
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑠

| can be seen as a convex sum over
|𝑥1, · · · , 𝑥𝑠⟩⟨𝑥′1, · · · , 𝑥′𝑠| where 𝑥𝑖, 𝑥′𝑖 ∈ 𝑇𝑖. By Lemma 2.6, this can equivalently be written as
a sum over 𝑥𝑖 ∈ 𝑇𝑖, 𝜎𝑖 ∈ 𝑆𝑡, |𝑥1, · · · , 𝑥𝑠⟩⟨𝜎1(𝑥1), · · · , 𝜎𝑠(𝑥′𝑠)|. Applying 𝐺(𝑓,𝜋) can be seen as
three operators, 𝐶|+𝑚⟩ which appends |+𝑚⟩ to each entry, 𝑂𝑓 which maps |𝑥𝑖⟩ to 𝜔𝑓(𝑥𝑖)

𝑝 |𝑥𝑖⟩ and
𝑂𝜋 which maps |𝑥𝑖⟩ to |𝑥𝑖𝜋⟩. Let us look at these operations one at a time.

1. 𝐶|+𝑚⟩: We first apply to every register of the convex sum over |𝑥1, · · · , 𝑥𝑠⟩⟨𝑥′1, · · · , 𝑥′𝑠|,
this is equivalent to mapping each |𝑥1, · · · , 𝑥𝑠⟩⟨𝜎1(𝑥1), · · · , 𝜎𝑠(𝑥𝑠)| to a sum over

|𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠⟩⟨𝜎1(𝑥1)||𝑎′1, · · · , 𝜎𝑠(𝑥𝑠)||𝑎′𝑠|

for all 𝑎𝑖, 𝑎′𝑖 ∈ {0, 1}
𝑚𝑡.

2. 𝑂𝑓 : When we apply 𝑂𝑓 , we get a leading coefficient of 𝜔𝑓(𝑥𝑖||𝑎𝑖)−𝑓(𝜎𝑖(𝑥𝑖)||𝑎′𝑖)
𝑝 on each term.

Since 𝑝 > 𝑡, taking expectation over 𝑓 would map this to zero unless 𝑎′𝑖 = 𝜎𝑖(𝑎𝑖). Hence,
the only terms left after this step are |𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠⟩⟨𝜎1(𝑥1||𝑎1), · · · , 𝜎𝑠(𝑥𝑠||𝑎𝑠)|.

3. 𝑂𝜋: Notice that the state is a sum over all (𝑎1, · · · , 𝑎𝑠). With very high probability all ele-
ments of (𝑎1, · · · , 𝑎𝑠) are distinct. In this case, |𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠⟩⟨𝜎1(𝑥1||𝑎1), · · · , 𝜎𝑠(𝑥𝑠||𝑎𝑠)|
has only distinct elements and applying 𝑂𝜋 maps it to random vectors with distinct ele-
ments. Taking sum over all 𝜎𝑖, we get that this is equivalent to sampling from 𝒯𝗎𝗇𝗂.

We now provide the formal details. We know that

𝜌 = 𝔼
𝑓
𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

𝐺⊗𝑡(𝑓,𝜋) |𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| (𝐺†(𝑓,𝜋))
⊗𝑡

]︃
.

Using Lemma 2.6, we get

𝜌 =
1

(𝑡!)𝑠

∑︁
𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝔼
𝑓
𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

𝐺⊗𝑡(𝑓,𝜋) |𝑥𝑖⟩⟨𝜎𝑖(𝑥𝑖)| (𝐺
†
(𝑓,𝜋))

⊗𝑡

]︃
.

Using the fact that every 𝑡-fold tensor operator commutes with the permutation operator 𝑃𝜎𝑖
,

we can simplify this to:

𝜌 =
1

(𝑡!)𝑠

∑︁
𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝔼
𝑓
𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︁
𝐺⊗𝑡(𝑓,𝜋) |𝑥𝑖⟩⟨𝑥𝑖| (𝐺

†
(𝑓,𝜋))

⊗𝑡𝑃𝜎𝑖

)︁]︃
.

Writing𝐺(𝑓,𝜋) = 𝑂𝜋𝑂𝑓 (𝐼⊗𝐻⊗𝑚)𝐶|0𝑚⟩ (where𝑂𝜋 refers to the unitary applying the permutation
𝜋, 𝑂𝑓 refers to the unitary applying the function 𝑓 and 𝐶|0𝑚⟩ refers to appending |0𝑚⟩),

𝜌 =
1

(𝑡!)𝑠

∑︁
𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝔼
𝑓
𝔼
𝜋

⎡⎢⎢⎢⎣
𝑠⨂︁
𝑖=1

⎛⎜⎜⎜⎝𝑂⊗𝑡𝜋 𝑂⊗𝑡𝑓

⎛⎜⎜⎜⎝ 1

2𝑚𝑡

∑︁
𝑎𝑖∈{0,1}𝑚𝑡

𝑎′𝑖∈{0,1}
𝑚𝑡

|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎′𝑖|

⎞⎟⎟⎟⎠ (𝑂†𝑓 )
⊗𝑡(𝑂†𝜋)

⊗𝑡𝑃𝜎𝑖

⎞⎟⎟⎟⎠
⎤⎥⎥⎥⎦ .

Applying 𝑂𝑓 ,
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𝜌 =
1

(𝑡!)𝑠

∑︁
𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝔼
𝑓
𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︂
𝑂⊗𝑡𝜋

(︂
1

2𝑚𝑡
𝜔
𝑓(𝑥𝑖||𝑎𝑖)−𝑓(𝑥𝑖||𝑎′𝑖)
𝑝 ×

∑︁
𝑎𝑖∈{0,1}𝑚𝑡

𝑎′𝑖∈{0,1}
𝑚𝑡

|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎′𝑖|

⎞⎟⎟⎟⎠ (𝑂†𝜋)
⊗𝑡𝑃𝜎𝑖

⎞⎟⎟⎟⎠
⎤⎥⎥⎥⎦ .

By linearity, we get

𝜌 =
1

2𝑚𝑠𝑡(𝑡!)𝑠

∑︁
𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

(𝑎1,··· ,𝑎𝑠)∈{0,1}𝑚𝑡𝑠

(𝑎′1,··· ,𝑎′𝑠)∈{0,1}
𝑚𝑡𝑠

𝔼
𝑓

[︂
𝜔
∑︀𝑠

𝑖=1(𝑓(𝑥𝑖||𝑎𝑖)−𝑓(𝑥𝑖||𝑎′𝑖))
𝑝

]︂
×

𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︁
𝑂⊗𝑡𝜋

(︁
|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎′𝑖|

)︁
(𝑂†𝜋)

⊗𝑡𝑃𝜎𝑖

)︁]︃
.

Since sum of powers of a root of unity is zero, we have

𝔼
𝑓

[︂
𝜔
∑︀𝑠

𝑖=1(𝑓(𝑥𝑖||𝑎𝑖)−𝑓(𝑥𝑖||𝑎′𝑖))
𝑝

]︂
= 0

except when
𝗍𝗒𝗉𝖾((𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠)) = 𝗍𝗒𝗉𝖾((𝑥1||𝑎′1, · · · , 𝑥𝑠||𝑎′𝑠)) mod 𝑝.

Note that since 𝗍𝗒𝗉𝖾((𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠)), 𝗍𝗒𝗉𝖾((𝑥1||𝑎′1, · · · , 𝑥𝑠||𝑎′𝑠)) ∈ ℤ2𝑛+𝑚

𝑠𝑡 and 𝑠𝑡 < 𝑝,

𝗍𝗒𝗉𝖾((𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠)) = 𝗍𝗒𝗉𝖾((𝑥1||𝑎′1, · · · , 𝑥𝑠||𝑎′𝑠)) mod 𝑝

iff
𝗍𝗒𝗉𝖾((𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠)) = 𝗍𝗒𝗉𝖾((𝑥1||𝑎′1, · · · , 𝑥𝑠||𝑎′𝑠)).

Also, note that since, (𝑇1, · · · , 𝑇𝑠) are distinct, 𝑥𝑖 and 𝑥𝑗 has distinct elements for 𝑖 ̸= 𝑗.
Hence, no element of 𝑥𝑖||𝑎𝑖 can be equal to 𝑥𝑗 ||𝑎′𝑗 for any 𝑎𝑖, 𝑎′𝑗 and 𝑖 ̸= 𝑗. Hence, we need
𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎𝑖) = 𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎′𝑖) for all 1 ≤ 𝑖 ≤ 𝑠. Also, note that whenever this condition is true, we

get 𝔼𝑓
[︂
𝜔
∑︀𝑠

𝑖=1(𝑓(𝑥𝑖||𝑎𝑖)−𝑓(𝑥𝑖||𝑎′𝑖))
𝑝

]︂
= 1. Hence, we get

𝜌 =
1

2𝑚𝑠𝑡(𝑡!)𝑠

∑︁
𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

(𝑎1,··· ,𝑎𝑠)∈{0,1}𝑚𝑡𝑠

∑︁
(𝑎′1,··· ,𝑎′𝑠)∈{0,1}

𝑚𝑡𝑠

∀𝑖∈[𝑠],𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎𝑖)=𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎′𝑖)

𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︁
𝑂⊗𝑡𝜋

(︁
|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎′𝑖|

)︁
(𝑂†𝜋)

⊗𝑡𝑃𝜎𝑖

)︁]︃
.

Next we for each fixed (𝑥1, · · · , 𝑥𝑡) ∈ (𝑇1, · · · , 𝑇𝑠), we define

𝜌(𝑥1,··· ,𝑥𝑠) =
∑︁

𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑎1,··· ,𝑎𝑠)∈{0,1}𝑚𝑡𝑠

∑︁
(𝑎′1,··· ,𝑎′𝑠)∈{0,1}

𝑚𝑡𝑠

∀𝑖∈[𝑠],𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎𝑖)=𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎′𝑖)

𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︁
𝑂⊗𝑡𝜋

(︁
|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎′𝑖|

)︁
(𝑂†𝜋)

⊗𝑡𝑃𝜎𝑖

)︁]︃
.
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Then, we get

𝜌 =
1

2𝑚𝑠𝑡(𝑡!)𝑠

∑︁
(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝜌(𝑥1,··· ,𝑥𝑠).

We will show that for each of these 𝜌(𝑥1,··· ,𝑥𝑠) can be shown to be close to some constant times
𝜌𝗎𝗇𝗂𝑠,𝑡 . We start by defining 𝜉(𝑥1,··· ,𝑥𝑠) as

𝜉(𝑥1,··· ,𝑥𝑠) =
∑︁

𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑎1,··· ,𝑎𝑠)∈{0,1}𝑚𝑡𝑠

(𝑥1||𝑎1,··· ,𝑥𝑞||𝑎𝑠) has distinct elements

∑︁
(𝑎′1,··· ,𝑎′𝑠)∈{0,1}

𝑚𝑡𝑠

∀𝑖∈[𝑠],𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎𝑖)=𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎′𝑖)

𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︁
𝑂⊗𝑡𝜋

(︁
|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎′𝑖|

)︁
(𝑂†𝜋)

⊗𝑡𝑃𝜎𝑖

)︁]︃
.

Notice that whenever (𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠) has distinct elements, (𝑥1||𝑎′1, · · · , 𝑥𝑠||𝑎′𝑠) also has
distinct elements, because ∀𝑖 ∈ [𝑠], 𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎𝑖) = 𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎′𝑖). Also notice that whenever
(𝑥1||𝑎1, · · · , 𝑥𝑠||𝑎𝑠) has a collision, (𝑥1||𝑎′1, · · · , 𝑥𝑠||𝑎′𝑠) also has a collision. Note that apply-
ing 𝑂⊗𝑠𝑡𝜋 and permuting (𝑥1||𝑎′1, · · · , 𝑥𝑠||𝑎′𝑠) still perserves this property. Hence, 𝜉(𝑥1,··· ,𝑥𝑠) and
𝜂(𝑥1,··· ,𝑥𝑠) = 𝜌(𝑥1,··· ,𝑥𝑠)− 𝜉(𝑥1,··· ,𝑥𝑠) belong to orthogonal subspaces. We now simplify 𝜉(𝑥1,··· ,𝑥𝑠).
We know that

𝜉(𝑥1,··· ,𝑥𝑠) =
∑︁

𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑎1,··· ,𝑎𝑞)∈{0,1}𝑚𝑡𝑠

(𝑥1||𝑎1,··· ,𝑥𝑠||𝑎𝑠) has distinct elements

∑︁
(𝑎′1,··· ,𝑎′𝑠)∈{0,1}

𝑚𝑡𝑠

∀𝑖∈[𝑠],𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎𝑖)=𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎′𝑖)

𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︁
𝑂⊗𝑡𝜋

(︁
|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎′𝑖|

)︁
(𝑂†𝜋)

⊗𝑡𝑃𝜎𝑖

)︁]︃
.

Note that, whenever 𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎𝑖) = 𝗍𝗒𝗉𝖾(𝑥𝑖||𝑎′𝑖), we can write 𝑥𝑖||𝑎′𝑖 = 𝜏𝑖(𝑥𝑖||𝑎𝑖) for some
𝜏𝑖 ∈ 𝑆𝑡. Let the set of values of 𝜏𝑖 ∈ 𝑆𝑡, such that 𝑥𝑖||𝑎′𝑖 = 𝜏𝑖(𝑥𝑖||𝑎𝑖) for some 𝑎𝑖, 𝑎′𝑖 be denoted
by 𝐴𝑖. Then each of the elements in 𝜏𝑖 ∈ 𝐴𝑖 just need to map 𝑥𝑖 to 𝑥𝑖, hence, the size of 𝐴𝑖
is (
∏︀
𝑤𝑖∈𝑇𝑖

𝑤𝑖!). Also, notice that 𝐴𝑖 doesn’t depend on 𝑎𝑖 or 𝑎′𝑖. Also, notice that for each 𝑎𝑖

with distinct elements and 𝜏𝑖 ∈ 𝐴𝑖, there’s a distinct 𝑎′𝑖. Hence,

𝜉(𝑥1,··· ,𝑥𝑠) =
∑︁

𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑎1,··· ,𝑎𝑞)∈{0,1}𝑚𝑡𝑠

(𝑥1||𝑎1,··· ,𝑥𝑞||𝑎𝑠) has distinct elements

∑︁
(𝜏1,··· ,𝜏𝑠)∈(𝐴1,··· ,𝐴𝑠)

𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︀
𝑂⊗𝑡𝜋 (|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎𝑖|𝑃𝜏𝑖) (𝑂†𝜋)⊗𝑡𝑃𝜎𝑖

)︀]︃
.

Again, since 𝑡-fold unitaries commute with 𝑃𝜏𝑖 , and 𝑃𝜏𝑖𝑃𝜎𝑖
= 𝑃𝜎𝑖𝜏𝑖 , we get

𝜉(𝑥1,··· ,𝑥𝑠) =
∑︁

𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑎1,··· ,𝑎𝑠)∈{0,1}𝑚𝑡𝑠

(𝑥1||𝑎1,··· ,𝑥𝑠||𝑎𝑠) has distinct elements

∑︁
(𝜏1,··· ,𝜏𝑠)∈(𝐴1,··· ,𝐴𝑠)

𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︀
𝑂⊗𝑡𝜋 (|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎𝑖|) (𝑂†𝜋)⊗𝑡𝑃𝜎𝑖𝜏𝑖

)︀]︃
.
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Notice that since 𝜎𝑖 is summing over all of 𝑆𝑡, 𝑃𝜎𝑖𝜏𝑖 is distributed the same as 𝑃𝜎𝑖
. Define

𝛾 =
(︁∏︀𝑠

𝑖=1

(︁∏︀
𝑤𝑖∈𝗌𝗎𝗉𝗉(𝑇𝑖)

𝖿𝗋𝖾𝗊𝑤𝑖
(𝑇𝑖)!

)︁)︁
. Hence, using the size of 𝐴𝑖 is (

∏︀
𝑤𝑖∈𝗌𝗎𝗉𝗉(𝑇𝑖)

𝖿𝗋𝖾𝗊𝑤𝑖
(𝑇𝑖)!),

we get,

𝜉(𝑥1,··· ,𝑥𝑠) = 𝛾
∑︁

𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑎1,··· ,𝑎𝑠)∈{0,1}𝑚𝑡𝑠

(𝑥1||𝑎1,··· ,𝑥𝑠||𝑎𝑠) has distinct elements

𝔼
𝜋

[︃
𝑠⨂︁
𝑖=1

(︀
𝑂⊗𝑡𝜋 (|𝑥𝑖||𝑎𝑖⟩⟨𝑥𝑖||𝑎𝑖|) (𝑂†𝜋)⊗𝑡𝑃𝜎𝑖

)︀]︃
.

Applying 𝑂𝜋 and taking expectation, we get

𝜉(𝑥1,··· ,𝑥𝑠) = 𝛾
∑︁

𝜎1,··· ,𝜎𝑠∈𝑆𝑡

(𝑎1,··· ,𝑎𝑠)∈{0,1}𝑚𝑡𝑠

(𝑥1||𝑎1,··· ,𝑥𝑠||𝑎𝑠) has distinct elements

𝔼
(𝑧1,··· ,𝑧𝑠)∈{0,1}(𝑛+𝑚)𝑠𝑡

(𝑧1,··· ,𝑧𝑠) has distinct elements

[︃
𝑠⨂︁
𝑖=1

(|𝑧𝑖⟩⟨𝑧𝑖|𝑃𝜎𝑖)

]︃
.

Using Lemma 2.6, we get,

𝜉(𝑥1,··· ,𝑥𝑠) = 𝛾
∑︁

(𝑎1,··· ,𝑎𝑠)∈{0,1}𝑚𝑡𝑠

(𝑥1||𝑎1,··· ,𝑥𝑠||𝑎𝑠) has distinct elements

(︀
𝜌𝗎𝗇𝗂𝑠,𝑡

)︀
.

Let 𝑥𝑖 have 𝑣 distinct elements with 𝑡1, · · · , 𝑡𝑣 copies. Then 𝑡1+· · ·+𝑡𝑣 = 𝑡. Then the number of
values of 𝑎𝑖 such that 𝑥𝑖||𝑎𝑖 has distinct elements is

∏︀𝑣
𝑖=1(2

𝑚 · · · (2𝑚−𝑖+1)) = 2𝑚𝑡(1−𝑂(𝑡2/2𝑚)).
Hence, we have

𝜉(𝑥1,··· ,𝑥𝑠) = 𝛾2𝑚𝑡𝑠(1−𝑂(𝑡2/2𝑚))𝑠
(︀
𝜌𝗎𝗇𝗂𝑠,𝑡

)︀
.

Substituting, we get

𝜌 =
1

2𝑚𝑠𝑡(𝑡!)𝑠

∑︁
(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝛾2𝑚𝑡𝑠(1−𝑂(𝑡2/2𝑚))𝑠
(︀
𝜌𝗎𝗇𝗂𝑠,𝑡

)︀
+

1

2𝑚𝑠𝑡(𝑡!)𝑠

∑︁
(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝜂(𝑥1,··· ,𝑥𝑠).

Simplifying, we get

𝜌 =
𝛾

(𝑡!)𝑠

∑︁
(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

(1−𝑂(𝑠𝑡2/2𝑚))
(︀
𝜌𝗎𝗇𝗂𝑠,𝑡

)︀
+

1

2𝑚𝑠𝑡(𝑡!)𝑠

∑︁
(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝜂(𝑥1,··· ,𝑥𝑠).

Notice that the number of values for each 𝑥𝑖 is 𝑡!∏︀
𝑤𝑖∈𝗌𝗎𝗉𝗉(𝑇𝑖)

𝖿𝗋𝖾𝗊𝑤𝑖
(𝑇𝑖)!

.

Hence, using 𝛾 =
(︁∏︀𝑠

𝑖=1

(︁∏︀
𝑤𝑖∈𝗌𝗎𝗉𝗉(𝑇𝑖)

𝖿𝗋𝖾𝗊𝑤𝑖
(𝑇𝑖)!

)︁)︁
,

𝜌 = (1−𝑂(𝑠𝑡2/2𝑚))𝜌𝗎𝗇𝗂𝑠,𝑡 +
1

2𝑚𝑠𝑡(𝑡!)𝑠

∑︁
(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)

𝜂(𝑥1,··· ,𝑥𝑠).

Notice that
∑︀

(𝑥1,··· ,𝑥𝑡)∈(𝑇1,··· ,𝑇𝑠)
𝜂(𝑥1,··· ,𝑥𝑠) is orthogonal to 𝜌𝗎𝗇𝗂𝑠,𝑡 . Hence, we get that the trace

distance between 𝜌 and 𝜌𝗎𝗇𝗂𝑠,𝑡 is 𝑂(𝑠𝑡2/2𝑚).

Combining Lemma 5.6, Lemma 4.10 and Claim 4.6, we get the desired result.
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5.3.2 Multiple Copies of the Same Input

In this section, we prove security against multiple copies of the same input. Formally, we prove
the following,

Theorem 5.7. Let 𝑛,𝑚, 𝑞 = 𝗉𝗈𝗅𝗒(𝜆) and 𝒬(𝖲𝗂𝗇𝗀𝗅𝖾)
𝑛,𝑞,ℓ,𝜆 be as defined in Section 3 then, assuming

the existence of post-quantum one-way functions, the construction of 𝖯𝖱𝖨 given in Figure 1 is
𝒬𝗌𝗂𝗇𝗀𝗅𝖾𝑞 -secure.

Note that since |𝜑⟩⟨𝜑|⊗𝑞 is in the symmetric subspace, and type states form an orthogonal
basis of the symmetric subspace, we can write |𝜑⟩⟨𝜑|⊗𝑞 =

∑︀
𝑇,𝑇 ′ 𝛼𝑇,𝑇 ′ |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ |. Notice

that, |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | ∈ 𝒬𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍 for any type 𝑇 . So, to find the action of 𝑞-fold 𝐺(𝑓,𝜋) on |𝜑⟩⟨𝜑|⊗𝑞,
we just need to look at its action on |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ | for 𝑇 ̸= 𝑇 ′. To do this, we analyze the
output of the construction on |�⃗�⟩⟨𝑥′| for 𝗍𝗒𝗉𝖾(�⃗�) ̸= 𝗍𝗒𝗉𝖾(𝑥′).

Lemma 5.8. Let 𝑛,𝑚 ∈ ℕ, 𝑞 ∈ 𝗉𝗈𝗅𝗒(𝜆), �⃗� = (𝑥1, · · · , 𝑥𝑞) ∈ {0, 1}𝑛𝑞, and 𝑥′ = (𝑥′1, · · · , 𝑥′𝑞) ∈
{0, 1}𝑛𝑞. Let 𝗍𝗒𝗉𝖾(�⃗�) ̸= 𝗍𝗒𝗉𝖾(𝑥′). Let 𝐺(𝑓,𝜋) be as defined in Figure 2, then

𝔼
(𝑓,𝜋)←(ℱ2𝑛+𝑚,𝑝,𝑆2𝑛+𝑚 )

[︃(︁
𝐺⊗𝑞(𝑓,𝜋)

)︁(︃ 𝑞⨂︁
𝑖=1

|𝑥𝑖⟩⟨𝑥′𝑖|

)︃(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑞]︃
= 0.

Proof. We again see 𝐺(𝑓,𝜋) as 𝑂𝜋𝑂𝑓𝐶|+𝑚⟩. Acting on
⨂︀𝑞

𝑖=1 |𝑥𝑖⟩⟨𝑥′𝑖|, applying 𝐶|+𝑚⟩ results
in
⨂︀𝑞

𝑖=1 |𝑥𝑖||𝑎𝑖⟩⟨𝑥′𝑖||𝑎′𝑖| for each 𝑎𝑖, 𝑎
′
𝑖 ∈ {0, 1}

𝑚. Applying 𝑂𝑓 gives us a leading coefficient
of 𝜔

∑︀
𝑖(𝑓(𝑥𝑖||𝑎𝑖)−𝑓(𝑥′

𝑖||𝑎
′
𝑖))

𝑝 which always goes to zero when we take expectation over 𝑓 because∑︀
𝑖(𝑓(𝑥𝑖||𝑎𝑖)− 𝑓(𝑥′𝑖||𝑎′𝑖)) ̸= 0 for all values of 𝑎𝑖, 𝑎′𝑖’s. Hence, we get that the resulting matrix is

also zero.
We now provide the formal details. Let

𝜌 = 𝔼
(𝑓,𝜋)←(ℱ2𝑛+𝑚,𝑝,𝑆2𝑛+𝑚 )

[︃(︁
𝐺⊗𝑞(𝑓,𝜋)

)︁(︃ 𝑞⨂︁
𝑖=1

|𝑥𝑖⟩⟨𝑥′𝑖|

)︃(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑞]︃
Writing 𝐺(𝑓,𝜋) as 𝑂𝜋𝑂𝑓 (𝐼 ⊗𝐻𝑚)𝐶|0𝑚⟩.

𝜌 = 𝔼
𝜋
𝔼
𝑓

⎡⎢⎢⎢⎣𝑂⊗𝑞𝜋 𝑂⊗𝑞𝑓

⎛⎜⎜⎜⎝ 1

2𝑚𝑞

∑︁
�⃗�∈{0,1}𝑚𝑞

𝑎′∈{0,1}𝑚𝑞

|�⃗�||⃗𝑎⟩⟨𝑥′||𝑎′|

⎞⎟⎟⎟⎠ (𝑂⊗𝑞𝑓 )†(𝑂⊗𝑞𝜋 )†

⎤⎥⎥⎥⎦ .
Applying 𝑂𝑓 ,

𝜌 = 𝔼
𝜋
𝔼
𝑓

⎡⎢⎢⎢⎣𝑂⊗𝑞𝜋
⎛⎜⎜⎜⎝ 1

2𝑚𝑞

∑︁
�⃗�∈{0,1}𝑚𝑞

𝑎′∈{0,1}𝑚𝑞

𝜔𝑓(�⃗�||⃗𝑎)−𝑓(𝑥
′||𝑎′)

𝑝 |�⃗�||⃗𝑎⟩⟨𝑥′||𝑎′|

⎞⎟⎟⎟⎠ (𝑂⊗𝑞𝜋 )†

⎤⎥⎥⎥⎦ .
Then by linearity, we get,

𝜌 =
∑︁

�⃗�∈{0,1}𝑚𝑞

𝑎′∈{0,1}𝑚𝑞

𝔼
𝜋
𝔼
𝑓

[︁
𝜔𝑓(�⃗�||⃗𝑎)−𝑓(𝑥

′||𝑎′)
𝑝

]︁ [︂
𝑂⊗𝑞𝜋

(︂
1

2𝑚𝑞
|�⃗�||⃗𝑎⟩⟨𝑥′||𝑎′|

)︂
(𝑂⊗𝑞𝑓 )†

]︂
.

Note that since 𝗍𝗒𝗉𝖾(�⃗�) ̸= 𝗍𝗒𝗉𝖾(𝑥′), for any �⃗�, 𝑎′ ∈ {0, 1}𝑚𝑞, 𝗍𝗒𝗉𝖾(�⃗�||⃗𝑎) ̸= 𝗍𝗒𝗉𝖾(𝑥′||𝑎′). Also, since
the sum of powers of a root of unity is 0, then for any �⃗�, 𝑎′ ∈ {0, 1}𝑚𝑞, 𝔼𝑓

[︁
𝜔
𝑓(�⃗�||⃗𝑎)−𝑓(𝑥′||𝑎′)
𝑝

]︁
= 0.

Hence, we get 𝜌 = 0, as required.
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A corollary of the above lemma is as follows,

Corollary 5.9. Let 𝑛,𝑚 ∈ ℕ, 𝑞 ∈ 𝗉𝗈𝗅𝗒(𝜆), 𝑇, 𝑇 ′ ∈ [𝑞 + 1]2
𝑛

with 𝑇 ̸= 𝑇 ′ and 𝗌𝗂𝗓𝖾(𝑇 ) =
𝗌𝗂𝗓𝖾(𝑇 ′) = 𝑞. Let 𝐺(𝑓,𝜋) be as defined in Figure 2, then

𝔼
(𝑓,𝜋)←(ℱ2𝑛+𝑚,𝑝,𝑆2𝑛+𝑚 )

[︂(︁
𝐺⊗𝑞(𝑓,𝜋)

)︁
|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ |

(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑞]︂
= 0.

Using the above, we get that the output of 𝑞-fold 𝐺(𝑓,𝜋) on |𝜑⟩⟨𝜑|⊗𝑞, is close to 𝜌𝗎𝗇𝗂𝑠,𝑡 . Formally,
we prove the following,

Lemma 5.10. Let 𝑛,𝑚, 𝑞 = 𝗉𝗈𝗅𝗒(𝜆), |𝜑⟩ be any 𝑛 qubit pure state. Let 𝐺(𝑓,𝜋) be as defined in
Figure 2, let

𝜌 = 𝔼
(𝑓,𝜋)←(ℱ2𝑛+𝑚,𝑝,𝑆2𝑛+𝑚 )

[︂(︁
𝐺⊗𝑞(𝑓,𝜋)

)︁
|𝜑⟩⟨𝜑|⊗𝑞

(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑞]︂
,

and
𝜌𝗎𝗇𝗂1,𝑞 = 𝔼

(𝑇 1,··· ,𝑇 𝑞)←𝒯𝗎𝗇𝗂𝑚+𝑛
1,𝑞

[︀
|𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
|
]︀
.

Then TD(𝜌, 𝜌𝗎𝗇𝗂1,𝑞 ) = 𝑂(𝑞2/2𝑚).

Proof. Since |𝜑⟩⟨𝜑|⊗𝑞 is in the symmetric subspace, we can write |𝜑⟩⟨𝜑|⊗𝑞 =
∑︀
𝑇,𝑇 ′ 𝛼𝑇,𝑇 ′ |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ |.

By Corollary 5.9, the only terms remaining in this sum are when 𝑇 = 𝑇 ′. The security on this
is just implied by Lemma 5.6.
Formally, since |𝜑⟩⟨𝜑|⊗𝑞 is in the symmetric subspace, we can write |𝜑⟩⟨𝜑|⊗𝑞 =

∑︀
𝑇,𝑇 ′ 𝛼𝑇,𝑇 ′ |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ |.

Hence, we get

𝜌 = 𝔼
(𝑓,𝜋)←(ℱ2𝑛+𝑚,𝑝,𝑆2𝑛+𝑚 )

⎡⎣(︁𝐺⊗𝑞(𝑓,𝜋)

)︁∑︁
𝑇,𝑇 ′

𝛼𝑇,𝑇 ′ |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ |
(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑞⎤⎦ .
By linearity and Corollary 5.9, we get

𝜌 =
∑︁
𝑇

𝛼𝑇,𝑇 𝔼
(𝑓,𝜋)←(ℱ2𝑛+𝑚,𝑝,𝑆2𝑛+𝑚 )

[︂(︁
𝐺⊗𝑞(𝑓,𝜋)

)︁
|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 |

(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑞]︂
.

Using Lemma 5.6, the following state is 𝑂((
∑︀
𝑇 𝛼𝑇,𝑇 )𝑞

2/2𝑚) away from 𝜌,

𝜌′ =
∑︁
𝑇

𝛼𝑇,𝑇 𝜌𝗎𝗇𝗂1,𝑞 .

Note that, since
∑︀
𝑇 𝛼𝑇,𝑇 = 1, we get that the distance between 𝜌 and 𝜌𝗎𝗇𝗂1,𝑞 is 𝑂(𝑞2/2𝑚).

Combining Lemma 5.10, Lemma 4.10 and Claim 4.6, we get the desired result.

5.3.3 Security against Haar Inputs

In this section, we prove security against queries which are sampled i.i.d. from the Haar measure.
In particular, we show the following theorem:

Theorem 5.11. Let 𝑛,𝑚, 𝑠, 𝑡 = 𝗉𝗈𝗅𝗒(𝜆) and 𝒬(𝖧𝖺𝖺𝗋)
𝑛,𝑞,ℓ,𝜆 be as defined in Section 3 then, assuming

the existence of post-quantum one-way functions, the construction of 𝖯𝖱𝖨 given in Figure 1 is
𝒬𝖧𝖺𝖺𝗋𝑠,𝑡-secure.
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To prove this we first note that

𝔼
|𝜗1⟩,··· ,|𝜗𝑠⟩←H𝑛

[︃
𝑠⨂︁
𝑖=1

|𝜗𝑖⟩⟨𝜗𝑖|⊗2𝑡
]︃
= 𝔼
𝑇1,··· ,𝑇𝑠

[︃
𝑠⨂︁
𝑖=1

|𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

|

]︃
,

where each 𝑇𝑖 is an i.i.d. sampled type containing 2𝑡 elements. We know that with overwhelming
probability this lies in 𝒯𝗎𝗇𝗂𝑛𝑠,2𝑡 . Note that our construction is only acting on half of each of the
type states and not the complete states. Hence, if we prove security against queries from 𝒯𝗎𝗇𝗂𝑛𝑠,2𝑡
with the construction being applied to only one-half of each of the type states, we would get
security for i.i.d. sampled Haar queries as required. In particular, we prove the following:

Lemma 5.12. Let 𝑛,𝑚, 𝑠, 𝑡 = 𝗉𝗈𝗅𝗒(𝜆) and let (𝑇1, · · · , 𝑇𝑠) ∈ 𝒯𝗎𝗇𝗂𝑛𝑠,2𝑡 . Let 𝐺(𝑓,𝜋) is as defined in
Figure 2. Let

𝜌 := 𝔼
(𝑓,𝜋)←(ℱ𝑛+𝑚,𝑆𝑛+𝑚)

𝑠⨂︁
𝑖=1

(︂(︁
𝐼𝑛𝑡 ⊗𝐺⊗𝑡(𝑓,𝜋)

)︁
|𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
|
(︁
𝐼𝑛𝑡 ⊗𝐺⊗𝑡(𝑓,𝜋)

)︁†)︂
,

𝜎 := 𝔼
(𝑇 1,··· ,𝑇 𝑠)⊂(𝑇1,··· ,𝑇𝑠)

∀𝑖∈[𝑠],𝗌𝗂𝗓𝖾(𝑇 𝑖)=𝑡

𝑠⨂︁
𝑖=1

(︀
|𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
|
)︀
,

and

𝜌𝜎𝗎𝗇𝗂𝑠,𝑡 := 𝔼
(𝑇 1,··· ,𝑇 𝑠)⊂(𝑇1,··· ,𝑇𝑠)

∀𝑖∈[𝑠],𝗌𝗂𝗓𝖾(𝑇 𝑖)=𝑡

(𝑇1,··· ,𝑇𝑠)←𝒯𝗎𝗇𝗂𝑛+𝑚
𝑠,𝑡

𝑠⨂︁
𝑖=1

(︁
|𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
| ⊗ |𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
|
)︁
.

Then TD(𝜌, 𝜌𝜎𝗎𝗇𝗂𝑠,𝑡) = 𝑂(𝑠𝑡2/2𝑚).

Proof. We know from Lemma 2.6,
⨂︀𝑠

𝑖=1 |𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

| can be written as a sum over 𝑥𝑖 ∈ 𝑇𝑖,
𝜎𝑖 ∈ 𝑆2𝑡,

⨂︀𝑠
𝑖=1 |𝑥𝑖⟩⟨𝜎𝑖(𝑥𝑖)|. Let each 𝑥𝑖 (containing 2𝑡 elements) is a concatenation of 𝑐𝑖 and

𝑑𝑖 (where each contains 𝑡 elements). Note that, all elements of 𝑥𝑖 are distinct, hence 𝑐𝑖 and 𝑑𝑖
also contain distinct elements. Notice that if any of the 𝜎𝑖’s maps any of the first 𝑡 elements to
the last 𝑡 elements, then by Lemma 5.8, we get 0. Hence, we get that each 𝜎𝑖 can be written
as a combination 𝜎1

𝑖 ∈ 𝑆𝑡 and 𝜎2
𝑖 ∈ 𝑆𝑡 where 𝜎1

𝑖 is applied to the first 𝑡 elements of 𝑥𝑖 and
𝜎2
𝑖 is applied to the last 𝑡 elements of 𝑥𝑖. Hence, we get that the input is just of the form⨂︀𝑠
𝑖=1 |𝑐𝑖⟩⟨𝜎1

𝑖 (𝑐𝑖)| ⊗ |𝑑𝑖⟩⟨𝜎2
𝑖 (𝑑𝑖)|, with the construction being applied to the second half of each

state. Notice that summing over all 𝜎1
𝑖 , 𝜎

2
𝑖 , there are type states too. We know that the effect of

the construction on the second half is very close to 𝜌𝗎𝗇𝗂 by Lemma 5.6. Hence, it gets unentangled
from the first half and we get the desired result.
Formally, we start by analysing 𝜌, then

𝜌 = 𝔼
(𝑓,𝜋)←(ℱ𝑛+𝑚,𝑆𝑛+𝑚)

𝑠⨂︁
𝑖=1

(︁(︀
𝐼𝑛𝑡 ⊗𝐺(𝑓,𝜋)⊗𝑡

)︀
|𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
|
(︀
𝐼𝑛𝑡 ⊗𝐺(𝑓,𝜋)⊗𝑡

)︀†)︁
.

Using Lemma 2.6,

𝜌 = 𝔼
(𝑓,𝜋)←(ℱ𝑛+𝑚,𝑆𝑛+𝑚)
(𝑥1,··· ,𝑥𝑠)∈(𝑇1,··· ,𝑇𝑠)

∑︁
𝜎1,··· ,𝜎𝑠∈𝑆2𝑡

[︃
𝑠⨂︁
𝑖=1

(︁(︁
𝐼𝑛𝑡 ⊗

(︀
𝐺(𝑓,𝜋)

)︀⊗𝑡)︁

|𝑥𝑖⟩⟨𝜎𝑖(𝑥𝑖)|
(︂
𝐼𝑛𝑡 ⊗

(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑡)︂)︂]︂
.
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Writing each 𝑥𝑖 (containing 2𝑡 elements) as a concatenation of 𝑐𝑖 and 𝑑𝑖 (where each contains
𝑡 elements). Note that, all elements of 𝑥𝑖 are distinct, hence 𝑐𝑖 and 𝑑𝑖 also contain distinct
elements. Notice that if any of the 𝜎𝑖’s maps any of the first 𝑡 elements to the last 𝑡 elements,
then by Lemma 5.8, we get 0. Hence, we get that each 𝜎𝑖 can be written as a combination
𝜎1
𝑖 ∈ 𝑆𝑡 and 𝜎2

𝑖 ∈ 𝑆𝑡 where 𝜎1
𝑖 is applied to the first 𝑡 elements of 𝑥𝑖 and 𝜎2

𝑖 is applied to the
last 𝑡 elements of 𝑥𝑖. Hence, we get

𝜌 = 𝔼
(𝑓,𝜋)←(ℱ𝑛+𝑚,𝑆𝑛+𝑚)

((𝑐1,𝑑1),··· ,(𝑐𝑠,𝑑𝑠))∈(𝑇1,··· ,𝑇𝑠)

∑︁
𝜎1
1 ,··· ,𝜎

1
𝑠∈𝑆𝑡

𝜎2
1 ,··· ,𝜎

2
𝑠∈𝑆𝑡

[︃
𝑠⨂︁
𝑖=1

(︂
|𝑐𝑖⟩⟨𝜎1

𝑖 (𝑐𝑖)| ⊗
(︀
𝐺(𝑓,𝜋)

)︀⊗𝑡 |𝑑𝑖⟩⟨𝜎2
𝑖 (𝑑𝑖)|

(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑡)︂]︃
.

Note that using Lemma 2.6, we get

𝜌 = 𝔼
(𝑓,𝜋)←(ℱ𝑛+𝑚,𝑆𝑛+𝑚)

(𝑇1,··· ,𝑇𝑠)⊂(𝑇1,··· ,𝑇𝑠)

∀𝑖∈[𝑠],𝗌𝗂𝗓𝖾(𝑇 𝑖)=𝑡

∀𝑖∈[𝑠],𝑇𝑖=𝑇𝑖∖𝑇𝑖

[︃
𝑠⨂︁
𝑖=1

(︂
|𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
|
⨂︁(︀

𝐺(𝑓,𝜋)

)︀⊗𝑡 |𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

|
(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑡)︂]︃
,

where 𝑇𝑖 = 𝑇𝑖 ∖𝑇𝑖 denotes the type vector 𝑇𝑖 such that 𝗌𝖾𝗍(𝑇𝑖)∪ 𝗌𝖾𝗍(𝑇𝑖) = 𝗌𝖾𝗍(𝑇𝑖) and 𝗌𝗂𝗓𝖾(𝑇𝑖)+
𝗌𝗂𝗓𝖾(𝑇𝑖) = 𝗌𝗂𝗓𝖾(𝑇𝑖). Notice that (𝑇1, · · · , 𝑇𝑠) ∈ 𝒯𝖽𝗂𝗌𝑛𝑠,𝑡 , hence by Lemma 5.6, we get that 𝜌 is at a
distance of 𝑂(𝑠𝑡2/2𝑚) from the following state,

𝜌𝜎𝗎𝗇𝗂𝑠,𝑡 = 𝔼
(𝑇 1,··· ,𝑇 𝑠)⊂(𝑇1,··· ,𝑇𝑠)

∀𝑖∈[𝑠],𝗌𝗂𝗓𝖾(𝑇 𝑖)=𝑡

(𝑇1,··· ,𝑇1)←𝒯𝗎𝗇𝗂𝑛+𝑚
𝑠,𝑡

(︁
|𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
| ⊗ |𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
|
)︁
.

Hence, we get the desired result.

Remark 5.13. Lemma 5.12 implies that our construction is secure against specific adversaries
with side-information. That is, the adversary’s registers and the registers acted on by the PRI
are entangled in |𝗍𝗒𝗉𝖾𝑇𝑖

⟩.
Remark 5.14. Re-ordering the registers of 𝜌𝜎𝗎𝗇𝗂𝑠,𝑡 in Lemma 5.12, it can be written as 𝜎⊗𝜌𝗎𝗇𝗂𝑠,𝑡 .
That is, the state is unentangled. Furthermore, the second register is fully scrambled to a uni-
form mixture of unique types and 𝜎 is exactly the partial trace of 𝜌 (that you would get after trac-
ing out the second register). We note that it is an analog of quantum one-time pad [MTW00].
In particular, for any 𝜌𝐴𝐵 ∈ 𝒟(ℂ2 ⊗ ℂ2), it holds that 𝔼𝑎,𝑏

[︀
(𝐼𝐴 ⊗𝑋𝑎𝑍𝑏)𝜌𝐴𝐵(𝐼𝐴 ⊗𝑋𝑎𝑍𝑏)†

]︀
=

Tr𝐵(𝜌𝐴𝐵)⊗ 𝐼𝐵/2.
Using Lemma 5.12, we prove the following for Haar states.

Lemma 5.15. Let 𝑛,𝑚, 𝑠, 𝑡 = 𝗉𝗈𝗅𝗒(𝜆). Let 𝐺(𝑓,𝜋) be as defined in Figure 2. Let

𝜌 := 𝔼
(𝑓,𝜋)←(ℱ𝑛+𝑚,𝑆𝑛+𝑚)

𝑠⨂︁
𝑖=1

(︂
𝔼

|𝜗𝑖⟩←H𝑛

|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡 ⊗
(︁
𝐺(𝑓,𝜋) |𝜗𝑖⟩⟨𝜗𝑖|𝐺†(𝑓,𝜋)

)︁⊗𝑡)︂
,

let

𝜎 := 𝔼
(𝑇 1,··· ,𝑇 𝑠)←𝒯𝗎𝗇𝗂𝑛𝑠,𝑡

𝑠⨂︁
𝑖=1

(︀
|𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
|
)︀
,

and let

𝜌𝜎𝗎𝗇𝗂𝑠,𝑡 := 𝔼
(𝑇1,··· ,𝑇𝑠)←𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠,𝑡

(𝑇 1,··· ,𝑇 𝑠)←𝒯𝗎𝗇𝗂𝑛𝑠,𝑡

𝑠⨂︁
𝑖=1

(︀(︀
|𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
|
)︀
⊗
(︀
|𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
|
)︀)︀
.
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Then
TD(𝜌, 𝜌𝜎𝗎𝗇𝗂𝑠,𝑡) = 𝑂(𝑠2𝑡2/2𝑛 + 𝑠𝑡2/2𝑚).

Proof. Note that we have 2𝑡 copies of 𝑠 i.i.d. sampled Haar states. Then by Fact 2.10, this can
be seen as i.i.d. sampling 𝑇1, ..., 𝑇𝑠 each over 2𝑡, elements. With very high probability, these 2𝑠𝑡
elements do not have any collisions, hence with very high probability (𝑇1, ..., 𝑇𝑠) is in 𝒯𝗎𝗇𝗂. The
security on each type in 𝒯𝗎𝗇𝗂 is shown by Lemma 5.12.
Formally, we prove this using the hybrid method.

Hybrid 1. Sample a random function 𝑓 from ℱ𝑛+𝑚 and a random permutation 𝜋 from 𝑆𝑛+𝑚.
Sample 2𝑡 copies of 𝑠 Haar random 𝑛-qubit states, |𝜗1⟩ , · · · , |𝜗𝑠⟩. Output

𝑠⨂︁
𝑖=1

(︂
|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡 ⊗

(︁
𝐺(𝑓,𝜋) |𝜗𝑖⟩⟨𝜗𝑖|𝐺†(𝑓,𝜋)

)︁⊗𝑡)︂
.

Hybrid 2. Sample a random function 𝑓 from ℱ𝑛+𝑚 and a random permutation 𝜋 from 𝑆𝑛+𝑚.
Sample (𝑇1, . . . , 𝑇𝑠) uniformly at random from 𝒯𝗎𝗇𝗂𝑛𝑠,2𝑡 . Output

𝑞⨂︁
𝑖=1

(︂(︁
𝐼𝑛𝑡 ⊗

(︀
𝐺(𝑓,𝜋)

)︀⊗𝑡)︁ |𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

|
(︂
𝐼𝑛𝑡 ⊗

(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑡)︂)︂
.

Hybrid 3. Sample (𝑇1, . . . , 𝑇𝑠) uniformly at random from 𝒯𝗎𝗇𝗂𝑛𝑠,𝑡 and sample (𝑇 1, . . . , 𝑇 𝑠)
uniformly at random from 𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠,𝑡
. Output

𝑠⨂︁
𝑖=1

(︀
|𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
| ⊗ |𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
|
)︀
.

Lemma 5.16. The trace distance between Hybrid 1 and Hybrid 2 is 𝑂(𝑠2𝑡2/2𝑛).

Proof. This just follows from Lemma 4.11.

Lemma 5.17. The trace distance between the outputs of Hybrid 2 and Hybrid 3 is 𝑂(𝑠𝑡2/2𝑚).

Proof. Let 𝜌 be the output of Hybrid 2. Hence,

𝜌 = 𝔼
(𝑓,𝜋)←(ℱ𝑛+𝑚,𝑆𝑛+𝑚)
(𝑇1,...,𝑇𝑠)←𝒯𝗎𝗇𝗂𝑛𝑠,2𝑡

𝑠⨂︁
𝑖=1

(︂(︁
𝐼𝑛𝑡 ⊗

(︀
𝐺(𝑓,𝜋)

)︀⊗𝑡)︁ |𝗍𝗒𝗉𝖾𝑇𝑖
⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖

|
(︂
𝐼𝑛𝑡 ⊗

(︁
𝐺†(𝑓,𝜋)

)︁⊗𝑡)︂)︂
.

Using Lemma 5.12, we get that the following state is at trace distance 𝑂(𝑠𝑡2/2𝑚),

𝜎 = 𝔼
(𝑇1,··· ,𝑇𝑠)←𝒯𝗎𝗇𝗂𝑛𝑠,2𝑡

𝔼
(𝑇 1,··· ,𝑇 𝑠)⊂(𝑇1,··· ,𝑇𝑠)

∀𝑖∈[𝑠],𝗌𝗂𝗓𝖾(𝑇 𝑖)=𝑡

(𝑇1,··· ,𝑇1)←𝒯𝗎𝗇𝗂𝑛+𝑚
𝑠,𝑡

(︁
|𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
| ⊗ |𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
|
)︁
.

Notice that in the state, we could equivalently pick (𝑇 1, · · · , 𝑇 𝑠) directly from 𝒯𝗎𝗇𝗂𝑛𝑠,𝑡 . Hence,

𝜎 = 𝔼
(𝑇 1,··· ,𝑇 𝑠)←𝒯𝗎𝗇𝗂𝑛𝑠,𝑡
(𝑇1,··· ,𝑇1)←𝒯𝗎𝗇𝗂𝑛+𝑚

𝑠,𝑡

(︁
|𝗍𝗒𝗉𝖾𝑇 𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇 𝑖
| ⊗ |𝗍𝗒𝗉𝖾𝑇𝑖

⟩⟨𝗍𝗒𝗉𝖾𝑇𝑖
|
)︁
.

The above is exactly the output of Hybrid 3. Hence, the trace distance between the outputs of
Hybrid 2 and Hybrid 3 is 𝑂(𝑠2𝑡2/2𝑚).
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Hence, combining, we get TD(𝜌, 𝜌𝜎𝗎𝗇𝗂𝑠,𝑡) = 𝑂(𝑠2𝑡2/2𝑛 + 𝑠𝑡2/2𝑚).

Hence, combining Lemma 5.15, Lemma 4.15 and Claim 4.6, we get the desired result.

5.4 Main Results
Combining Theorems 5.4, 5.7 and 5.11, our construction is secure against inputs of the form:
(1) distinct type state, (2) multiple copies of the same pure state, (3) i.i.d. Haar states. We
state the formal theorem below:

Theorem 5.18 (Main Theorem). Let 𝑛,𝑚, 𝑠, 𝑡, ℓ, 𝑞 = 𝗉𝗈𝗅𝗒(𝜆). Let 𝒬(𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍)
𝑛,𝑡,𝑠,ℓ,𝜆, 𝒬

(𝖧𝖺𝖺𝗋)
𝑛,𝑞,ℓ,𝜆 and

𝒬(𝖲𝗂𝗇𝗀𝗅𝖾)
𝑛,𝑞,ℓ,𝜆 be as defined in Sections 3 and 5.3.1. then, assuming the existence of post-quantum

one-way functions, the construction of 𝖯𝖱𝖨 given in Figure 1 is 𝒬-secure for 𝒬 ∈
{︂
𝒬(𝖽𝗂𝗌𝗍𝗂𝗇𝖼𝗍)
𝑛,𝑡,𝑠,ℓ,𝜆,

𝒬(𝖧𝖺𝖺𝗋)
𝑛,𝑞,ℓ,𝜆,𝒬

(𝖲𝗂𝗇𝗀𝗅𝖾)
𝑛,𝑞,ℓ,𝜆

}︂
.

Although we are not able to prove stronger security of our construction, we observe that our
construction naturally mimics the steps of sampling a Haar isometry by truncating columns of
a Haar unitary. We have the following conjecture.

Conjecture 5.19. Assuming the existence of post-quantum one-way functions, the construction
of 𝖯𝖱𝖨 given in Figure 1 is a strong invertible adaptive PRI (Definition 3.10)

6 Applications
We explore the cryptographic applications of pseudorandom isometries. Notably, some applica-
tions in this section only require invertible 𝒬-secure (Definition 3.6), for classes of 𝒬 which can
be initiated by post-quantum one-way functions, as we showed in Section 5.

In Section 6.1, we show that PRIs imply other quantum pseudorandom primitives. In Sec-
tion 6.2, we present multi-copy secure encryption schemes. In Section 6.3, we present succinct
quantum commitments. In Section 6.4, we present message authentication codes for quantum
data. In Section 6.5, we present length extension transformations for pseudorandom state gen-
erators.

6.1 PRI implies PRSG and PRFSG
Theorem 6.1 (PRI implies PRSG and PRFSG). Assuming (𝑛, 𝑛 +𝑚)-𝒬𝖢𝗈𝗆𝗉-pseudorandom
isometries exist, there exist an (𝑛+𝑚)-PRSG and a selectively-secure (𝑛, 𝑛+𝑚)-PRFSG.

Proof. Let 𝖯𝖱𝖨 be an (𝑛, 𝑛+𝑚)-𝒬𝖢𝗈𝗆𝗉-PRI. The state generation algorithm of PRSG on input
𝑘 ∈ {0, 1}𝜆 is defined as 𝖯𝖱𝖨𝑘 |0𝑛⟩. The pseudorandomness of PRSG follows from invoking
the security of 𝖯𝖱𝖨. The construction of PRFSG 𝐹 is the following: on input 𝑘 ∈ {0, 1}𝜆
and 𝑥 ∈ {0, 1}𝑛, append |0𝑛⟩ and apply CNOT on |𝑥⟩ |0𝑛⟩ to get |𝑥⟩ |𝑥⟩, and then output
|𝑥⟩⊗𝖯𝖱𝖨𝑘 |𝑥⟩. We prove the selective security of 𝐹 via a reduction. Suppose there exists a QPT
adversary 𝒜, polynomials 𝑞(·), 𝑡(·) and a set of indices {𝑥1, 𝑥2, . . . , 𝑥𝑞} where 𝑥𝑖 ∈ {0, 1}𝑛 and
𝑞(𝜆) = 𝗉𝗈𝗅𝗒(𝜆) such that⃒⃒⃒⃒
⃒ Pr
𝑘←{0,1}𝜆

[𝒜𝜆(𝑥1, . . . , 𝑥𝑞, 𝐹 (𝑘, 𝑥1)⊗𝑡, . . . , 𝐹 (𝑘, 𝑥𝑞)⊗𝑡) = 1]−

Pr
|𝜗1⟩,...,|𝜗𝑞⟩←H𝑛+𝑚

[𝒜𝜆(𝑥1, . . . , 𝑥𝑞, |𝜗1⟩⊗𝑡 , . . . , |𝜗𝑞⟩⊗𝑡) = 1]

⃒⃒⃒⃒
⃒ ≥ 𝜈(𝜆),
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where 𝜈(𝜆) is non-negligible. We construct a distinguisher 𝒟 that uses 𝒜 to break the security
of the underlying PRI. Upon receiving queries {𝑥1, 𝑥2, . . . , 𝑥𝑞} from 𝒜, the distinguisher 𝒟 first
uses CNOTs to generate

⨂︀𝑞
𝑖=1 |𝑥𝑖⟩

𝑡+1. Then 𝒟 uses its oracle access to 𝒪, which is either
𝖯𝖱𝖨𝑘 or a Haar isometry, to reply

⨂︀𝑞
𝑖=1 |𝑥𝑖⟩ ⊗ (𝒪 |𝑥𝑖⟩)⊗𝑡. Then 𝒟 outputs whatever 𝒜 outputs.

Hence, the distinguishing advantage of 𝒟 is⃒⃒⃒⃒
⃒ Pr
𝑘←{0,1}𝜆

[𝒜𝜆(𝑥1, . . . , 𝑥𝑞, 𝐹 (𝑘, 𝑥1)⊗𝑡, . . . , 𝐹 (𝑘, 𝑥𝑞)⊗𝑡) = 1]−

Pr
ℐ←H𝑛,𝑛+𝑚

[𝒜𝜆(𝑥1, . . . , 𝑥𝑞, (ℐ |𝑥1⟩)⊗𝑡, . . . , (ℐ |𝑥𝑞⟩)⊗𝑡) = 1]

⃒⃒⃒⃒
⃒.

By Lemma 4.1 and viewing ℐ |𝑥𝑖⟩ as applying an (𝑛+𝑚)-qubit Haar unitary 𝑈 on |𝑥𝑖⟩ |0𝑚⟩,

TD

(︃
𝔼

|𝜗1⟩,...,|𝜗𝑞⟩←H𝑛+𝑚

[︃
𝑞⨂︁
𝑖=1

|𝜗𝑖⟩⟨𝜗𝑖|⊗𝑡
]︃
, 𝔼
ℐ←H𝑛,𝑛+𝑚

[︃
𝑞⨂︁
𝑖=1

(ℐ |𝑥𝑖⟩⟨𝑥𝑖| ℐ†)⊗𝑡
]︃)︃

= 𝑂(𝑞2𝑡/2𝑛+𝑚).

So the advantage of 𝒟 is at least 𝜈(𝜆)−𝑂(𝑞2𝑡/2𝑛+𝑚), which is non-negligible. But it contradicts
the security of the underlying PRI.

6.2 Multi-Copy Security of Encryption Schemes
It is well known that quantum states can be generically encrypted using the hybrid encryption
technique. However, there is a stronger property referred to as multi-copy security that states
the following: the indistinguishability should still hold even when given multiple copies of the
ciphertext. In [LQS+23], the authors considered multi-copy security only for one-time encryption
schemes. We further consider private-key and public-key settings and formalize them below.

Definition 6.2 (Multi-Copy Security of Public-Key Encryption). We say that (𝖲𝖾𝗍𝗎𝗉,𝖤𝗇𝖼,𝖣𝖾𝖼)
is a public-key encryption scheme for quantum states if it satisfies the following security property:
for any two states |𝜓0⟩ , |𝜓1⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
, where 𝑛 = 𝑛(𝜆) is a polynomial, for any non-uniform

QPT distinguisher 𝒟, for any polynomial 𝑡 = 𝑡(𝜆),⃒⃒⃒⃒
⃒Pr

[︂
𝒟(𝗉𝗄, 𝜌⊗𝑡) = 1 :

(𝗉𝗄,𝗌𝗄)←𝖲𝖾𝗍𝗎𝗉(1𝜆)

𝜌←𝖤𝗇𝖼(𝗉𝗄,|𝜓0⟩)

]︂
− Pr

[︂
𝒟(𝗉𝗄, 𝜌⊗𝑡) = 1 :

(𝗉𝗄,𝗌𝗄)←𝖲𝖾𝗍𝗎𝗉(1𝜆)

𝜌←𝖤𝗇𝖼(𝗉𝗄,|𝜓1⟩)

]︂ ⃒⃒⃒⃒
⃒ ≤ 𝜀(𝜆),

for some negligible function 𝜀(·).

Definition 6.3 (Multi-Copy Security of Private-Key Encryption). We say that (𝖲𝖾𝗍𝗎𝗉,𝖤𝗇𝖼,𝖣𝖾𝖼)
is a private-key encryption scheme for quantum states if it satisfies the following security
property: for any 𝑞 = 𝗉𝗈𝗅𝗒(𝜆), for any tuples of states |𝜓(0)

1 ⟩ , . . . , |𝜓
(0)
𝑞(𝜆)⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
and

|𝜓(1)
1 ⟩ , . . . |𝜓

(1)
𝑞(𝜆)⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
, where 𝑛 = 𝑛(𝜆) is a polynomial, for any non-uniform QPT distin-

guisher 𝒟, for any polynomial 𝑡 = 𝑡(𝜆),⃒⃒⃒⃒
⃒Pr

[︃
𝒟

(︃
1𝜆,

𝑞⨂︁
𝑖=1

𝜌⊗𝑡𝑖

)︃
= 1 :

𝗌𝗄←𝖲𝖾𝗍𝗎𝗉(1𝜆)

∀𝑖∈[𝑞],
𝜌𝑖←𝖤𝗇𝖼(𝗌𝗄,|𝜓(0)

𝑖 ⟩)

]︃
−Pr

[︃
𝒟

(︃
1𝜆,

𝑞⨂︁
𝑖=1

𝜌⊗𝑡𝑖

)︃
= 1 :

𝗌𝗄←𝖲𝖾𝗍𝗎𝗉(1𝜆)

∀𝑖∈[𝑞],
𝜌𝑖←𝖤𝗇𝖼(𝗌𝗄,|𝜓(1)

𝑖 ⟩)

]︃ ⃒⃒⃒⃒
⃒ ≤ 𝜀(𝜆),

for some negligible function 𝜀(·).

Remark 6.4. We can similarly define multi-copy security in the adaptive setting where the
adversary can request for (𝑖 + 1)𝑡 encryption after obtaining encryptions on 𝑖 messages. We
can further generalize the above definition to consider encryption for mixed states instead of just
pure states. We leave the exploration of both these generalizations to future works.
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Construction. We discuss the construction of the multi-copy secure public-key encryption
scheme (𝖲𝖾𝗍𝗎𝗉,𝖤𝗇𝖼,𝖣𝖾𝖼); the construction and security of multi-copy private-key encryption
can be similarly derived. We will start with a post-quantum public-key encryption scheme
(𝗌𝖾𝗍𝗎𝗉, 𝖾𝗇𝖼, 𝖽𝖾𝖼). We will also use an invertible 𝒬𝖲𝗂𝗇𝗀𝗅𝖾-secure pseudorandom isometry 𝖯𝖱𝖨 =
{𝐹𝜆}𝜆∈ℕ (Section 5.3.2), where 𝖨𝗇𝗏 is the inversion function.

• 𝖲𝖾𝗍𝗎𝗉(1𝜆): on input the security parameter 𝜆, compute (𝑝𝑘, 𝑠𝑘) ← 𝗌𝖾𝗍𝗎𝗉(1𝜆). Output 𝑝𝑘
as the public key 𝗉𝗄 and output 𝑠𝑘 as the secret key 𝗌𝗄.

• 𝖤𝗇𝖼𝜆(𝗉𝗄, 𝜎): on input a public key 𝗉𝗄 = 𝑝𝑘, state 𝜎, first sample a PRI key 𝑘
$←− {0, 1}𝜆

and then compute 𝑐𝑡 ← 𝖾𝗇𝖼(𝑝𝑘, 𝑘). Also, compute 𝜌 ← 𝐹𝜆(𝑘, 𝜎). Output the ciphertext
state 𝖼𝗍 = (𝑐𝑡, 𝜌).

• 𝖣𝖾𝖼𝜆(𝗌𝗄, 𝖼𝗍): on input the decryption key 𝗌𝗄 = 𝑠𝑘, ciphertext state 𝖼𝗍 = (𝑐𝑡, 𝜌), first
compute 𝑘 ← 𝖽𝖾𝖼(𝑠𝑘, 𝑐𝑡). Compute 𝖨𝗇𝗏(𝑘, 𝜌) to obtain 𝜎. Output 𝜎.

Correctness. Follows from the correctness of the post-quantum encryption scheme (𝗌𝖾𝗍𝗎𝗉, 𝖾𝗇𝖼, 𝖽𝖾𝖼)
and from the guarantees of the inversion algorithm.

Multi-Copy Security. The multi-copy security follows from the following hybrid argument.
Let the challenge messages be (|𝜓0⟩ , |𝜓1⟩) ∈ 𝒮

(︀
ℂ2𝑛

)︀
⊗ 𝒮

(︀
ℂ2𝑛

)︀
. Let 𝑡(𝜆) be a polynomial in 𝜆.

Hybrid 1. Output (𝖤𝗇𝖼(𝗉𝗄, |𝜓0⟩))⊗𝑡(𝜆).

Hybrid 2. Output (𝖧.𝖤𝗇𝖼(𝗉𝗄, |𝜓0⟩))⊗𝑡(𝜆), where 𝖧.𝖤𝗇𝖼 performs just like 𝖤𝗇𝖼 except that it
computes 𝖾𝗇𝖼(𝑝𝑘, 0) instead of 𝖾𝗇𝖼(𝑝𝑘, 𝑘).

The computational indistinguishability of Hybrid 1 and Hybrid 2 follows from the security
of the post-quantum public-key encryption scheme.

Hybrid 3. Output (𝖧.𝖤𝗇𝖼(𝗉𝗄, |𝜓1⟩))⊗𝑡(𝜆).
The computational indistinguishability of Hybrid 2 and Hybrid 3 follows from the 𝒬𝗉𝗎𝗋𝖾𝑡-

security of PRI. More specifically, we can consider an intermediate hybrid, where we switch the
output of PRI on |𝜓0⟩ to the output of a Haar isometry on |𝜓0⟩. Note that this is identical to
the output of a Haar isometry on |𝜓1⟩. Finally, invoking the security of PRI, we can switch this
to the output of PRI on |𝜓1⟩.

Hybrid 4. Output (𝖤𝗇𝖼(𝗉𝗄, |𝜓1⟩))⊗𝑡(𝜆).
The computational indistinguishability of Hybrid 3 and Hybrid 4 follows from the security

of the post-quantum public-key encryption scheme.

Remark 6.5. In the above scheme, if we instantiate (𝗌𝖾𝗍𝗎𝗉, 𝖾𝗇𝖼, 𝖽𝖾𝖼) using a post-quantum
secure private-key encryption scheme then we obtain a multi-copy secure private-key encryption
for quantum states scheme.

6.3 Succinct Quantum Commitments
This subsection closely follows [GJMZ23, Appendix C] in which they showed a generic trans-
formation from 𝑡-time secure 𝑑-dimensional PRUs to one-time secure symmetric encryption
schemes for

(︀
𝑑+𝑡−1
𝑡

)︀
-dimensional quantum messages. The main approach of [GJMZ23] relies on

the Schur transform [Har05]. In short, the Schur transform is a basis transform between the
computational basis and the Schur basis. We observe that PRIs are already sufficient for such a
transformation. Recall that a Haar random isometry is distributed identically to first appending
|0𝑚⟩ followed by applying a Haar random unitary. Hence, our construction needs to perform
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a Schur transform and an inverse Schur transform with different dimensions. An immediate
corollary is that PRIs imply succinct quantum state commitment (QSC) schemes. This follows
from Theorem 5.3 in [GJMZ23] which states that one-time secure quantum encryption schemes
imply succinct QSC schemes.

Construction 6.6 (One-time quantum encryption scheme from PRIs). Let 𝖯𝖱𝖨 = {𝐹𝜆}𝜆∈ℕ be a
secure (𝑛, 𝑛+𝑚)-PRI family and 𝑡(𝜆) = 𝗉𝗈𝗅𝗒(𝜆). We construct a one-time quantum encryption
scheme {𝖤𝗑𝗉𝖺𝗇𝖽(𝐹𝜆, 𝑡)}𝜆∈ℕ as follows. On input a 𝑑-dimensional quantum message |𝜓⟩, where
𝑑 = 𝑑(𝑛,𝑚, 𝑡) :=

(︀
2𝑛+𝑡−1

𝑡

)︀
/2𝑚𝑡, do the following:

• Initialize the state |Ψ⟩ := |Λ = 0⟩ |𝑝Λ = 0⟩ |𝜓⟩.22

• Apply 𝑈𝖲𝖼𝗁,𝑑′(𝐹𝜆(𝑘, ·))⊗𝑡𝑈†𝖲𝖼𝗁,𝑑 on |Ψ⟩, where 𝑑′ :=
(︀
2𝑛+𝑡−1

𝑡

)︀
is the dimension of the (quan-

tum) ciphertext.

• Trace out the first two registers and output the last register as the ciphertext.

Theorem 6.7 (PRI Expansion). If {𝐹𝜆}𝜆∈ℕ is an (𝑛(𝜆),𝑚(𝜆))-PRI family, then Construc-
tion 6.6 is a secure quantum one-time encryption scheme with message of dimension

(︀
2𝑛+𝑡−1

𝑡

)︀
/2𝑚𝑡.

Proof sketch. By security of PRI, we can replace 𝐹𝜆 with a Haar random isometry for the rest of
the proof. Since the subspace labeled by Λ = 0 corresponds to the symmetric subspace ∨𝑡ℂ𝑑, it
holds that 𝑈†𝖲𝖼𝗁,𝑑 |Ψ⟩ ∈ ∨𝑡ℂ𝑑. By Lemma 2.14, there exists some finite set 𝒮 of vectors in ℂ𝑑 such
that 𝑈†𝖲𝖼𝗁,𝑑 |Ψ⟩ can be written as a linear combination of |𝑣⟩⊗𝑡 with |𝑣⟩ ∈ 𝒮. After appending
|0𝑚⟩⊗𝑡 to 𝑈†𝖲𝖼𝗁,𝑑 |Ψ⟩, the state is now a linear combination of (|𝑣⟩ ⊗ |0𝑚⟩)⊗𝑡, which implies
that 𝑈†𝖲𝖼𝗁,𝑑 |Ψ⟩ |0𝑚⟩

⊗𝑡 ∈ ∨𝑡ℂ𝑑′ . Let 𝜌 := 𝑈†𝖲𝖼𝗁,𝑑 |Ψ⟩ |0𝑚⟩
⊗𝑡 ⟨Ψ|𝑈𝖲𝖼𝗁,𝑑 ⟨0𝑚|⊗𝑡. Then applying 𝑡-

fold Haar unitary on 𝜌 results in the fully mixed state of ∨𝑡ℂ𝑑′ by Schur’s lemma. Finally,
applying the second Schur transform followed by tracing out the first two registers generates a
𝑑′-dimensional fully mixed state.

6.4 Quantum Message Authentication Codes
The scheme of authenticating quantum messages was first studied by Barnum et al. [BCG+02] in
which they considered one-time private-key authentication schemes. The definition in [BCG+02]
is generalized in the following works [DNS12, GYZ17]. In particular, Garg, Yuen, and Zhandry
[GYZ17] defined the notion of total authentication, which is tailored for one-time (information-
theoretic) security. They showed that total authentication implies unforgeability (in certain
settings23) and key reusability — conditioned on successful verification of an authentication
scheme that satisfies total authentication, the key can be reused by the honest parties. Moreover,
they constructed a total-authenticating scheme from unitary 8-designs. Later, the works of
[Por17, AM17] independently improved the construction by using only unitary 2-designs to
achieve total authentication.

In the fully classical setting, many-time security of an authentication scheme is defined via
unforgeability — no efficient adversary can forge an un-queried message-tag pair. A message au-
thentication code (MAC) is a common primitive that satisfies the desired properties. However,
consider MACs for classical messages: when the adversary is allowed to query the signing oracle
in superposition [BZ13, AMRS20], defining the freshness of the forgery is already nontrivial.
For quantum message authentication schemes, it is well-known that authentication implies en-
cryption [BCG+02]. Furthermore, due to the quantum nature of no-cloning and entanglement,
it is challenging to define a general many-time security notion [AGM18, AGM21]. Nevertheless,

22We follow the notation in [GJMZ23].
23In more detail, they show total authentication implies unforgeability for MACs for classical messages with security

against a single superposition message query.
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we consider a strict version of MACs for quantum messages in this subsection. We’ll focus on
several weak yet nontrivial notions of unforgeability and show how to achieve them using PRIs.

Syntax. A message authentication codes (MAC) scheme for quantum messages of length 𝑛(𝜆)
is a triple of algorithms (𝖲𝖾𝗍𝗎𝗉,𝖲𝗂𝗀𝗇,𝖵𝖾𝗋).

• 𝖲𝖾𝗍𝗎𝗉(1𝜆): on input the security parameter 𝜆, output a key 𝑘 ← {0, 1}𝜆.

• 𝖲𝗂𝗀𝗇(𝑘, |𝜓⟩): on input 𝑘 ∈ {0, 1}𝜆 and a quantum message |𝜓⟩ ∈ 𝒮
(︀
ℂ2𝑛

)︀
, output a quan-

tum tag24 |𝜑⟩ ∈ 𝒮
(︀
ℂ2𝑠
)︀

where 𝑠(𝜆) = 𝗉𝗈𝗅𝗒(𝜆) is the tag length.

• 𝖵𝖾𝗋(𝑘, |𝜑⟩): on input 𝑘 ∈ {0, 1}𝜆 and a quantum tag |𝜑⟩ ∈ 𝒮
(︀
ℂ2𝑠
)︀
, output a mixed

quantum state 𝜌 ∈ 𝒟(ℂ2𝑛).

Definition 6.8 (Correctness). There exists a negligible function 𝜀(·) such that for every 𝜆 ∈ ℕ,
𝑘 ∈ {0, 1}𝜆, and quantum message |𝜓⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
,

TD(𝖵𝖾𝗋(𝑘, 𝖲𝗂𝗀𝗇(𝑘, |𝜓⟩)), |𝜓⟩⟨𝜓|) ≤ 𝜀(𝜆).

Security Definitions. Defining security for MACs for quantum states is quite challenging,
as discussed in prior works, notably in [AGM18]. Nonetheless, our goal is to present some
reasonable, although restrictive, definitions of MACs for quantum states whose feasibility can
be established based on the existence of pseudorandom isometries. We believe that our results
shed light on the interesting connection between pseudorandom isometries and MACs for quan-
tum states and we leave the exploration of presenting the most general definition of MACs for
quantum states (which in our eyes is an interesting research direction by itself!) for future
works.

When the adversary is only asked to output a single copy of the (quantum) forgery, it is
unclear how to achieve negligible security error. For example, if the verification is done by
simply applying a SWAP test25, then the success probability of the forger is at least 1/2. In
the following, we introduce several notions capturing unforgeability. First, in order to boost
security, a straightforward way is to simply ask the adversary to send 𝑡 = 𝗉𝗈𝗅𝗒(𝜆) copies of the
forgery message and tag.

Definition 6.9 (Many-Copies-Unforgeability). Let 𝑡 = 𝗉𝗈𝗅𝗒(𝜆). For every polynomial 𝑞(·) and
every non-uniform QPT adversary, there exists a function 𝜀(·) such that for sufficiently large
𝜆 ∈ ℕ, the adversary wins with probability at most 𝜀(𝜆) in the following security game:

1. Challenger samples 𝑘 ← {0, 1}𝜆.
2. The adversary sends |𝜓1⟩ , . . . , |𝜓𝑞⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
and receives 𝖲𝗂𝗀𝗇(𝑘, |𝜓𝑖⟩) for 𝑖 = 1, . . . , 𝑞.

3. The adversary outputs (|𝜓*⟩ ⊗ |𝜑*⟩)⊗𝑡 where |𝜓*⟩ ∈ 𝒮
(︀
ℂ2𝑛

)︀
is orthogonal to |𝜓𝑖⟩ for

𝑖 = 1, . . . , 𝑞.

4. Challenger runs 𝖲𝗐𝖺𝗉𝖳𝖾𝗌𝗍(|𝜓*⟩⟨𝜓*| ,𝖵𝖾𝗋(𝑘, |𝜑*⟩)) 𝑡 times in parallel. The adversary wins
if and only if every SWAP test outputs 1.

Remark 6.10. We note that, in general, the forgery message and the tag could be entangled.
Here, we focus on a restricted case in which the message and tag are required to be a product
state. We leave the exploration of stronger security notions for future works.

24We emphasize that here we explicitly require the tag to be a pure state. We can relax this condition to allow for
the signature algorithm to output a state that is close to a pure state without changing the notion much.

25The SWAP test is an efficient quantum circuit that takes as input two density matrices 𝜌, 𝜎 of the same dimension
and output 1 with probability 1+Tr(𝜌𝜎)

2
.
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In some cases, it is unsatisfactory to ask the adversary to output multiple copies of the forgery
tag due to the no-cloning theorem and in this case, we can consider the following definition in
which the adversary needs to output multiple copies of the forgery message but only a single copy
of the forgery tag. The winning condition of the adversary is defined by passing the generalized
SWAP test — called the permutation test [BBD+97, KNY08, GHMW15, BS20a].

Lemma 6.11 (Permutation Test). The permutation test is an efficient quantum circuit 𝖯𝖾𝗋𝗆𝖳𝖾𝗌𝗍
that takes as input 𝜌 ∈ 𝒟((ℂ𝑑)⊗𝑡), outputs 1 with probability 𝑝 := Tr(Π𝑑,𝑡𝗌𝗒𝗆𝜌), and outputs 0 with
probability 1− 𝑝.

Definition 6.12 ((𝖯𝖾𝗋𝗆𝖳𝖾𝗌𝗍, 𝑡, 𝜀)-unforgeability). For every polynomial 𝑞(·) and every non-
uniform QPT adversary, there exists a function 𝜀(·) such that for sufficiently large 𝜆 ∈ ℕ, the
adversary wins with probability at most 𝜀(𝜆) in the following security game:

1. Challenger samples 𝑘 ← {0, 1}𝜆.
2. The adversary sends |𝜓1⟩ , . . . , |𝜓𝑞⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
and receives 𝖲𝗂𝗀𝗇(𝑘, |𝜓𝑖⟩) for 𝑖 = 1, . . . , 𝑞.

3. The adversary outputs |𝜓*⟩⊗𝑡 ⊗ |𝜑*⟩ where |𝜓*⟩ ∈ 𝒮
(︀
ℂ2𝑛

)︀
and is orthogonal to |𝜓𝑖⟩ for

𝑖 = 1, . . . , 𝑞.

4. The adversary wins if 𝖯𝖾𝗋𝗆𝖳𝖾𝗌𝗍(|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ 𝖵𝖾𝗋(𝑘, |𝜑*⟩)) = 1.

Finally, suppose 𝖲𝗂𝗀𝗇(𝑘, ·) is an isometry for every 𝑘 ∈ {0, 1}𝜆. We consider another definition
in which we ask the adversary to send the classical description of the quantum circuit that
generates the forgery message and only one copy of the corresponding tag.

Definition 6.13 (Uncompute-Unforgeability). For every polynomial 𝑞(·) and every non-uniform
QPT adversary, there exists a negligible function 𝜀(·) such that for every 𝜆 ∈ ℕ, the adversary
wins with probability at most 𝜀(𝜆) in the following security game:

1. Challenger samples 𝑘 ← {0, 1}𝜆.
2. The adversary sends |𝜓1⟩ , . . . , |𝜓𝑞⟩ ∈ 𝒮

(︀
ℂ2𝑛

)︀
and receives 𝖲𝗂𝗀𝗇(𝑘, |𝜓𝑖⟩) for 𝑖 = 1, . . . , 𝑞.

3. The adversary outputs a pair (𝐶, |𝜑*⟩) where 𝐶 is the classical description of a quantum
circuit containing no measurements such that 𝐶 |0𝑛⟩ is orthogonal to |𝜓𝑖⟩ for 𝑖 = 1, . . . , 𝑞.

4. Challenger applies 𝐶†𝖵𝖾𝗋(𝑘, ·) on |𝜑*⟩ and performs a measurement on all qubits in the
computational basis. The adversary wins if and only if the measurement outcome is 0𝑛.

Let 𝖯𝖱𝖨 = {𝐹𝜆}𝜆∈ℕ be a strong invertible adaptive (𝑛, 𝑛 + 𝑚)-PRI (Definition 3.10) where
𝑛(·),𝑚(·) are polynomials. We construct a MAC for quantum messages from 𝖯𝖱𝖨.

Construction 6.14 (MAC for quantum messages).

1. 𝖲𝗂𝗀𝗇(𝑘, |𝜓⟩) : on input 𝑘 ∈ {0, 1}𝜆 and a message |𝜓⟩ ∈ 𝒮
(︀
ℂ2𝑛

)︀
, output 𝐹𝜆(𝑘, |𝜓⟩) ∈

𝒮
(︁
ℂ2𝑚+𝑛

)︁
.

2. 𝖵𝖾𝗋(𝑘, |𝜑⟩) : on input 𝑘 ∈ {0, 1}𝜆 and a tag |𝜑⟩ ∈ 𝒮
(︁
ℂ2𝑚+𝑛

)︁
, output 𝖨𝗇𝗏(𝑘, |𝜑⟩).

The correctness of Construction 6.14 follows from the invertibility of 𝖯𝖱𝖨.

Lemma 6.15 (Operator Norm after Partial Trace, Eq.(23) in [Ras12]). Let 𝐻𝐴, 𝐻𝐵 be finite-
dimensional Hilbert spaces and 𝑄 ∈ ℒ(𝐻𝐴 ⊗𝐻𝐵). Then ‖Tr𝐵(𝑄)‖∞ ≤ dim(𝐻𝐵) · ‖𝑄‖∞.

Lemma 6.16. Construction 6.14 satisfies many-copies-unforgeability.

Proof. By the security of 𝖯𝖱𝖨, we replace it with a Haar isometry ℐ in the construction. Fix
𝜆 and queries |𝜓1⟩ , . . . , |𝜓𝑞⟩. Let 𝑉𝑖𝑛 := 𝗌𝗉𝖺𝗇{|𝜓1⟩ ⊗ |0𝑚⟩𝖠𝗎𝗑 , . . . , |𝜓𝑞⟩ ⊗ |0𝑚⟩𝖠𝗎𝗑} ⊆ ℂ2𝑛+𝑚

and
𝑑 := dim(𝑉𝑖𝑛) ≤ 𝑞. Choose an arbitrary orthonormal basis of 𝑉𝑖𝑛 denoted by {|𝑒1⟩ , . . . , |𝑒𝑑⟩}.
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Given |𝑒1⟩ , . . . , |𝑒𝑑⟩, the Haar random unitary can be viewed as being partially defined by
sampling |𝑣1⟩ , . . . , |𝑣𝑑⟩ according to the procedures in Fact 2.3. Let 𝑉𝑜𝑢𝑡 := 𝗌𝗉𝖺𝗇{|𝑣1⟩ , . . . , |𝑣𝑑⟩} ⊆
ℂ2𝑛+𝑚

. Note that all quantum tags |𝜑𝑖⟩ are defined since each of them is in 𝑉𝑜𝑢𝑡. Now, fix the
forgery (|𝜓*⟩ , |𝜑*⟩). Suppose |𝜑*⟩ = |𝑣𝑜𝑢𝑡⟩ + |𝑣⊥𝑜𝑢𝑡⟩ where |𝑣𝑜𝑢𝑡⟩ ∈ 𝑉𝑜𝑢𝑡 and |𝑣⊥𝑜𝑢𝑡⟩ ∈ 𝑉 ⊥𝑜𝑢𝑡 are
sub-normalized states. Using Fact 3.9, we consider the average fidelity between ℐ−1(|𝜑*⟩) and
|𝜓*⟩:

𝔼
ℐ|𝑉

[︀
⟨𝜓*|ℐ−1(|𝜑*⟩)|𝜓*⟩

]︀
= ⟨𝜓*| 𝔼

𝑈←H𝑛+𝑚|𝑉

[︀
Tr𝖠𝗎𝗑(𝑈

† |𝜑*⟩⟨𝜑*|𝑈)
]︀
|𝜓*⟩, (4)

where ℐ |𝑉 means ℐ is a Haar isometry conditioned on ℐ |𝑒𝑖⟩ = |𝑣𝑖⟩ for 𝑖 = 1, 2, . . . , 𝑑; H𝑛+𝑚 |𝑉
is defined similarly. Expanding |𝜑*⟩, this yields

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (4) = ⟨𝜓*|Tr𝖠𝗎𝗑

(︃
𝔼

𝑈←H𝑛+𝑚|𝑉

[︀
𝑈† |𝜑*⟩⟨𝜑*|𝑈

]︀)︃
|𝜓*⟩

= ⟨𝜓*|Tr𝖠𝗎𝗑

(︃
𝔼

𝑈←H𝑛+𝑚|𝑉

[︀
𝑈†(|𝑣⊥𝑜𝑢𝑡⟩⟨𝑣⊥𝑜𝑢𝑡|+ |𝑣⊥𝑜𝑢𝑡⟩⟨𝑣𝑜𝑢𝑡|+ |𝑣𝑜𝑢𝑡⟩⟨𝑣⊥𝑜𝑢𝑡|+ |𝑣𝑜𝑢𝑡⟩⟨𝑣𝑜𝑢𝑡|)𝑈

]︀)︃
|𝜓*⟩.

First note that

𝔼
𝑈←H𝑛+𝑚|𝑉

[︀
𝑈† |𝑣⊥𝑜𝑢𝑡⟩⟨𝑣⊥𝑜𝑢𝑡|𝑈

]︀
=
⃦⃦
|𝑣⊥𝑜𝑢𝑡⟩

⃦⃦2 · 𝔼
|𝜗⟩←H (𝑉 ⊥

𝑜𝑢𝑡)
[|𝜗⟩⟨𝜗|] =

⃦⃦
|𝑣⊥𝑜𝑢𝑡⟩

⃦⃦2 · 𝐼𝑉 ⊥
𝑜𝑢𝑡

dim(𝑉 ⊥𝑜𝑢𝑡)

from Fact 2.10. Next,

𝔼
𝑈←H𝑛+𝑚|𝑉

[︀
𝑈† |𝑣𝑜𝑢𝑡⟩⟨𝑣⊥𝑜𝑢𝑡|𝑈

]︀
= |𝑣𝑖𝑛⟩ 𝔼

𝑈←H𝑛+𝑚|𝑉

[︀
⟨𝑣⊥𝑜𝑢𝑡|𝑈

]︀
= |𝑣𝑖𝑛⟩ 𝔼

|𝜗⟩←H (𝑉 ⊥
𝑜𝑢𝑡)

[⟨𝜗|] = 0,

since the average of a uniformly random vector on a sphere is 0, where |𝑣𝑖𝑛⟩ ∈ 𝑉𝑖𝑛 is the state
such that 𝑈 |𝑣𝑖𝑛⟩ = |𝑣𝑜𝑢𝑡⟩ for every 𝑈 sampled from H 𝑛+𝑚 |𝑉 . Similarly, we have

𝔼
𝑈←H𝑛+𝑚|𝑉

[︀
𝑈† |𝑣⊥𝑜𝑢𝑡⟩⟨𝑣𝑜𝑢𝑡|𝑈

]︀
= 0.

Moreover, 𝔼𝑈←H𝑛+𝑚|𝑉

[︀
𝑈† |𝑣𝑜𝑢𝑡⟩⟨𝑣𝑜𝑢𝑡|𝑈

]︀
= |𝑣𝑖𝑛⟩⟨𝑣𝑖𝑛| is supported by 𝑉𝑖𝑛. We then obtain

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (4) = ⟨𝜓*|Tr𝖠𝗎𝗑

(︃⃦⃦
|𝑣⊥𝑜𝑢𝑡⟩

⃦⃦2 · 𝐼𝑉 ⊥
𝑜𝑢𝑡

dim(𝑉 ⊥𝑜𝑢𝑡)
+ |𝑣𝑖𝑛⟩⟨𝑣𝑖𝑛|

)︃
|𝜓*⟩.

However, the last 𝑚 qubits of |𝑣𝑖𝑛⟩ on register 𝖠𝗎𝗑 must be |0𝑚⟩𝖠𝗎𝗑 by the definition of 𝑉𝑖𝑛. So
after partially tracing out 𝖠𝗎𝗑, the reduced (sub-normalized) density matrix Tr𝖠𝗎𝗑 (|𝑣𝑖𝑛⟩⟨𝑣𝑖𝑛|) is
supported by 𝗌𝗉𝖺𝗇{|𝜓1⟩ , . . . , |𝜓𝑞⟩}. But recall that the forgery message |𝜓*⟩ must be orthogonal
to the previous queries |𝜓1⟩ , . . . , |𝜓𝑞⟩, thus ⟨𝜓*|Tr𝖠𝗎𝗑 (|𝑣𝑖𝑛⟩⟨𝑣𝑖𝑛|) |𝜓*⟩ = 0. Finally, the average
fidelity can be simplified and bounded as follows:

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (4) =

⃦⃦
|𝑣⊥𝑜𝑢𝑡⟩

⃦⃦2
dim(𝑉 ⊥𝑜𝑢𝑡)

· ⟨𝜓*|Tr𝖠𝗎𝗑
(︁
𝐼𝑉 ⊥

𝑜𝑢𝑡

)︁
|𝜓*⟩

≤
⃦⃦
|𝑣⊥𝑜𝑢𝑡⟩

⃦⃦2
dim(𝑉 ⊥𝑜𝑢𝑡)

·
⃦⃦⃦
Tr𝖠𝗎𝗑

(︁
𝐼𝑉 ⊥

𝑜𝑢𝑡

)︁⃦⃦⃦
∞

≤
⃦⃦
|𝑣⊥𝑜𝑢𝑡⟩

⃦⃦2
dim(𝑉 ⊥𝑜𝑢𝑡)

· dim(𝐻𝖠𝗎𝗑) ·
⃦⃦⃦
𝐼𝑉 ⊥

𝑜𝑢𝑡

⃦⃦⃦
∞
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≤ 1

2𝑚+𝑛 − 𝑞
· 2𝑚 = 𝗇𝖾𝗀𝗅(𝜆),

where the first inequality follows from the definition of operator norm and the second inequality
follows from Lemma 6.15. By Markov’s inequality, we have

Pr
ℐ|𝑉

[︀
⟨𝜓*|ℐ−1(|𝜑*⟩)|𝜓*⟩ ≥ 0.1

]︀
= 𝗇𝖾𝗀𝗅(𝜆).

Hence, the probability of all the 𝑡 swap tests outputting 1 satisfies

𝔼
ℐ|𝑉

[︀
Pr
[︀
𝖲𝗐𝖺𝗉𝖳𝖾𝗌𝗍𝑖(|𝜓*⟩ , ℐ−1(|𝜑*⟩)) = 1, 𝑖 = 1, . . . , 𝑡

]︀]︀
= 𝔼
ℐ|𝑉

[︃(︂
1

2
+

1

2
⟨𝜓*|ℐ−1(|𝜑*⟩)|𝜓*⟩

)︂𝑡]︃

≤
(︂
1

2
+ 0.1

)︂𝑡
+ 𝗇𝖾𝗀𝗅(𝜆) = 2−Ω(𝑡) + 𝗇𝖾𝗀𝗅(𝜆)

from Hoeffding bounds. This finishes the proof of Lemma 6.16.

Theorem 6.17. For every 𝑡 ∈ ℕ, Construction 6.14 satisfies (𝖯𝖾𝗋𝗆𝖳𝖾𝗌𝗍, 𝑡, 𝑂(1/𝑡))-unforgeability.

Proof. By the security of 𝖯𝖱𝖨, we replace it with a Haar isometry ℐ in the construction. Fix 𝜆
and queries |𝜓1⟩ , . . . , |𝜓𝑞⟩. Similar to Lemma 6.16, we can view the Haar unitary to be partially
sampled. Let 𝑉𝑖𝑛, 𝑉𝑜𝑢𝑡 be defined as in Lemma 6.16. The winning probability of the forger is

𝔼
ℐ|𝑉

[︁
Pr
[︁
𝖯𝖾𝗋𝗆𝖳𝖾𝗌𝗍

(︁
|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ ℐ−1(|𝜑*⟩)

)︁
= 1
]︁]︁

= 𝔼
𝑈←H 𝑛+𝑚|𝑉

[︁
Tr
(︁
Π2𝑛,𝑡+1

𝗌𝗒𝗆

(︁
|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ Tr𝖠𝗎𝗑(𝑈

† |𝜑*⟩⟨𝜑*|𝑈)
)︁)︁]︁

=Tr

(︃∑︀
𝜎∈𝑆𝑡+1

𝑃𝜎

(𝑡+ 1)!

(︃
|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ 𝔼

𝑈←H 𝑛+𝑚|𝑉

[︀
Tr𝖠𝗎𝗑

(︀
𝑈† |𝜑*⟩⟨𝜑*|𝑈

)︀]︀)︃)︃
. (5)

Consider the two cases classified by whether 𝑡+ 1 is a fixed point of 𝜎: first, if 𝜎(𝑡+ 1) = 𝑡+ 1,
then

Tr

(︃
𝑃𝜎

(︃
|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ 𝔼

𝑈←H 𝑛+𝑚|𝑉

[︀
Tr𝖠𝗎𝗑

(︀
𝑈† |𝜑*⟩⟨𝜑*|𝑈

)︀]︀)︃)︃

=Tr

(︃
𝔼

𝑈←H 𝑛+𝑚|𝑉

[︀
Tr𝖠𝗎𝗑

(︀
𝑈† |𝜑*⟩⟨𝜑*|𝑈

)︀]︀)︃
= 1.

Otherwise, we can decompose |𝜑*⟩ = |𝑣𝑜𝑢𝑡⟩+|𝑣⊥𝑜𝑢𝑡⟩ as in Lemma 6.16 and use the same argument
to get

Tr

(︃
𝑃𝜎

(︃
|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ 𝔼

𝑈←H 𝑛+𝑚|𝑉

[︀
Tr𝖠𝗎𝗑

(︀
𝑈† |𝜑*⟩⟨𝜑*|𝑈

)︀]︀)︃)︃

≤ Tr

⎛⎝𝑃𝜎
⎛⎝|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ Tr𝖠𝗎𝗑

(︁
𝐼𝑉 ⊥

𝑜𝑢𝑡

)︁
dim(𝑉 ⊥𝑜𝑢𝑡)

⎞⎠⎞⎠ .
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As there is a 1
𝑡+1 fraction of 𝜎’s that belong to the first case, we have

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (5) ≤ 1

𝑡+ 1
+

1

(𝑡+ 1)!
·

∑︁
𝜎∈𝑆𝑡+1:

𝜎(𝑡+1) ̸=𝑡+1

Tr

⎛⎝𝑃𝜎
⎛⎝|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ Tr𝖠𝗎𝗑

(︁
𝐼𝑉 ⊥

𝑜𝑢𝑡

)︁
dim(𝑉 ⊥𝑜𝑢𝑡)

⎞⎠⎞⎠ .

Now, let
∑︀
𝑖 𝜆𝑖 |𝜆𝑖⟩⟨𝜆𝑖| be the spectral decomposition of

Tr𝖠𝗎𝗑

(︁
𝐼
𝑉 ⊥
𝑜𝑢𝑡

)︁
dim(𝑉 ⊥

𝑜𝑢𝑡)
. We finally have

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (5) ≤ 1

𝑡+ 1
+

1

(𝑡+ 1)!
·
∑︁
𝑖

𝜆𝑖 ·
∑︁

𝜎∈𝑆𝑡+1:
𝜎(𝑡+1) ̸=𝑡+1

Tr
(︁
𝑃𝜎

(︁
|𝜓*⟩⟨𝜓*|⊗𝑡 ⊗ |𝜆𝑖⟩⟨𝜆𝑖|

)︁)︁

=
1

𝑡+ 1
+

𝑡

𝑡+ 1
·
∑︁
𝑖

𝜆𝑖|⟨𝜓*|𝜆𝑖⟩|2

=
1

𝑡+ 1
+

𝑡

𝑡+ 1
· ⟨𝜓*|

Tr𝖠𝗎𝗑

(︁
𝐼𝑉 ⊥

𝑜𝑢𝑡

)︁
dim(𝑉 ⊥𝑜𝑢𝑡)

|𝜓*⟩

≤ 1

𝑡+ 1
+

𝑡

𝑡+ 1
·

⃦⃦⃦⃦
⃦⃦Tr𝖠𝗎𝗑

(︁
𝐼𝑉 ⊥

𝑜𝑢𝑡

)︁
dim(𝑉 ⊥𝑜𝑢𝑡)

⃦⃦⃦⃦
⃦⃦
∞

=
1

𝑡+ 1
+ 𝗇𝖾𝗀𝗅(𝜆),

where the last inequality follows from the calculation of Equation (4). This finishes the proof
of Theorem 6.17.

Theorem 6.18. Construction 6.14 satisfies uncompute-unforgeability.

Proof. By the security of 𝖯𝖱𝖨, we replace it with a Haar isometry ℐ in the construction. Fix 𝜆
and queries |𝜓1⟩ , . . . , |𝜓𝑞⟩. Suppose |𝜓*⟩ := 𝐶 |0𝑛⟩ is orthogonal to all previous queries. Similar
to Lemma 6.16, we consider the Haar unitary to be partially sampled. From Fact 2.12, the
success probability of the forger is

𝔼
ℐ|𝑉

[⟨𝜓*|ℐ−1(|𝜑*⟩)|𝜓*⟩] = 𝗇𝖾𝗀𝗅(𝜆)

from the calculation of Equation (4).

6.5 Length Extension of Pseudorandom States
We introduce methods to increase the length of pseudorandom quantum states while preserving
the number of copies. In the classical setting, the length extension of pseudorandom strings
can be accomplished by repeatedly applying PRGs. On the other hand, since pseudorandom
random states are necessarily (highly) pure and entangled [JLS18, AQY22], no such method
was known that would not decrease the number of copies.

Theorem 6.19 (Length Extension Theorem). Assuming 𝒬𝖧𝖺𝖺𝗋-secure pseudorandom isome-
try, mapping 𝑛 qubits to 𝑛 +𝑚 qubits, and an 𝑛-qubit PRSG, there exists an (𝑛 +𝑚)-PRSG.
Similarly, assuming 𝒬𝖧𝖺𝖺𝗋-secure pseudorandom isometry, mapping 𝑛 qubits to 𝑛+𝑚 qubits, and
classical-accessible selectively-secure (ℓ, 𝑛)-PRFSG, there exists an classical-accessible selectively-
secure (ℓ, 𝑛+𝑚)-PRFSG.
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Proof. The constructions are straightforward. We first construct an (𝑛+𝑚)-PRSG as follows:
Let 𝐺 be an 𝑛-qubit PRSG and 𝖯𝖱𝖨 be a 𝒬𝖧𝖺𝖺𝗋-secure (𝑛, 𝑛 + 𝑚)-pseudorandom isometry.
On input 𝑘 = (𝑘1, 𝑘2) where 𝑘1, 𝑘2 ∈ {0, 1}𝜆, output 𝖯𝖱𝖨(𝑘2, 𝐺(𝑘1)). Let 𝑡 be an arbitrary
polynomial. Consider the following hybrids:

• Hybrid 1: 𝑘1, 𝑘2 ← {0, 1}𝜆, output 𝖯𝖱𝖨(𝑘2, 𝐺(𝑘1))
⊗𝑡

• Hybrid 2: |𝜃⟩ ←H𝑛, 𝑘2 ← {0, 1}𝜆, output 𝖯𝖱𝖨(𝑘2, |𝜃⟩)⊗𝑡

• Hybrid 3: |𝛾⟩ ←H𝑛+𝑚, output |𝛾⟩⊗𝑡

Hybrids 1 and 2 are computationally indistinguishable from the security of PRSG. Hybrids 2
and 3 are computationally indistinguishable from the security of PRI. We then construct an
(ℓ, 𝑛 +𝑚)-qubit PRFSG as follows: Let 𝐹 be an (ℓ, 𝑛)-qubit PRFSG. On input 𝑘 = (𝑘1, 𝑘2)

where 𝑘1, 𝑘2 ∈ {0, 1}𝜆 and 𝑥 ∈ {0, 1}ℓ, run 𝐹 (𝑘1, 𝑥) = |𝑥⟩ |𝜃𝑥⟩ and output |𝑥⟩ ⊗ 𝖯𝖱𝖨(𝑘2, |𝜃𝑥⟩).
The security follows similarly.

Next, we introduce another length extension approach that offers an incomparable trade-off
compared to the first one. Consider the following scenario: given 𝑡(𝜆) = 𝑜(𝜆) copies26 of a
2𝑛-qubit Haar state, what is the minimum required randomness in order to generate 𝑡 copies of
a (2𝑛+𝑚)-qubit pseudorandom state (where 𝑛(𝜆),𝑚(𝜆) are polynomials)? First, we can ignore
the original Haar state and output a truly random state from scratch by employing 𝑡-designs
at the cost of 𝗉𝗈𝗅𝗒(𝑡, 𝑛+𝑚) = 𝗉𝗈𝗅𝗒(𝜆) bits of randomness. Suppose we assume the existence of
(𝑛, 𝑛+𝑚)-PRIs. Trivially, applying the 𝑡-fold PRI on a fixed initial state can generate (𝑛+𝑚)-
bit pseudorandom state at the cost of 𝜆 bits of randomness (which serve as the key of the PRI).
In the following, we show that the output obtained by applying the 𝑡-fold PRI on the last 𝑛
qubits of every Haar state is computationally indistinguishable from 𝑡-copies of a (2𝑛+𝑚)-qubit
Haar state.

Theorem 6.20 (Another Length Extension Theorem). Let {𝐹𝜆}𝜆∈ℕ be an (𝑛, 𝑛 + 𝑚)-PRI,
𝑡 = 𝑡(𝜆),

𝜌 := 𝔼
|𝜃⟩←H2𝑛,𝑘∈{0,1}𝜆

[︁
(𝐼𝑛 ⊗ 𝐹𝑘)⊗𝑡 |𝜃⟩⟨𝜃|⊗𝑡 (𝐼𝑛 ⊗ 𝐹 †𝑘 )

⊗𝑡
]︁
,

where 𝐹𝑘 means 𝐹𝜆(𝑘, ·) and 𝐼𝑛 is the identity operator on 𝑛 qubits, and

𝜎 := 𝔼
|𝛾⟩←H2𝑛+𝑚

[︁
|𝛾⟩⟨𝛾|⊗𝑡

]︁
.

Then any non-uniform QPT adversary has at most 𝑂(𝑡!𝑡2/2𝑛+𝑚 + 𝑡2/2𝑛) advantage in distin-
guishing 𝜌 from 𝜎.

Proof. By security of the PRI, we will consider

𝜌′ := 𝔼
|𝜃⟩←H2𝑛,ℐ

[︁
(𝐼𝑛 ⊗ ℐ)⊗𝑡 |𝜃⟩⟨𝜃|⊗𝑡 (𝐼𝑛 ⊗ ℐ†)⊗𝑡

]︁
.

It’s sufficient to prove that TD(𝜌′, 𝜎) = 𝑂(𝑡!𝑡2/2𝑛+𝑚 + 𝑡2/2𝑛). Expanding 𝑡-copies of a Haar
state in the type basis (Fact 2.10), we can write 𝜌′ as

𝜌′ = 𝔼
𝑇←[𝑡+1]𝑁 |𝗌𝗂𝗓𝖾(𝑇 )=𝑡,ℐ

[︀
(𝐼𝑛 ⊗ ℐ)⊗𝑡 |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | (𝐼𝑛 ⊗ ℐ†)⊗𝑡

]︀
,

where 𝑁 := 22𝑛.
Given a type 𝑇 ∈ [𝑡+1]𝑁 such that 𝗌𝖾𝗍(𝑇 ) = �⃗�||�⃗� = {𝑥1||𝑦1, . . . , 𝑥𝑡||𝑦𝑡}, where 𝑥𝑖, 𝑦𝑖 ∈ {0, 1}𝑛.

We say 𝑇 is good if and only if (1) all 𝑥𝑖’s are pairwise distinct, and (2) all 𝑦𝑖’s are pairwise

26Due to technical issues, we are only able to prove the theorem when 𝑡 is sublinear in 𝜆.
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distinct. The following observation regarding good types is the crux of the proof. Intuitively,
the Haar isometry scrambles the last 𝑛 bits of every element in 𝗌𝖾𝗍(𝑇 ), i.e., �⃗�, to a random vector
with no repeating coordinates.

Lemma 6.21. For every good type 𝑇 with 𝗌𝖾𝗍(𝑇 ) = �⃗�||�⃗� = {𝑥1||𝑦1, . . . , 𝑥𝑡||𝑦𝑡}, where 𝑥𝑖, 𝑦𝑗 ∈
{0, 1}𝑛 and w.l.o.g. 𝑥1 < 𝑥2 < · · · < 𝑥𝑡, let

𝜌𝗅𝖾𝖿𝗍 := 𝔼
ℐ

[︀
(𝐼𝑛 ⊗ ℐ)⊗𝑡 |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | (𝐼𝑛 ⊗ ℐ†)⊗𝑡

]︀
and

𝜌𝗋𝗂𝗀𝗁𝗍 := 𝔼
[︂
|𝗍𝗒𝗉𝖾𝑇 ′⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ | : (𝑧1,𝑧2,...,𝑧𝑡)

$←−𝒮𝑛+𝑚,𝑡,

𝑇 ′:=𝗍𝗒𝗉𝖾(�⃗�||�⃗�)

]︂
,

where 𝒮𝑛+𝑚,𝑡 := {�⃗� = (𝑧1, 𝑧2, . . . , 𝑧𝑡) ∈ {0, 1}(𝑛+𝑚)𝑡
: �⃗� has no repeating coordinates}. Then

TD(𝜌𝗅𝖾𝖿𝗍, 𝜌𝗋𝗂𝗀𝗁𝗍) ≤ 𝑂
(︁

𝑡!𝑡2

2𝑛+𝑚

)︁
.

Proof of Lemma 6.21. By the definition of type vectors (Definition 2.5) and the premise that 𝑇
is good, we have

|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | =
1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�||�⃗�)⟩⟨𝜋(�⃗�||�⃗�)| = 1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ |𝜎(�⃗�)⟩⟨𝜋(�⃗�)| .

Thus, it holds that

𝜌𝗅𝖾𝖿𝗍 =𝔼
ℐ

[︀
(𝐼 ⊗ ℐ)⊗𝑡 |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | (𝐼 ⊗ ℐ†)⊗𝑡

]︀
=
1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ 𝔼
ℐ
[ℐ⊗𝑡 |𝜎(�⃗�)⟩⟨𝜋(�⃗�)| (ℐ†)⊗𝑡]

=
1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ 𝔼
𝑈←H𝑛+𝑚

[𝑈⊗𝑡 |𝜎(�⃗� ⊙ 0𝑚)⟩⟨𝜋(�⃗� ⊙ 0𝑚)| (𝑈†)⊗𝑡]

=
1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ 𝑃𝜎 𝔼
𝑈←H𝑛+𝑚

[︀
𝑈⊗𝑡 |�⃗� ⊙ 0𝑚⟩⟨�⃗� ⊙ 0𝑚| (𝑈†)⊗𝑡

]︀
𝑃 †𝜋 ,

where �⃗�⊙ 0𝑚 denotes (𝑦1||0𝑚, . . . , 𝑦𝑡||0𝑚). Note that �⃗�⊙ 0𝑚 also has no repeating coordinates.
From unitary invariance of trace distance and Corollary 4.4, for every 𝜎, 𝜋 ∈ 𝑆𝑡,

TD

(︃
𝑃𝜎 𝔼

𝑈←H𝑛+𝑚

[︀
𝑈⊗𝑡 |�⃗� ⊙ 0𝑚⟩⟨�⃗� ⊙ 0𝑚| (𝑈†)⊗𝑡

]︀
𝑃 †𝜋 ,

𝑃𝜎 𝔼
[︁
|�⃗�⟩⟨�⃗�| : �⃗� $←− 𝒮𝑛+𝑚,𝑡

]︁
𝑃 †𝜋

)︃

= TD

(︃
𝔼

𝑈←H𝑛+𝑚

[︀
𝑈⊗𝑡 |�⃗� ⊙ 0𝑚⟩⟨�⃗� ⊙ 0𝑚| (𝑈†)⊗𝑡

]︀
,𝔼
[︁
|�⃗�⟩⟨�⃗�| : �⃗� $←− 𝒮𝑛+𝑚,𝑡

]︁)︃
≤𝑂(𝑡2/2𝑛+𝑚).

By triangle inequalities over all 𝜎, 𝜋 ∈ 𝑆𝑡, the density matrix 𝜌𝗅𝖾𝖿𝗍 is 𝑂(𝑡!𝑡2/2𝑛+𝑚)-close to

1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ 𝑃𝜎 𝔼
[︁
|�⃗�⟩⟨�⃗�| : �⃗� $←− 𝒮𝑛+𝑚,𝑡

]︁
𝑃 †𝜋
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=
1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ 𝔼
[︁
|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| : �⃗� $←− 𝒮𝑛+𝑚,𝑡

]︁

= 𝔼
�⃗�

$←−𝒮𝑛+𝑚,𝑡

⎡⎣ 1

𝑡!

∑︁
𝜎,𝜋∈𝑆𝑡

|𝜎(�⃗�)⟩⟨𝜋(�⃗�)| ⊗ |𝜎(�⃗�)⟩⟨𝜋(�⃗�)|

⎤⎦
=𝔼

[︂
|𝗍𝗒𝗉𝖾𝑇 ′⟩⟨𝗍𝗒𝗉𝖾𝑇 ′ | : (𝑧1,𝑧2,...,𝑧𝑡)

$←−𝒮𝑛+𝑚,𝑡,

𝑇 ′:=𝗍𝗒𝗉𝖾(�⃗�||�⃗�)

]︂
=𝜌𝗋𝗂𝗀𝗁𝗍.

This finishes the proof of Lemma 6.21.

Now, we continue proving Theorem 6.20. In density matrix 𝜌′, the probability of a 𝑡-size type
𝑇 sampled uniformly from [𝑡+ 1]𝑁 being good is at least 1− 𝑂(𝑡2/2𝑛) from Fact 2.13. Hence,
TD(𝜌′, 𝜌′𝗀𝗈𝗈𝖽) = 𝑂(𝑡2/2𝑛), where

𝜌′𝗀𝗈𝗈𝖽 := 𝔼
𝑇←[𝑡+1]𝑁 |𝗌𝗂𝗓𝖾(𝑇 )=𝑡∧𝑇 is good

𝔼
ℐ

[︀
(𝐼𝑛 ⊗ ℐ)⊗𝑡 |𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 | (𝐼𝑛 ⊗ ℐ†)⊗𝑡

]︀
.

Then applying Lemma 6.21 to every (good) 𝑇 in 𝜌′𝗀𝗈𝗈𝖽, we have TD(𝜌′𝗀𝗈𝗈𝖽, 𝜌
′′) = 𝑂(𝑡!𝑡2/2𝑛+𝑚)

where

𝜌′′ := 𝔼

⎡⎣|𝗍𝗒𝗉𝖾𝑇 ′′⟩⟨𝗍𝗒𝗉𝖾𝑇 ′′ | :
𝑇←[𝑡+1]𝑁 |𝗌𝗂𝗓𝖾(𝑇 )=𝑡∧𝑇 is good,

𝗌𝖾𝗍(𝑇 )={𝑥1||𝑦1,...,𝑥𝑡||𝑦𝑡} 𝑠.𝑡. 𝑥1<···<𝑥𝑡,
(𝑧1,𝑧2,...,𝑧𝑡)←𝒮𝑛+𝑚,𝑡,

𝑇 ′′:=𝗍𝗒𝗉𝖾(𝑥1||𝑧1,...,𝑥𝑡||𝑧𝑡)

⎤⎦
= 𝔼

[︂
|𝗍𝗒𝗉𝖾𝑇 ′′⟩⟨𝗍𝗒𝗉𝖾𝑇 ′′ | :

(𝑥1,𝑥2,...,𝑥𝑡)←𝒮𝑛,𝑡,
(𝑧1,𝑧2,...,𝑧𝑡)←𝒮𝑛+𝑚,𝑡,

𝑇 ′′:=𝗍𝗒𝗉𝖾(𝑥1||𝑧1,...,𝑥𝑡||𝑧𝑡)

]︂
.

Again, we expand 𝜎 in the type basis (Fact 2.10),

𝜎 = 𝔼
𝑇←[𝑡+1]𝑀 |𝗌𝗂𝗓𝖾(𝑇 )=𝑡

[|𝗍𝗒𝗉𝖾𝑇 ⟩⟨𝗍𝗒𝗉𝖾𝑇 |] ,

where 𝑀 := 22𝑛+𝑚. To upper bound TD(𝜌′′, 𝜎), it’s sufficient to bound the statistical distance
between 𝑇 ′′ defined in 𝜌′′ and a uniformly random 𝑡-size 𝑇 in [𝑡+1]𝑀 . This is at most 𝑂(𝑡2/2𝑛)+
𝑂(𝑡2/2𝑛+𝑚) from Fact 2.13. Combining the bounds completes the proof of Theorem 6.20.
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