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Abstract

For any prime number p, we provide two classes of linear codes with few
weights over a p-ary alphabet. These codes are based on a well-known generic
construction (the defining-set method), stemming on a class of monomials
and a class of trinomials over finite fields. The considered monomials are
Dembowski-Ostrom monomials zP*+1, for a suitable choice of the exponent
a, so that, when p > 2 and n # 0 (mod 4), these monomials are planar. We
study the properties of such monomials in detail for each integer n > 1 and
any prime number p. In particular, we show that they are t-to-one, where
the parameter ¢t depends on the field F,» and it takes the values 1,2 or p+ 1.
Moreover, we give a simple proof of the fact that the functions are d-uniform
with 0 € {1,4,p}. This result describes the differential behaviour of these
monomials for any p and n. For the second class of functions, we consider an
affine equivalent trinomial to 27" 1, namely, 27" T + A2?” + MW"z for A € F..
We prove that these trinomials satisfy certain regularity properties, which are
useful for the specification of linear codes with three or four weights that are
different than the monomial construction. These families of codes contain
projective codes and optimal codes (with respect to the Griesmer bound).
Remarkably, they contain infinite families of self-orthogonal and minimal p-
ary linear codes for every prime number p. Our findings highlight the utility of
studying affine equivalent functions, which is often overlooked in this context.
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1 Introduction

Since the late 1960s, codes with a few non-zero Hamming weights have been a sub-
ject of significant interest within the (discrete) mathematical community due to
their connections with various mathematical structures, including strongly regular
graphs, association schemes, designs, and projective sets [5], 6 14, [I7]. In recent
decades, few-weight codes have garnered further attention driven by their practi-
cal applications, such as fault-tolerant circuits [39], secret sharing schemes [9], and
authentication codes [23]. The construction of codes typically involves an inter-
disciplinary approach, drawing on tools and techniques from combinatorics, linear
algebra, finite fields, finite geometry, and Boolean functions.

One of the earliest systematic studies of linear codes with two weights was given
by Delsarte in [14]. One-weight codes, also referred as constant weight codes, are
closely related to designs (see, for example, [4]), whereas two-weight (projective)
codes are equivalent to certain projective sets and to certain strongly regular graphs
(51, [14].

Two additional desirable properties of linear codes are self-orthogonality (char-
acterized by the property that any two codewords are orthogonal) and minimality
(linearly independent codewords do not cover each other) since self-orthogonal codes
can be used to build quantum error-correcting codes [40] and minimal codes are used
for two-party computations and secret sharing schemes [9].

In this article, we introduce two infinite families of p-ary linear codes, for any
prime number p, using the image set of quadratic polynomials that are t-to-one
functions. These codes may have 1, 2, 3, or 4 distinct non-zero weights. Our
approach extends the existing literature on constructing linear codes from 2-to-one
functions [32) 35], B6], thus continuing in the same line of research.

Our work is motivated by the rich properties of p-ary functions, whose behavior
can often be studied exploiting finite field properties, such as exponential sums [13]
25]. We then use a well-known standard construction of linear codes from functions,
called the defining set method, which has been widely employed to construct linear
codes with good parameters and additional properties [17, 18, 20}, 2], 241, 25| 3T, 32,
34, [41]. In general, this construction relies on the selection of appropriate defining
sets, yielding an intriguing ongoing research area.

Quadratic polynomials, closely related to quadratic forms, have been previously
studied and utilized for constructing linear codes [9], 19, 20, 24], 25], 411, [43], 44]. We
explore a specific class of Dembowski-Ostrom monomials [15] 3], namely, monomials
of the form xpkH“, and derive its properties. Specifically, we use their image set to
build an infinite family of codes with 1 or 2 weights and specify their exact weight
distributions. While this construction was initially proposed in [17], the authors
made an assumption on the rank of quadratic forms (Theorem 3 in [I7]), which



turns out not to be true (see Remark [1| below). Hence, we provide a correct version
of this result for the monomials in question. We then prove that this class of codes
contains self-orthogonal, projective, minimal, and optimal codes.

Despite the common neglect of considering different affine equivalent functions
in the context of p-ary functions for cryptography, we assert that considering them
can be valuable. Based on this perspective, we introduce a second family of linear
codes, employing the image set of a class of quadratic trinomials that are affine
equivalent to 27" 1. To derive the exact weight distribution of codes stemming
from these trinomials, one must compute the values of certain Weil sums from
(interlaced) components of 22" *1—this is achieved by means of the Interwoven
Lemma (Lemma . Notably, this family of codes contains codes that share some
properties with their monomial counterpart including self-orthogonality, minimality
and projectivity. While these two families share such properties, they are however
structurally different as deduced from their weight distributions and the fact that
these properties hold for different subclasses (see Remark .

The remainder of the article is organized as follows. In Section [2, we provide all
the necessary background and preliminary concepts, including linear codes, char-
acters, p-ary function and quadratic forms. The defining-set method and ¢-to-one
functions are then introduced in Section |3.1] where we derive a general formula
for determining weights in this setting. In Section [3.2] we present the first infinite
family of linear codes from the image set of monomials 2P +1 Herein, we provide
some (known) results on their Walsh and differential spectra. Then, we derive the
exact weight distribution of the codes, thus showing they have either one or two non-
zero weights. Furthermore, we prove that this family contains optimal, projective,
minimal and self-orthogonal codes in Section [3.3] and Section [3.4] Afterwards, in
Section [}, the second infinite family of linear codes from the image set of trinomials
AR N Vo R )\pkH, where A € )., is introduced. These codes have 2,3 or 4
non-zero weights. Similarly as for the first family, in Section 4.1}, we prove that the
second family contains projective, minimal and self-orthogonal codes. Finally, some
numerical results are given in Section [5] and we set out our overall conclusions in
Section [6l

2 Definitions

2.1 Linear codes

For a prime number p and a positive integer n, let F,» be the finite field with p”
elements and F} denote an n-dimensional vector space over F,. The (Hamming)
distance between two vectors u = (uy,...,u,),v = (v1,...,0,) € F} is the number



of indices where they differ. A p-ary [n,k,d]-code C' is a k-dimensional subspace
of F} over I, for which the minimum distance between two vectors is d. Vectors
in C are called codewords. The dual code C*+ = {x € Fll|x -y = 0 for ally € C}
is an [n,n — k]-code, where “-” denotes the standard dot product. A code C' is
said to be self-orthogonal if C' C C*, whereas C is said to be a linear code with
a complementary dual (LCD) if it intersects C* trivially, i.e., C N C+ = {0}. The
weight wt(v) of a vector v in [} is its distance to zero, equivalently, the number of
non-zero entries. The weight enumerator polynomial We(2) of C' is the polynomial
i Aiz', where A; is the number of codewords of weight i. A t-weight (or t-valued)
code is a code C' for which |[{i # 0|A4; # 0}| = t.

Given an [n, k,d]-code C, a k x n matrix G is called a generator matrix of C'
provided that its rows form a basis for C, i.e., C = {aG : a € IF’;} Similarly, an
(n — k) x n matrix H is a parity-check matrix of C if its rows are a basis for C*. If
no two columns in H are dependent then the code C' is said to be projective. Thus
C is projective if and only if the minimum weight in the dual code C* is at least 3.

For a p-ary [n, k, d|-linear code C' with weight enumerator » ;| A;z*, whose dual
has weight enumerator Y ;" | AFz% the first three Pless power moments [30, 38| are:

S Ai=p D A =p"((p— Dn— A});
i=1

=1

> PA =P ((p - Dnl(p— Dn+ 1) — (2pn — p — 2n + 2) A} + 245).
=1

2.2 Characters and p-ary functions

The absolute trace Try(-) on F,» is the linear function mapping from F,» to F,,
given by

n—1

Tl (x) =x 4+ 2P+ +af
Let 1 = /—1 and let §, = ¢s be the complex primitive p-th root of unity. The

function x; defined by xi(c) = 5;“?“3) for all ¢ € Fpn is a character of the ad-
ditive group of IF,», called the canonical additive character. Similarly, for each
j=0,1,...,p" — 2, the function v; with ;(w") = et for k = 0,...,q—2, where
w is a fixed primitive element of Fyn, defines a multiplicative character of Fy, and
every other multiplicative character of F,» is obtained in this way.

A mapping F': Fyn — F,m is called a p-ary function, where n > 0 and m > 0 are
integers not necessarily equal. When m = 1 and p = 2, the function F' corresponds
to a Boolean function. If m = n, we also refer to F' as a polynomial (function).

The component functions of F' : Fyn — Fn are the mappings x — Tr}(aF(z))

for a € F., where the superscript * * ’ indicates the non-zero elements. Given



f i Fpn — F, and A € Fyn, the Walsh-Hadamard transform of f at the point A is

defined as
Wi(\) = Z gg(x)fi‘rl(/\x)_ (1)

:EE]Fpn

The multi-set of values {{W(\) : A € Fyn}} is called the Walsh spectrum of f and
it will be denoted by W;. A p-ary function f : F,n — F, is said to be p-ary bent
(or, simply, bent) if all its Walsh coefficients satisfy

(WM =p". (2)

In the binary case, a Boolean function f : Fon — sy is bent if and only if
Wi(\) = £2% for any A € Fyn. Note that bent Boolean functions exist only for even
n. A function f : F,n — [F, is called s-plateaued if and only if for every A € Fyn

(Wi (NP =p™*. (3)

When p = 2 and s = 1, f is called semi-bent (this implies that n is odd). A
polynomial F': Fon — Fan is called an almost bent or AB function if and only if the
Walsh coefficients of its components belong to {0, :I:Q%}, equivalently, if all of its
components are semi-bent.

The derivative of a function F' : Fpn — Fpn at direction a € F. is defined as
D.F(z) = F(z +a) — F(x). A mapping F : Fyn — F,» is called planar provided
that all of its derivatives are permutations. Planar functions can exist only when p
is odd. For any a € F3, and b € Fan, we define 6(a,b) = [{z € Fan : D, F(z) = b}|.
The differential uniformity 6z of F': Fon — Fon is defined as

dp = max_ d(a,b). (4)

aEF;m bEFom

We then say that F' is dp-uniform. The subindex F' will be dropped whenever it is
clear from the context which function we refer to. A 2-uniform function F : Fgn —

Fayn is called an almost perfect nonlinear, or, APN for short. It is well-known that
every AB function is APN [§].

2.3 Quadratic forms

A function F' : Fyn — Fpn is called a quadratic polynomial or Dembowski-Ostrom
(DO) polynomial if

n—1

F(z) = Z ai,jxpi”j, a;j € Fpn.

1,j=0



For p > 2 and s > 1, a homogeneous polynomial of degree two in the variables
(z1, 22, ..., 1,) € F} of the form

Q1,72 ... ) = Z AijTily,

1<i,j,<s

where a;; € s, is called a quadratic form over IF,s. Note that by choosing an F,-
basis of F,», any quadratic function f : F,» — F, induces a quadratic form over
F,, hence we will also refer to it as a quadratic form hereinafter. The rank of the
quadratic form () over F,s is defined to be the codimension of the IF,s-vector space

Vo={xeF Qx+2z)—Qkx)—-Q(z)=0, V2 F,}.

That is |Vg| = p™~", where r denotes the rank of (). For a quadratic form Q(x)
in n variables over F,s, there exists a symmetric matrix A of order n over F,s such
that Q(r) = xAxT, where x = (zy,...,7,) € 7. and x” denotes the transpose
of x. There is a nonsingular matrix M of order n such that MAM? is diagonal,
whenever A is a symmetric matrix of order n over Fy:. Setting z = xM ™!, we get
Qz) =2zMAM"2" =377 d;z}, where z = (21, ..., 2,) € FJl, r is the rank of Q(z)
and d; € F),. Let A =dy---d, forr > 1 and A =1 for r = 0. Denoting by 7 the
quadratic multiplicative character of Fps (thus n = ¢ P ), one can prove that n(A)

is an invariant of A under the conjugate action of GL,, (F,:) (i.e., it does not depend
on the choice of M).

3 Codes from t-to-one functions

3.1 The defining set-method

A generic construction of linear codes from functions works as follows [16], 42]. Fix
a multi-set D = {{d1,ds,...,dn}} C Fpn, called the defining (multi-)set. Define

Cp = {c, = (Tt (d1a), Tr](d2a), . .., Tr}(dna)) : a € Fpn}. (5)

The length of C'p is N and its dimension is at most n. It can be noted that different
orderings of D give equivalent linear codes Cp. The weight wt(c,) of ¢, is N — Z,,
where Z, = [{i € {1,..., N} : Tr}(ad;) = 0}|. Moreover, since

N
pZ, =N + Z Zg;r?(yadi)’ (6)

yely =1
the weights of Cp are determined via the values Zyer SV &' flyadi),
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Not surprisingly, suitable choices for D lead to linear codes with interesting
specific properties. The most natural choice for D is the support supp(f) of a
p-ary function, which has been widely used. For instance, some codes with good
parameters were derived [16], [I7] using supports of classes of vectorial mappings
from F}' to F}'. In particular, when Boolean functions are considered, so that
f: F* — Fy, this method gives optimal codes when bent and semi-bent functions
are employed [16]. Throughout, we will use the non-zero elements in the image set
of a function F, denoted by im(F'), as a defining set.

The preimage set of an element S € F,» under a mapping F : Fyn — Fpn is
denoted by F~!'{3}. A function F' is called t-to-one if there exists at most one
Bo € Fpn such that [F~H{5o}| =1 and |[F~1{B}| € {0,t} for each 3 # [y, i.e., every
element in F,» has either ¢ preimages or none, and there is at most one exception,
which has exactly one preimage. Note that t-to-one functions exist only when ¢
divides p™ — 1.

Theorem 1 Let F : Fyn — Fyn be a t-to-one function (so that t divides p" — 1)
without zero components. The code Ciyry-, defined by (@) is an [N,n,d]-code,

where N = [im(F)*| = =1 Moreover, for a € Fyn, the weight of the codeword c,
15 given by
1
wtes) = —[(p= D" = 1) = Y Wiz, (0)
p AEF;
where f,(x) = Tr}(aF(z)) and
(p—1) [F=HOM =15 or 36 # 0, [F{Bo} = 1, Tr{(afo) = 0
=< (t—1)+tlp—1) |FYHBo} =1 for some By # 0, Tr}(aBy) # 0;
0 otherwise.
Proof. The result follows easily from @ and a simple computation. o

3.2 Codes from 7" +!

In this section, we will derive the weight distributions of the codes Cjyr)- derived
from the monomial F : F,n — F,n given by F(z) = 27"+, where k = 5]

In general, it is easy to prove that the monomial F'(x) = x*® over F,» is t-to-one,
where ¢ = ged(s, p* — 1). Namely, F~'{0} = 0 and, for every § € F}., either
FYB} =0 or g =a° for some a € .. In the latter, since the (multiplicative)
subgroup im(F)* has order ’%, then

F YR ={ay" :1<i <t}
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for some v € Fy,. of order .
The following lemma was independently proved in general for an odd prime p
[13] and for the binary case [29].

Lemma 1 [15,129] Let n > 1 be an integer and p be a prime number. Let k = | 7]

(hence k > 1). For n = 2 (mod 4), the greatest common divisor of n and k + 1 is
equal to two. Otherwise, it equals one. Moreover,

1, p=2,n%0 (mod 4);
ged(p" 1 p" 1) =<2, p#£2,n %0 (mod 4);
p+1, n=0 (mod 4).

In order to compute the differential uniformity of the monomials F'(x) in ques-
tion, we must take a look at the behaviour of derivatives for different values of n
and p, which is essentially the main content of the following lemma.

Lemma 2 Let n > 1 be any integer and k = |5 |. For o € [y, consider the affine
polynomial Go(z) = ax? ™" +a? " x4+ a?" "' over Fyn, and set G(z) = Gy(z). The
set GLH B} = {x € Fpn : Go(z) = B} for B € Fyn satisfies the following,

0orp, ifp=2andn %2 (mod4) orp>2andn=0 (mod 4);
IGLHBY =K0o0rd, ifp=2andn=2 (mod 4);
1, ifp#2 and n # 0 (mod 4).

Proof. It is enough to prove the statement for the function G(z) = 41
since |G {8} = |G~ a3 — a?""'}| (via the bijection y — «'y). Moreover, it
suffices to prove that

1, ifp=2andn#2 (mod4)orp>2andn=0 (mod4);
dimg, (ker(G—1)) = ¢ 2, if p=2and n =2 (mod 4);
0, if p#2andn#0 (mod 4).

Let w be a generator of F,. Assume that p = 2. A non-zero element w® belongs to
ker(G' — 1) if and only if w®*"'~1) = 1. This is equivalent to finding all solutions
modulo 2" — 1 of 4(28*? — 1) = 2" — 1. Since this is a linear system of congruences,
there must be ged (2871 —1,2" —1) solutions. It can be seen that ged(2F1—1,27—1)
equals 28°4(+1m) 1 which is either 22 — 1 =3 or 2 — 1 = 1 otherwise (by Lemma
. Adding the solution x = 0, we get the result for the case p = 2.

8



Assume now that p > 2. A non-zero element w’ belongs to ker(G — 1) if and
only if wi®""'=1) = _1. This is equivalent to finding all solutions (if any) modulo
p" —1 of

pt—1

i 1) == (7)

In this case, there are no solution or exactly ged(pF+! — 1,p" — 1) = peedetin) _ 1
according to whether psed#+12) _1 divides f‘% or not. There are no integer solutions
for Equation (7) if and only if g7t is odd [13]. By Lemma , this holds if and
only if n # 0 (mod 4), so that zero is the only solution of G(z) — 1 in this case.
Moreover, when n = 0 (mod 4), ged(k + 1,n) = 1 and thus there are p — 1 non-zero

solutions. This establishes the result. o

The uniformity of binary power functions has been widely studied before for
the so-called Gold functions [§]. For the case of fields with odd characteristics, the
planar case has been addressed before (see, for instance, [12} 15]).

Theorem 2 Let n > 1 be an integer and k = |5]. The monomial F(x) = gt

over Fn satisfies the following:

1. If n =0 (mod 4), then F(x) is a (p + 1)-to-one function. Moreover, F(z) is
p-uniform.

2. If n # 0 (mod 4) and p = 2, then F(x) is one-to-one. Moreover, F(z) is APN
when n is odd, otherwise F(x) is 4-uniform.

3. If n # 0 (mod 4) and p # 2, then F(x) is two-to-one. Moreover, F(x) is
planar.

Proof. From Lemma , we can see that F'(x) is t-to-one for ¢ = 1,2 or p+ 1, when
n satisfies n Z 0 (mod 4) and p = 2; n # 0 (mod 4) and p # 2; or, n = 0 (mod 4),
respectively. The conclusion about uniformity can be obtained by Lemma [2| since
the derivatives of F(z) are of the form Dy F(z) = aa?"™ + o? "'z 4 o'+, o

By Theorem |1} studying the Walsh transform of the functions Tr} (aF'(x)) evalu-
ated at zero is the first step towards computing the weights of the code C’im(xpkﬂﬂ).

Lemma 3 [71, (72, 28, [29] Let p be a prime number and n > 1 be an arbitrary
integer. Let k = |3] and w € F}. be a primitive element. Let a = w’ € F}, for
some 1 < j < p"—1. The function f(z) = TP (aF(z)) = Te?(ax?""'+1) satisfies the

following:
1. If n #0 (mod 4) and p = 2, then f(x) is balanced.
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2. If n 20 (mod 4) and p # 2, then

_Jnla)(=1)"p2,  if p=1(mod 4);
Wi (0) = {n(a)(—l)”lﬁ"pg, if p = 3(mod 4).

3. If n =0 (mod 4), then

n+2

Wﬂmz{—pz,zﬂp+mm

p/2, otherwise.

The Walsh spectra of the binary monomials 22°*! is known and it has been

widely studied as particular cases of plateaued functions or quadratic forms (see
[8, 29] and the references thereafter). To obtain the full Walsh spectrum of the
considered function F(z) = xP"T!, in general, we will study the behaviour of its
components through the following lemmas.

Lemma 4 [12] Let p be an odd prime, n > 1, a € N and d = ged(a, n). The kernel
of the F,,-linearized function F*(z) = a?* " + ax fora € Fr. satisfies

o Pl k
dim (ker (F*)) = {2d if & is even, n = 2k, and ar™ = (—1)4d;

0 otherwise.

Lemma 5 [12,29] Let p be a prime and n > 1. Let F : Fpn — F, be F(z) = 2"+
and f(r) = Tr{(aF(x)) for a € Fy.. Let F*(x) = a”" 2" + ax. Suppose that
W_;(0) # 0. Then, for b € Fpn,

SUIW(0), if Fr(wo) = b7
0, otherwise,

Wy(b) = {

where the symbol ¢ means the complex conjugate of ¢ € C.

The following result exhibits the general description of the components of the
quadratic monomial 27" 1. Note that Corollary [1| has been proved separately
elsewhere, however, to the best of our knowledge, this is the first time that a complete
unified treatment is given.

Corollary 1 [12, [29] Let n > 1 be any integer and k = |5| and w be a primitive

element in Fpn. The (quadratic) monomial F(z) = 27" +' over Fyn satisfies the
following:

10



1. If n =0 (mod 4), then Tr}(aF(x)) for a = w’ is bent when p+1 [ j and it is
2-plateaued when p+1 | j.

2. If n # 0 (mod 4) and p = 2, then, for odd n, F is a plateaued function
with Wg(b) € {0,422} for all b € Fan (AB permutation) and, for even n,
Wie(b) € {0,+2"2°} for all b € Fon.

3. Ifn # 0 (mod 4) and p # 2, F is planar, thus Wg(b) € {wp™/?} for every
beFyn, wheret € C and || = 1.

Proof. For p = 2, quadratic functions are plateaued, so when n is odd, the fact that
F is APN implies that it is AB. The case when n is even and F is APN follows by
[26], when F' is 4-uniform by [37]. For p > 2 and n not divisible by 4, F' is planar thus
its components are bent. We then just need to prove 1) for p > 2. Let n be such that
n =0 (mod 4) and p > 2. Consider the function F*(z) = Tr(a?" " 2#**" + az).
Since d = ged(n,k + 1) = 1 and n/d = n is even, the function F*(z) is either

p?-to-one or one-to-one by Lemma . Moreover, the former happens exactly when
n_q .
a'rit = 1, or, equivalently, writing a = w’, when p + 1 divides j. This yields p + 1
n+2

dividing ’% +j (recall that n =0 (mod 4)) so that, in this case, W_;(0) = —p=2".

Hence Wy (b) is zero or —&l)p"2 for some xo with F*(x¢) = """ by Lemma .

Another use of Lemma [4] shows that, when p+1 does not divides j, F* is one-to-one.
k+1

By Lemma 7 W;(b) = g(“)p% for the unique z¢ with F*(z¢) = b" . o

From a different perspective, the values of the Weil sums related to the Walsh
transform of a quadratic form, evaluated at zero, can be computed by knowing the
rank of the given quadratic form, as expressed in the following lemma.

Lemma 6 [33, [34] Let p be an odd prime and n > 1. Let f : Fpn — F, be a
quadratic form of rank r over F,. Then,

W (0) = +p""2,  ifp=1 (mod 4);
A +i"p" "2, if p=3 (mod 4).

Combining Lemma [3] with Lemma [6] yields the following.

Corollary 2 For odd p and a € F;., the rank of the quadratic form f(x) =
TP (aF(z)) = Te? (aa?™ '+ is either n or n — 2.

Using Lemmalf] and the fact that Af(x) is a quadratic form for a given quadratic
form f(z) and A € F}, one can prove the following result.
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Lemma 7 [22] Let n > 1 and let f be a quadratic form of rank r over F, and
determinant A. If r is even, then

S @ pa)(p - 1

)\GIFZ, xE]Fpn

If r is odd, then

> > gie=o

/\E]FZ r€F,n

Now we are ready to provide a class of one-weight and two-weight codes using
im(F)* for F(z) = 2?71 Note that this is a (complete) corrected version of
Theorem 3 in [I7] (see Remark (1| below).

Theorem 3 Let n > 1 be an integer, k = |%] and p be a prime number. The
following holds for the code Ci(ry+ defined in (@, where F(z) = 2P

o [fn=0 (mod 4), then Cimr) is a two-weight code with parameters

pr—=1  (p=1(pt—pz )

[ ]

p+177 (p+1)
" (p-DE"1—p3 1) . (-1~ Lip?)
. —1) ezblp” —p= ) 1) e=blp” wpc)
and weight enumerator 1 + %z ((25)) + (per—l)z T

o [fn =2 (mod4) and p # 2, then Cin(py- is a two-weight code with parameters

pr—-1 (p-1)

n—1 __  5—1
5 g (p p2 )]

[

and

7 T
P — 1Z(pg1)(pn71_p%—1) i 2 1 (P*l)(pnfl_i_p%—l)‘

1+2 222

o [fn#0 (mod4) and p =2, then Cim(rp)- is a one-weight code with parameters
2" — 1,n,2"7Y], i.e., the simplex code.

o Ifn odd and p # 2, then Cin(ry- is a one-weight code with parameters

pt—-1  (p—1) ,
[ 5y D ).
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Proof. The monomial F(x) is t-to-one, where ¢t = ged(p*™ + 1, p" — 1). By Lemma
L we get that t = 1;¢t = 2; or p+ 1, when n # 0 (mod 4) and p = 2; n;‘éO (mod 4)
and p>2,0orn=0 (mod 4), respectively. Therefore, Cin(r)- is a [Z=, n]- code,
where ¢ € {1, 2,p+ 1}. First, let us analize the case n Z 0 (mod 4). By Lemma [3]
Lemma [7] and Theorem [T, we get that the weight of a codeword c, satisfies

2n-1 if n # 0 (mod 4) and p = 2;
wt(c,) = ¢ H=p! if n odd and p > 2;
LD (=t £ p3-1) if n =2 (mod 4) and p > 2.
The weight distribution of the code for n = 2 (mod 4) and p > 2 now follows from
the first two Pless power moments, which give the frequency 7% for both weights.

Assume that n =0 (mod 4). In this case t = p+ 1. According to Lemmas [3] and [7]
for a € ., the function f,(z) = Try(aF(z)) satisfies

DD e =T

)\E]F;; IE]Fpn

Yo &r = -1,

)\G]F;’; xG]Fpn

or

depending on wether p + 1 divides 7 or not. Therefore,

—1)(pr—1l_pB -1 . .

o VR il

WHCa) = 0 pypno1 ™
(p+1)

otherwise.

Finally, the first two Pless power moments give the frequencies Z (Z 1711 and p:;f,

respectively. o

Remark 1 As shown in Corollary @ the rank of the quadratic form aF(x) =
az? "' could be n or n — 2 depending on a € . when n = 0 (mod 4). This
yields the corresponding weight distribution given in Theorem [3, which is not sym-
metric unlike the other cases, i.e., n #Z 0 (mod 4). The authors of [17] were the
first to obtain the linear code Cinpy- when considering quadratic monomials (see
Theorem 3 and Example 1 in [17]), however, their result is inaccurate since F(x)
satisfies the assumptions of Theorem 3 in [17] but the conclusion is not correctly
derived for the even case. The flaw in their proof lies in the mistaken assumption
that aF(x) has the same rank for every a € Fy.. A similar observation is true for
the complete weight enumerator derived in Theorem 4.2 (rank even) in [31)].
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3.3 Main properties of C’im(xpkﬂﬂ)*

In this section, we derive some properties of the codes Cim(zpk-&-l . Note that none
of these properties were considered in [I7]. In Table @ we provide a computational
verification of these properties for small values of p and n.

The well-known Griesmer bound [27] states that for a p-ary code C' with pa-
rameters [n, k,d|, where k > 1, it holds that Zf:_ol L%W < n. Some of the codes
stemming from 27" are in fact optimal, as shown by the following proposition.

Proposition 1 Let p be a prime number, n > 1 be any integer and k = |5]. Let
Cim(p)+ be the code from Theorem@ where F(x) = P L Then, Cim(py- is optimal
with respect to the Griesmer bound when p = 2 and n Z 0 (mod 4) orn = 4,8;
p=3,n=4;0rp>2 andn odd.

Proof.  Suppose that p > 2 and n be odd. A p-ary code C with dimension n and

minimum distance d := % + 1 has length N at least

n—1—1

=0 {E-‘:;{%—F;-‘:@;l) (121:11)+n:p 2_1+n,

by the Griesmer bound. Therefore, the code Ciy(r)- is optimal since its length equals
’%. For n # 0 (mod 4) and p = 2, Cipp)+ is the simplex code, hence optimal.
Finally, using tables for the best known linear codes, one can verify that the codes
are optimal for p = 2,n = 8 (parameters [85,8,40]); p = 2,n = 4 (parameters
[5,4,2]); p = 3,n = 4 (parameters [20,4,12]). Note also that for p = 5, n = 4, the
code has parameters [104, 3, 80], whose distance differs in at most two from the best
code’s minimum distance, which is known to be either 81 or 82. o

Using the first three Pless moments together with the derived weight distribu-
tions of the codes Ciy,(ry+, we can obtain the values of the dual enumerators Af and
Ay for the weights 1 and 2 in the dual code C’ifn( F)+ This yields that the codes are
projective only when p = 2 or n is odd. We state this observation as the following
proposition while omitting the routinary computation.

Proposition 2 Let p be a prime number, n > 1 be any integer and k = |3].

Let Cim(py- be the code from Theorem@ where F(z) = gL Then, Cim(py« is
projective if and only if p =2 or n is odd.

A code C is called minimal if the supports of every two linearly independent
codewords do not include each other. A simple sufficient condition was provided by

14



Ashikhmin and Barg [1] and it states that a p-ary code C' is minimal if =i > £ pl

where Wy, and wya, are the minimum and the maximum weight of C', respectively.
Using this condition, we can prove that our codes are almost always minimal.

Proposition 3 Let p be a prime number, n > 1 be any integer and k = |5]. Let
Cim(r)+ be the code from Theorem@ where F'(z) = gL Then, Cim(r)~ is minimal
except form =4 orp > 2,n=2.

Proof. The only non-trivial cases are when n = 0 (mod 4) or when p > 2,
n = 2 (mod 4). Suppose that n = 0 (mod 4). The minimum weight wp,;, is

_ n—1_,n/2-—1 _ n—1 n/2 .
(r=1)(p p+1p ) (» 1)(pp+1+p ) The in-

equality jmis > 7%1 holds if and only if p* — p™/2 > p" + p™/2+1 — pn=1 — p?/2_ This
n/2—2

and the maximum weight wy.« equals

happens if and only if p > 1, which is true if and only if n > 4. Suppose
now that p > 2 and n = 2 (mod 4). In this case, the minimum weight wy;, is
(p_l)(pn_;_pn/Q_l), whereas the maximum weights wp,. is equal to (p_l)(pn_21+pn/2_l).

We have s > p%l if and only if p* —p™/? > p"4p™/2 —p"~' —p™/2=1. This happens

if and only if p™/? > 2p — 1, which is true if and only if n > 2. o

3.4 Self-orthogonality of Cj,r)

It turns out that the codes Cipp)+ associated with the monomial F(x) = 2P are

(almost always) self-orthogonal. To prove this, we will need some results regarding
quadratic residues and exponential sums.

For a prime number p > 2, define the sets QR, and QNR, to be the set of
quadratic residues mod p and the set of quadratic non-residues mod p. Let v € C
be defined as

_J1, p=1 (mod4);
V_{ﬁ, p=3 (mod4). (®)

Lemma 8 Let QR,,QNR, and v as above. The following hold:

_ Zitvp,
2) zEQR* Z 2 ’

z _ —1l-v
3) ZzeQNRp \[

Proof. Ttem 1) follows from the fact that 1+ x + 2? + -+ + 2P~! is the minimal
polynomial of &, over Q. For 2) and 3), combine 1) with the well-known result that

> icor: &b — ZZEQNRpﬁ = v/ (see, for instance [33]). o
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Lemma 9 Let SQ) denote the set of squares in Fpn and NSQ be the set of non-
squares. Let v be defined as above. The following hold:

Tr} Tr7(x)
1) erSQ* i + erNSQ€ ! =—1;
Tl (z Tr} n—1.n.n
2) erSQ* He) erNSQf i =(-1) Wp 2,
T (z)

Moreover, the values of the individual sums are determined as 23, g0 &p =
14+ (_1)71 1Vnpn/2 and QZmeNSQ fTrl JU) -1-— (_1>n 1V pn/2

Proof. Since SQ) and NSQ form a partition of Fy., the sum of characters

Zf}’)l‘r?(w)zzéfg‘r?(w)_,_ Z fj’ol‘r?( =14+ Zg 1@ 4 Z g

z€F,n z€SQ TeNSQ TESQ* zeNSQ

must be 0. For 2), note that the sum in the statement equals the Gaussian sum
> sere M(x)x1(x), hence it is equal to (—1)"~'v"p"/2. The rest of the theorem is
pn

now established by combining 1) and 2). o

n—1

For a prime number p > 2, define the sets I';, fi, fori € QR, as
I, ={zeSQ :TrM(zx) =i}, Ty = {z € NSQ : T’ (z) = i},
and, for i € QNR,, define the sets A;, ﬁl as

A ={ze€8Q:TMz) =i}, A ={z e NSQ: Tr!(z) =i}

Let k; = |T], Ry = |f2], i = |A;| and ; = \£,| It is easy to see that k; + k; =
i + fi; = p" ! for each @ # 0; kg + Ko = p" ! — 1 and ky, Ky, 144, f1; are all non-zero.
Moreover,

Ko + Z/ii—F Z ,U/Z:A/i/o—i‘ Z%Z‘F Z ﬁi:p _

i€EQR, iEQNR, i€EQR, i€QNR,
since I';, A; (resp. T, &Z) form a partition of SQ* (resp. NSQ).

Lemma 10 Let p > 2 be any prime number and n > 1 be an arbitrary integer.

n—1

_ n—1 n
1. If n is odd, then Ii,:%-i-lio and%i:Lﬁ-F&o forie QR;

n—1

_, n-1
(mdui:”——i—fio andul—w—kﬁo fori € QNR,.
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n
~ ~ My ~
+ ko and Ry = fi; = P~ + Ko for every

1/”%
p2+1
2

2. If n is even, then k; = pu; =
1<i<p-—1.

Proof. Consider the sums 23 cq0- f,;ﬁ?(x) and 27 cnso §Er?(x), which equal
—1 + (=) 'mp2 and —1 — (—1)""'w"p™/2, respectively, by Lemma @ These
sums can be rewritten as

2 W = N on 4+ > 2w = > 2mi—r)E+ Y 2w — ko)é,

reSQ* i€QR, i€EQNR, i€QR} i€EQNR,

and

2 > W = N om0 g = Y 2FE—R)E+ Y. 2(li—Fo)E,
zeNSQ i€QRy i€EQNR, i€EQR;, iEQNR,

Since the elements &, g, e ,511’,’*1 form an integral basis for the cyclotomic field

Q(&,) (extension of the field Q by adjoining the root &,), the coefficients p;, fi;, K4, K
are uniquely determined by kg, kg. One can then easily verify that the values given
in the statement indeed form a solution for these equations. o

Proposition 4 Let p be a prime number, n > 1 be any integer and k = |3]. Let
Cim(r)+ be the code from Theorem@ where F(x) = 2?7 Then, Cim(r)~ 15 self-
orthogonal except forp=2,n=2 orp=3,n=2.

Proof. 1t can be proved that a sufficient condition for a binary code to be self-
orthogonal is that its weights are divisible by 4 (see, for instance, [30]). Hence, the
binary case follows from the weight distributions obtained in Theorem [3] Suppose
that p > 2 and set D = im(F')*. To prove that the code is self-orthogonal, we must
show that for any x € Fy,, the sum ) _,, Tri(zy)® (over the integers) is divisible
by p. We split the proof into two cases according to the values of n.

Case n # 0 (mod 4): First note that, in this case, the set D is exactly the set SQ*
of squares in IF;;”, indeed, if B € D, then 8 = o' *+1 = (a7 ~1)2 for some o € F.,
hence § € SQ*. Since |D| = ’%, it must be D = SQ*. Since xSQ* = SQ* or
xSQ* = NSQ (depending on whether x € SQ* or not), it suffices to prove that
Pl eso- Tri(y)? and p| 3 s Tri(y)?. Using the definitions of ki, i, we can

write
STmiw)? = > (ke +w)i

yeSQ* i€EQNR,

n fact, im(F)* forms a difference set when n is odd and it forms an almost difference set when
n is even [I7].
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Similarly, >° _vso Tt (y)* = > icqnr, (Fiz + fi;)i?. By the weight distribution of
Cp derived in Theorem I we can infer that 2kq = p"~! — 1 (thus Ky = k¢) for odd
n whereas, for n = 2 (mod 4), 2k is equal to either p"~! + p™2 — p™/2=1 — 1 or
pt —p”/2 +p™271 —1 and kg = p" ' — 1 — Kky. Combining these values with Lemma
yields that p|(k;2 + ;) and p|(R;2 + f;) for each ¢ € QN R, (except when p = 3,
n = 2). This establishes the result in this case.
Case n = 0 (mod 4): Define k? = |{y € D : Tr}(y) = i}|. The sum (p +
0>, /@Dﬁz =(p+ )ZyeD 51?1 v) equals Wy(0) — 1, where f(z) = Tr’f(:cpk““).
Hence,

3
—~

p—1 n/2+1 _ 1

Z RUE = ZZ; — kg )E, = ppT, 9)

by Lemmal Since &, . .. ,55*1 form an integral basis of Q(¢,), the coefficients

in are unique. The value of x5 is known by the weight distribution given in

n—1__ n/2+1 n/2_
Theorem , namely, kF = 2 - +1+p .

n/2+1 n—1 n/2 .
kP = pTlH + K8 = % for each 1 <i < p—1. From here, we conclude that

p
> yen T (y) = 220 "~ kPi is divisible by p since p|x? for 1 < i < p — 1. This also
implies that Zye D Trl( )2 equals 0 modulo p. A similar argument yields the result

for 3= p Try(wy)? for any = & D. o

. The solution of @) is then given by

Open Problem 1. For n # 0 (mod 4) and p > 2, the proof of Proposition I
relies heavily on the fact that the image of the planar functlon 27"+ s the full set
of squares. Can we get similar results for arbitrary planar functions? Namely, what
are the properties of Cyy(r)- when F'is planar?

4 A family of codes from t-to-one trinomials

In this section, 3-weight and 4-weight linear codes from a special class of trinomi-
als will be presented. These constructions are brought about by a simple (affine)
modification to the monomials studied in the previous section.

Adding a linearized polynomial to a polynomial gives affine equivalent functions.
Thus the following two results are mostly established by using Theorem 2] Corollary
and the fact that Az?*™" + A"z is a linearized polynomial for each \ € Fyn

Proposition 5 Let p be a prime number, n > 1 be an integer and k = |2|. The

2
polynomial F(x) = 2P AP T N over Fpn, where A € T, satisfies the
following:

1. If n =0 (mod 4), then F(x) is a (p+ 1)-to-one p-uniform function.
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2. If n 20 (mod 4) and p = 2, then F(x) is one-to-one. Moreover, F(z) is AB
when n is odd, otherwise F(x) is 4-uniform.

3. If n # 0 (mod 4) and p # 2, then F(x) is two-to-one. Moreover, F(x) is
planar.

Proof. The element o € Fn is a solution of 2?7 P 4 W = Bif and
only a + X is a solution of 2?7 = g4 WL The rest follows at once from
Theorem [21 o

Proposition 6 Let p be a prime number, n > 1 be any integer and k = |5]. Let
w be a primitive element in Fyn. The polynomial F(z) = 2P T P

over Fyn, where X\ € Fyn, satisfies the following:

1. If n = 0 (mod 4), then Tr{(aF(x)) for a = w’ € F. is bent when p+1 ) j,
and it is 2-plateaued when p+1 | j.

2. Ifn #0 (mod 4) and p = 2, then F is a plateaued function such that, for each
be ., Wr(b) € {0, j:QTLTH} for odd n and Wg(b) € {0, j:QHTH} for even n.

3. Ifn #0 (mod 4) and p # 2, Wg(b) € {ip™/?} for each b € Fpn, where 1 € C
and |¢| = 1.

Proof. It is an immediate consequence of Corollary o

Lemma 11 Let p be prime and n > 1 be an integer. Let w be a primitive element
in Fypn. Let k= 5] and a = w’ € F},.. Define by € Fyn to be such that Tr} (bex) =
Tr? (a(AaP

k+1 k+1

+ A x)), where A € Fy,.. Consider the function

k+1

flx) = i (aF (z)) = T (a(z” 1+ Xa?™" + 07 2)) = g(2) + Tl (bez).
Define F*(z) = a?"" a?""™" + ax. Then,
1. If n =0 (mod 4), then
) g2

Wf(o):{ p P, i (Pt D

fz(“)p”ﬂ, otherwise,

where x4 is such that F*(zq) = .

2. If n 20 (mod 4) and p = 2, then f(x) is balanced.
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3. If n #0 (mod 4) and p # 2, then

m n—1,% i — m .
Wf(()) = { Ld n(_a)(_l) pz, fp=1 ( od 4),

g(wa)n(_a)(_l)nflﬁfi"p%; if p=3 (mod 4),

k+1

where x, is unique such that F*(x,) = b*

Proof. Since F(x) is a permutation for p = 2 and n # 0 (mod 4), all its components
are balanced. For n # 0 (mod 4) and p > 2, by Lemma [4] F*(z) = 0 has exactly
one solution since m is odd. From Lemma [3{and Lemma [5| applied to g(z) =

Tr?(az?" '), we get the Walsh value W, (b,) = W;(0). By adapting the results of
[T1], one can prove that, for n =0 (mod 4), F*(z) = 0 has either p? or 1 solutions

pM—1
depending on whether w’ 7 =1 or not. This is equivalent to whether p+1 divides
J or not. Thus, again from Lemma [3]and Lemma [5, we get the result. o

Remark 2 The first thing to beware when glancing at Lemma [11] must be showing
that g(x,) does not depend on the choice of the solution x, (when there is more than
one solution), i.e., g(xa) = g(x) for any two solutions x,,x., of F*(x) = """, To
show this, first note that !, belongs to the coset x, + ker(F*). Let z), = x, + T for
some T € ker(F™) then a? " EY = _az. Suppose that p > 2. Working out the

definitions and using Tr} (z) = Tvl(aP) for each x, we get
Tep (az”" ) = Tof (@ 7 ) = — e (aat .

This yields TP (az?""'+1) = 0, so that g(x,) = g(z,) when p > 2. Now, suppose
that p = 2. Let T be a non-zero element in ker(F*). The equation a? T FPY = 4z
implies that 7% = a2 Raising both sides to the power of 2M + 1, we get
(727413 = 2 = 3 Hence, 72T = a7t and TYP (a2 = THR(1) = 0

We conclude that g(z,) = g(2},).

The last (and crucial) step to obtain the weight distributions of the codes Ciy(r)-
is to put everything together by interlacing the appropriate values of the component
functions to compute the aimed sums in @ This is the purpose of the following
key lemma.

Lemma 12 (Interwoven Lemma) Let p be a prime and n > 1 be an integer. Let
k=1%], w €T be a generator and a = w’ € Fy,. The function

k+1

fla) = Te}(aF (2)) = Tef(a(z?"+ + A" + X 2)) = g(2) + Te} (bez),

1$p2(k+1)

where X € Fy., has the following properties, for a solution x, of a?" +axr =

k+1
bb

a
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1. Forp> 2, n odd,

07 g(:L’a) = O,
Z Z é}if("”’ = _77(9(%))77@)]9?7“7 g(xe) #0,p=n=3 (mod 4);
yexy v€lpn n(g(@a)n(@p™=,  g(za) Z0,p=1orn=1 (mod 4).

2. For p>2,n=2 (mod 4),

yi@ _ ) —n(=a)p?, g(zq) #0;
2 24 { F(p—1), 0.

y€EF; 2E€F n n(—a)p

3. Forn =0 (mod 4),

Pz, g(xq) # 0 and p+ 1|7;
Y e - —QP"T”(p—l), o) =0 and p+1]j;
yEFs 2€F,n p2(p—1), g(xe) =0 and p+1 fy;

—p?, g(z2) #0 and p+1 Jj.

Proof. Let n # 0 (mod 4) and p > 2. For this proof, denote by 7, the Legendre
symbol modulo p. We can write

ST Wp(0) = > e n(—ya) (1) pEV/o(—1) (10)
yeF; IS

k+1 o 2(k+1)
l‘p

where we used Lemma [11] and set z,, to be the only solution to (ya)? +
(ya)xr = bZZH. Note that, moreover, b5k+l yb”k+1 so that z, = x,, by uniqueness.

a - a

Then the right hand side of Equation [10] can be turned into
_ n 371 Ta
(=1 pEn(=a)y/ne(=1) " D & n(y). (11)
y€Fy
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Suppose that g(z,) # 0. The Gaussian sum ) _p. v9@e)p(y) is equal to —1 when
P

n is even and it is equal to 7(g(zq))n(—1)y/no(—1)p'/? when n is odd, by the
Davenport-Hassen Theorem|[33]. Now suppose that g(z,) = 0. The Gaussian sum
ZyeF; n(y) is equal to p — 1 when n is even and it is equal to 0 when n is odd.
Combining these observations with Equation [L1] we get the result for p > 2 and
n # 0 (mod 4). Assume that n = 0 (mod 4). Let F*(z) = a?" """ 4 az and
2,4 be a solution of yF(z) = yb?" " = b§Z+1. Since g(r,) = g(wy,) for each y € Fy,

the sum ZyeF;; W, ;(0) equals —p T 19@0) hon p+1|j and p% 3 v9(za)

y€eFy 5P y€ry, SP
when p +1 fj. The fact that 3 . v9le) — _1 when g(z,) # 0, and, otherwise,
[ — P
Zyep ;’9(%) = p — 1 yields the result. o
P

The remaining case, p = 2, n # 0 (mod 4) is much simpler and can be handled
similarly. It will however not be relevant for our purposes (since the obtained code
is the simplex code). Thus we omit its proof.

As per Remark , notice that the value of g(z,) is independent of the choice of
x,. Moreover, it turns out that, for the chosen F(x), g(z,) # 0 is equivalent to
TP (aXP"+1) £ 0. Indeed, we can take z, = A for the considered function. To
prove this, recall that 27 is a linearized permutation polynomial, so that every
non-zero element a is a (p¥*!)-power element, ie., a = (a/)?""" for some a’ € Fn.
Thus we get

k+1
)

T (ada? ) = Te2 (@ Nz)”™) = Ted(d' Na).

This implies that b, = /N + a\?"". From here, bng = NV 4 g\, whence
X is a solution of a?*™ 27" 4 ax = bgkﬂ. The reason why we presented Lemma
in such a generality is essentially to call upon a generalization of our results to
the use of different functions which do not satisfy this condition.

Now we are in position to prove the main result of the paper.

Theorem 4 Let p be a prime number and let n > 1 be an integer such that n =
0 (mod 4) orp > 2, but p" # 16. Let k = |5] and A € Fy,.. The following holds for

2
k+1

the code Ci(ry-, where F(x) = 2P AP P

o Ifnis odd and p # 2, then Cinr)- is a three-valued code with parameters

[p”—l o p"—p”‘l—p"T_lJrl]
2 ? ? 2 ?

whose weight distribution is displayed in Table 1]
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o [fn=2(mod4), n#2, and p # 2, then Cinr)- is a four-valued code with

parameters

V2 T

L R il . ~op? +p%‘1]
2 Y Y 2 Y
whose weight distribution is displayed in Table [2
o [fn=0 (mod4) andn # 4, then Cimr)- is a four-valued code with parameters

V2

[p"—l D

S A L
p+17 ) ]7

p+1
whose weight distribution displayed in Table[3

o Ifn=4andp > 2, then Ciy(r)- 1s a three-valued code with parameters

Y2

[p”—l P

— Pt —pi+4p
p+17 b ]7

p+1
whose weight distribution is displayed in Table [4.

o Ifn=2andp > 2, then Ciy(r)- 1s a three-valued code with parameters

n 1

Pl P —p"‘l—p%+p%—]
2 Y Y 2 ?

whose weight distribution is displayed in Table 5

Proof. 'We will only provide all the details for the first three cases since the proofs
for the other cases can be easily deduced from these.

Case p > 2 and n odd. By Theorem [I, Theorem [f], Lemma [7] and Lemma [11],
we get that the weight of a codeword c is equal to

pr—pi T EpE 41

wt(c) =
(©) :
or )

pn _ pn—

wt(c) =
() ="
The minimum distance follows at once from these equations. Denoting by w; =
- n_1 n o n o n—1

ploptlop 2 oy =B 7 " and wy = B=L 1;” 2 41 Since Ay, = p" ' —1 and

2
d+ > 2, the first two Pless power moments become:

Ay + Ay =" — pn_1§
(" —p"") (12)

wlAwl + w3Aw3 = 9
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Solving this system of equations gives,

pT 4 pt 4 4pn

Ay, = 1

and n—1 n+1
—pz2 —pz +ptlypt
Ay, = 1 .

Case n = 2 (mod 4) and p > 2. By Theorem , Theorem , Lemma [7| and

n_
pr—p"l—p2 '(p-1)
2 )

Lemma , we get that the weight of codewords is equal to w; =

_n1_72’11 n_,n—1 211 n_,n—1 21 1
wQ_p P P2~ + ws = P +p + andw—p p +p (=1 The mini-

mum weight follows from these. NOW it is easy to see that Aw1 + Ay, = Ay, + Au,
and A, + Ay, = p"' — 1. Together with the first two Pless power moments, we
get the system:

Aw1 + Awg = sz + Aw4;
A’wl + Aw4 - pn_l - ]"

Aw, + Awy + Auy + Auy =p" = 1; (13)
n _ .n—l1 n o 1
w1 Ay, + waAw, +w3Ay, + wiAy, = (" —p 2)(]9 ))
whose solution is 4,,, = (P"/Q*+§JP+P”/2), Ay, = (pfl)pn/z;(pn/gﬂ) A, = (pfl)pn/Q;I(pn/Qil)

and A,, = (p”/“’—p;(p"/ 41

D
Case n = 0 (mod 4) . By Theorem [1} Theorem [5 Lemma [7] and Lemma

. . n__,n—1__ 2
, we get that the weight of codewords is equal to wy; = =L p+1p 1Py =
_on—1_,5%  H-1 =1, B a1 B %
2op A P2 pg = ELP prf +p, and w, = £=2 frpl . The minimum

dlstance follows at once from these equations. For each a € F},, choose one x, such

that it is a solution of a®" "' z?***" + ax. Note that x, = 1 is always a solution for

a " Y fag = p*" . Hence g(z,) = Tr"(a). Since the trace is a linear function,
we have A,, + A,, = p" — p"! (and Au, —{— Ay, = p» 1 —1). Moreover, as the
number of elements a such that p 4 1[5 is 2 +1 , then A, + Ay, = ’%. Combining

these with the first two Pless power moments, we get the system:
Ay + Ay =p" — pn_l

Pt -1

Aw Aw = ;

1 + 4 p+1

Awl +A’LU2 +Aw3 +AU)3 :pn - 17
p+1 '

wlAw1 + w2Aw2 + wSAw4 + w4Aw4 =
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The solution of this system is A,

(p—1)p"/2(p™/2-1)

distributions of

k+1 k+1

AP NP

Table 1:  Weight distribution of Cip (), F(z) = a? T AT N e for p > 2,

n odd and \ € ]F;n.

Table 2: Weight distribution of Ciy g+, F(z) = 2P P N g for p > 2,

p+1

and A,

the code Cipmpy-.

. pnfl_pn/2+l+pn/2_1

p+1

The weight distribution of the code Cjyr)- in Theorem , where F(x) = LGP
z, A € F},, are displayed in Tables [115| for different values of p and n.

Weight w Number of codewords
) n—1 n—1 n+T )
p"—p" T —p 2 +1 p 2 +p 2 +p" +p"
n 277,71 4
b —p pn—l _ 1
n—1 n—1 n+ 1L
pi—p"l4p T +1 p4ptl-p 2T —p 2
2 4 :

n =2 (mod 4) and A € Fy,.

Weight w

Number of codewords

L
pr—p"l—p2 ' (p-1)

2

(@"/2—1)(p+p™?)
2

pn_pnfl_p%—l_;'_l

P
(p—Dp™/ 2~ (p/241)

2
n__n—1 %*1
p_—p +p +1

2
(p—1)p™/21(pn/2—1)

2
P —p" 1 4p? L(p—1)
2

2
("% —p)(p"/?+1)
2p

Table 3:  Weight distribution of Ciy(py-, F'(x)

(mod 4), n # 4.

Weight w Number of codewords
3 —
pr—p" 1 —p2+p (p=1)p"/2 = (p+p™/?)
p—l—ln - p+1
pr—p"lp24p2 " @2 =D (p+p"/?)
p+1 n p+1
ph—p" T 4p2 4p (p—1)p™/2(p™/2-1)
p+1 p+1
pnipn—1+p%+lip% pn_17pn/2+1+pn/271
p+1 p+1
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(p=D)p"/> " (p+p™/?) A, = ("2 =1)(p+p"/?)
Y 2

This establishes the weight

k41 k41 k1
=P P N forn=0




Table 4:  Weight distribution of Cip(p)«, F(x)
p>2and A € F},.

Weight w | Number of codewords
P =p®—p*+p 3_ 2
5 ptaﬂ i 2 2p
pT=p°+2p
ST (p—1)°p
p-p
p+1 p—1

k+1 k+1 k+1
=P TP + NP, for n = 4,

Table 5:  Weight distribution of Ciy g+, F(z) = 2P T P N g for p > 2,

nzZandAEF;n.

Weight w | Number of codewords
2
p°—2p+1
— p—1
P°—p p°—1
2 2
p2—p+2 (p—1)
2 2

4.1 Main properties of codes stemming from trinomials

Some properties of the codes Cipp)-, where F(x) = 2P NPT L ) for
A € F}., can be derived using similar arguments as in Section In this case,
except when n = 4 and p = 3, the codes are not optimal with respect to the

Griesmer bound, we observed however that the minimum distance of our codes is
in general large (see Table 7).

Proposition 7 Let p be a prime number, n > 1 be any integer such that n = 0

(mod 4) or p > 2, but p" # 16. Let k = || and Cin(r)- be the code from Theorem

@ where F(x) = RS NS VAn RS WP W Fr.. Then, Cinpy- is minimal except
forn =2.4.

Proof. A similar argument as for Proposition [3] yields the result. o

Again, using the first three Pless power moments and the weight distributions
derived in Theorem [4] we can prove that the codes are projective in certain cases.

Proposition 8 Let p be a prime number and let n > 1 be any integer such that
n =0 (mod 4) orp > 2, but p" # 16. Let k = |5 | and let Cipmp)+ be the code from
Theorem where F(z) = P AP L Then, Ciy(r)- 18 projective if and

only if p=2 and n =0 (mod 4).
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Now, we turn to prove one of the most remarkable properties of the family of
codes Cipm(py+ associated with t-to-one trinomials. Namely, we will prove that it
contains an infinite family of self-orthogonal codes.

Proposition 9 Let p be a prime number and let n > 1 be any integer such that
n =0 (mod 4) orp> 2, but p" # 16. Let k = [§]|. Consider the code Ciyr) from
Theorem 4], where F(x) = 2P L T L LN Then, Cim(p)y+ s self-orthogonal
when n =0 (mod 4).

Proof. Set D = im(F)*, E = im(z*""' 1) and ¢ = A¥*"'*+1. Tt is not hard to see
that D = (E — ¢)*. For every x,y € F7,, the sum ), Tr}(2d)Tr}(yd) (over the
integers) equals

> (e Tij(ye) — (Y Tri(we) + Y Trf(ye)) + (Trf (we) Trf (ye)) (| E| + 1).

ecE eER ecF

Suppose that n = 0 (mod 4). Since Cp+ is self-orthogonal by Proposition , we
get that p | > ..p Tri(we)Tr}(ye). By the proof of Proposition [4] we can deduce
that )., Tr{(ze) and ), Tr{(ye) are also divisible by p. Moreover, |E| 41 =

% +1= p(p;%ll“), so that p | |E| + 1 since (”T;% is an integer (n — 1 is odd).

Therefore, p divides )., Tr} (xd)Tr} (yd), which gives the result. o

Remark 3 Consider the classes of codes C = {Cim(xpkﬂﬂ) : pis prime, n > 1},
where k = | 2], and

2

C'= {Ci (p) :p is prime, n =0 (mod 4) orp > 2,p" # 16},

where F(x) = 27"+ 4 AW g L\ N e Fr., and k = |5|. While C and C' share
a number of properties, they are however structurally different as shown by their
weight distributions (cf. T heorem@ and Theorem , and, for instance, the fact that
almost all elements in C are self-orthogonal (except for p" = 4,9), whereas, for C',

they are self-orthogonal only when n =0 (mod 4).

We finish this section by posing a natural question that arises from this work.

Open Problem 2. Given a t-to-one polynomial F'(z) over F,», which affine func-
tions L over F,n yield that F' 4+ L is a t’-to-one function for some ¢ € N7 In this
case, which properties of Ciy,(py- are preserved? What are the best choices for L in
terms of parameters and properties of the obtained codes?
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5 Numerical results

For small values of p and n, one can provide some computational verification and
examples of the codes obtained in this work. A MAGMA [3] script was used to derive

these examples.

Table 6: Computational results for the family of codes in Theorem [3| where P, M,

O and S stand for projective, minimal, optimal and self-orthogonal.

(p,n) | # Weights | P | M | O | S | Enumerator poly. > A,z"
(2,4) 2 Yes | No | Yes | No 1+10z* + 52*
(2,8) 2 Yes | Yes | Yes | Yes 1+ 1702% + 852*
(3,2) 2 No | No | No | No 1+ 422 + 42*
es es es es + 26z

(3,3) 1 Yes | Yes | Yes | Y 1+ 2627

, 0 o) es es + 060z + 202
(3,4) 2 No | No | Yes | Y 1+ 6022 + 2027
(3,5) 1 Yes | Yes | Yes | Yes 1+ 24228
(3,6) 2 No | Yes | No | Yes 1+ 364223 + 364222
(5,2) 2 No | No | No | Yes 1+ 1225 + 12212
(5,3) 1 No | Yes | Yes | Yes 1+ 1242%
(5,4) 2 No | No | No | Yes 1+ 5202%0 + 10420

Table 7: Computational results for the family of codes in Theorem {4, where W, P,
M, O and S stand for weights, projective, minimal, optimal and self-orthogonal.

(pn) | #W | P | M | O | S Enumerator poly. > A,z"

(2,8) | 4 | Yes | Yes | No | Yes 1+ 482%% + 902%Y + 802%° + 372%
(3,2) | 2 | No | No | No | No 1+ 227 +42% +22*

(3,3) | 3 | No | Yes| No | No 141228 +82Y + 6211

(3,4) | 3 | No | No | Yes | Yes 1+ 42212 + 3621 + 2218

(3,5) | 3 | No | Yes| No | No 1+902 + 8028 + 722%

(3,6) | 4 | No | Yes| No | No | 1+ 1302240 + 2522239 + 234274 4 11222%*
(5,2) | 3 | No | No | No | No 1+ 428 + 12210 4 8211

(5,3) | 3 | No | Yes | No | No 1+ 6027 +242°0 + 40273

(5,4) | 3 | No | No | No | Yes 1+ 2202% + 4002% + 42100

6 Conclusion

In this article, we have provided two families of p-ary linear codes with few weights
employing quadratic polynomials over [F,» that are also ¢-to-one mappings. Using
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the image set of a Dembowski-Ostrom monomial 27" as a defining-set, we built

an infinite family of linear codes for which we have provided its exact weight distri-
bution and important properties. Notably, this family contains optimal, minimal,
projective and self-orthogonal codes. The first attempt to obtain the weight dis-
tributions of codes using these monomials was given in [I7], however, the authors
made an erroneous assumption on the rank of the component functions, which led
to an incomplete conclusion. Hence, we have presented a complete correct version
of such results. Then, using the image set of an affine equivalent (to xpkH“) trino-
mial, we have introduced and specified the weight distributions of the second family
of linear codes with 2,3 or 4 weights. While this family preserves some properties
exhibited by the monomial construction, they are structurally different (see Remark
[3). Remarkably, it also contains infinite subclasses of self-orthogonal and minimal
codes for each prime number p. The crucial point to derive the distributions for
the second family is to properly analyze the interlacing of component functions of
27”1 This was achieved by using the Interwoven Lemma (Lemma , which
might be seen as a somewhat general tool based on Gaussian sums. Since most
cryptographic properties are preserved under affine equivalence, one usually ignores
affine equivalent functions. The results in this work emphasize the value of consid-
ering affine equivalent functions in the coding-theoretical context since similar (but
not equivalent) objects with interesting properties can be obtained.
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