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Abstract

In this paper, we study the dual of generalized bent functions f : V,, — Z,x where V,, is an
n-dimensional vector space over IF, and p is an odd prime, £ is a positive integer. It is known that
weakly regular generalized bent functions always appear in pairs since the dual of a weakly regular
generalized bent function is also a weakly regular generalized bent function. The dual of non-weakly
regular generalized bent functions can be generalized bent or not generalized bent. By generalizing the
construction of [6], we obtain an explicit construction of generalized bent functions for which the dual
can be generalized bent or not generalized bent. We show that the generalized indirect sum construction
method given in [15] can provide a secondary construction of generalized bent functions for which the
dual can be generalized bent or not generalized bent. By using the knowledge on ideal decomposition
in cyclotomic field, we prove that f**(x) = f(—=x) if f is a generalized bent function and its dual f* is
also a generalized bent function. For any non-weakly regular generalized bent function f which satisfies
that f(z) = f(—z) and its dual f* is generalized bent, we give a property and as a consequence, we
prove that there is no self-dual generalized bent function f : V,, — Z,+ if p = 3 (mod 4) and n is odd.
For p =1 (mod 4) or p = 3 (mod 4) and n is even, we give a secondary construction of self-dual
generalized bent functions. In the end, we characterize the relations between the generalized bentness
of the dual of generalized bent functions and the bentness of the dual of bent functions, as well as the
self-duality relations between generalized bent functions and bent functions by the decomposition of

generalized bent functions.
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I. INTRODUCTION

Throughout this paper, let p be an odd prime, Z,x be the ring of integers modulo Pk, ) be
the vector space of the n-tuples over I, IF,» be the finite field with p" elements and V;, be an
n-dimensional vector space over [F,, where k,n are positive integers.

Boolean bent functions introduced by Rothaus [14] play an important role in cryptography,
coding theory, sequences and combinatorics. In 1985, Kumar ef al. [9] generalized Boolean bent
functions to bent functions over finite fields of odd characteristic. Due to the importance of bent
functions, they have been studied extensively. There is an exhaustive survey [1] and a book [11]
for bent functions and generalized bent functions. Recently, the notion of Boolean generalized
bent functions has been generalized to generalized bent functions from V;, to Z,x [12].

A function f from V,, to Z,x is called a generalized p-ary function, or simply p-ary function
when k = 1. The Walsh transform of a generalized p-ary function f : V;, — Z, is the complex
valued function on V,, defined as

= GG aey, (1)

x€Vy,

2my/—1

where (,x = e »* is the complex primitive p*-th root of unity and (a,z) denotes a (nonde-

generate) inner product in V,,. And f can be recovered by the inverse transform
Z Wi(a)(\™™, x € Vi, 2
a€Vi
The classical representations of V,, are F} with (a,7) = a -z and Fy» with (a,z) = Tr}(az),
where a - x is the usual dot product over F}, Tr7(:) is the absolute trace function. When
Vi = Vo X oo X Vio(no= 300 ny), let (a,b) = >0 (a;,b;) where a = (a1,...,a5),b =
(b1,...,bs) € V.
The generalized p-ary function f :V,, — Z, is called a generalized p-ary bent function, or
simply p-ary bent function when k = 1 if [W;(a)| = p3 for any a € V. In [12], the authors
have shown that the Walsh transform of a generalized p-ary bent function f : V;, — Z, satisfies

that for any a € V,,,
ip%g}:(“) if p=1 (mod 4) or n is even,

Wi(a) = o 3)
j:\/—lpiggk (a) if p=3 (mod 4) and n is odd
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where f* is a function from V,, to Z,» and is called the dual of f. We call f self-dual if f* = f.
In the sequel, if f* is also a generalized bent function, let f** denote the dual of f*.

If f:V, — Z, is a generalized bent function with dual f*, define
pe(a) =p 50 OWi(a),a e v, @)

and

er(a) =& up(a),a € Vi, (5)

where ¢ = 1if p =1 (mod 4) or n is even and ¢ = v/—1if p = 3 (mod 4) and n is odd. By (3),
it is easy to see that ¢ is a function from V,, to {£1}. If iif is a constant function, then f is called
weakly regular, otherwise f is called non-weakly regular. In particular, if p(a) =1,a € V,,, f
is called regular.

There are some works on the dual of p-ary bent functions [3], [5], [6], [13]. It is known that
weakly regular generalized bent functions always appear in pairs since the dual of a weakly
regular generalized bent function is also a weakly regular generalized bent function [12]. For
non-weakly regular bent functions, the dual can be bent or not bent. In [5], Cesmelioglu et al.
analysed the first known construction of non-weakly regular bent functions [2] and showed that
this construction yields bent functions for which the dual is bent if using some proper weakly
regular plateaued functions or bent functions whose dual is also bent as building blocks. In [6],
Cesmelioglu et al. provided the first explicit construction of non-weakly regular bent functions
for which the dual is not bent. As a consequence, the dual of non-weakly regular generalized
bent functions can be generalized bent or not generalized bent. For instance, if f : V,, = F,is a
non-weakly regular bent function whose dual is (not) bent, then obviously p*~1f : V,, — Loy 18
a non-weakly regular generalized bent function whose dual is (not) generalized bent. In [5], the
authors also analysed the self-duality of p-ary bent functions from V,, to IF,. They characterized
quadratic self-dual bent functions. For p = 1 (mod 4), they proposed a secondary construction
of self-dual bent functions, which can be used to construct non-quadratic self-dual bent functions
by using (non)-quadratic self-dual bent functions as building blocks. However, for p = 3 (mod 4)
and n is even, they only illustrated that there exist ternary non-quadratic self-dual bent functions
by considering special ternary bent functions. For p = 3 (mod 4) and n is odd, they showed
that there is no weakly regular self-dual bent function and they pointed out that there exist non-

weakly regular self-dual bent functions. Indeed, they pointed out that the non-weakly regular
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bent function g3(x) = Tr3(2* + z®) from Fss to F3 is self-dual. But in fact, g3 is not self-dual.
In this paper, we will prove that there is no self-dual generalized bent function f : V,, — Z if
p =3 (mod 4) and n is odd. For weakly regular bent functions f with dual f*, it is known that
f*(z) = f(—=) holds where f** denotes the dual of f*. Recently, for non-weakly regular bent
functions f whose dual f* is also bent, Ozbudak and Pelen [13] showed that f**(z) = f(—x)
also holds by studying the value distributions of the dual of non-weakly regular bent functions.

In this paper, we study the dual of generalized bent functions from V,, to Z,x. By generalizing
the construction of Corollary 2 of [6], we obtain an explicit construction of generalized bent
functions for which the dual can be generalized bent or not generalized bent. Note that in [6],
a sufficient condition is given to construct non-weakly regular bent functions whose dual is
not bent, however, a sufficient condition for the dual of the constructed non-weakly regular
bent function to be bent is not given. We will give a sufficient condition to illustrate that the
construction of Corollary 2 of [6] can also be used to construct non-weakly regular bent functions
whose dual is bent. We will show that the generalized indirect sum construction method given
in [15] can provide a secondary construction of generalized bent functions for which the dual
can be generalized bent or not generalized bent. For generalized bent functions f whose dual
f* is also generalized bent, different from the proof method in [13], we prove f**(x) = f(—x)
by using the knowledge on ideal decomposition in cyclotomic field, which seems more concise.
For any non-weakly regular generalized bent function f which satisfies that f(x) = f(—x) and
the dual f* is generalized bent, we give a property and as a consequence, we prove that there
is no self-dual generalized bent function f : V,, — Z, if p = 3 (mod 4) and n is odd. For
p =1 (mod 4) or p = 3 (mod 4) and n is even, we give a secondary construction of self-
dual generalized bent functions. In the end, by the decomposition of generalized bent functions,
we characterize the relations between the generalized bentness of the dual of generalized bent
functions and the bentness of the dual of bent functions, as well as the self-duality relations
between generalized bent functions and bent functions.

The rest of the paper is organized as follows. In Section II, we present some needed results on
generalized bent functions and number fields. In Section III, we give constructions of generalized
bent functions whose dual can be generalized bent or not generalized bent (Theorems 1 and 2).
In Section IV, for generalized bent functions f whose dual f* is also generalized bent, by

using the knowledge on ideal decomposition in cyclotomic field, we prove that f**(z) = f(—x)
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holds (Theorem 3). In Section V, we prove that there is no self-dual generalized bent function
f:Vh = Zy if p=3 (mod 4) and n is odd (Theorem 4). In Section VI, we give a secondary
construction of self-dual generalized bent functions f : V,, = Z,. if p =1 (mod 4) or n is even
(Theorem 5). In Section VII, we characterize the relations between the generalized bentness of
the dual of generalized bent functions and the bentness of the dual of bent functions, as well as
the self-duality relations between generalized bent functions and bent functions (Theorem 6). In

Section VIII, we make a conclusion.

II. PRELIMINARIES

In this section, we present some needed results on generalized bent functions and number

fields.

A. Some Results on Generalized Bent Functions

Let f : V;, — Z,» be a generalized bent function, then Wy(a) = jis(a)p2( IJ: . for any a € V,
where jif(a) = égf(a), € = 1if p =1 (mod 4) or n is even and £ = /=1 if p = 3 (mod 4)
and n is odd, ¢4 : V;, — {£1}, f* is the dual of f. By the inverse transform (2), we have

aGVn
1 a
= — )" gepla)pi Wl
aGVn
a€Vy,
Hence for any x € V,,,
£ epla)gl g = picl. (©6)

a€eV,

In this paper, let i be the multiplicative quadratic character of F», that is,

1 if v € Fj. is a square element,
() =
—1 if x € F. is a non-square element.
Let o € F}.. Then the function f : Fpn — F, defined bZ f(z) = Tri(ax?) is a weakly
regular bent function and Wy(a) = (—1)”*1e”n(a)p%<’gr1 (i)
p=1(mod 4) and e = /—1 if p =3 (mod 4) (see [8]).

for any a € F,» where ¢ =1 if
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In [12], the authors characterized the relations between generalized bent functions and bent
functions by the decomposition of generalized bent functions. The following lemma follows

from Theorem 16 and its proof of [12].

Lemma 1 ( [12]). Let k > 2 be an integer. Let f : V,, — Z,. with the decomposition f(x) =
Zf:_ol fi(@)pF=1=t = fo(2)p* 1+ fi(z) where f; is a function from V,, to B, for any 0 < i < k—1
and fi(r) = Zf:ll fi(z)p""" is a function from V,, to L. Then f is a generalized bent
function if and only if g;r 2 fo4+ F(f1,..., fs_1) is a bent function for any function F :
F’;fl — F,. Furthermore, if f is a generalized bent function, then f*(z) = fi(x)p"' + \(x)
and g} p(z) = f5(x) + F(Ai(), ..., \e—1(z)) where \(x) = SN ()PP NV, = T,
and \ : Vi, — Ly satisfies that for any a € Vi, 35, cv i (w)=a(a) Jo@=em) — W (a) and
D vV fy ()0 Jo@) =) — 0 for any v € Ly with v # Aa).

B. Some Results on Number Fields

In this subsection, we give some results on number fields. For more results on number fields,
we refer to [7].
Suppose L/K is a number field extension. Let O, and O be the ring of integers in L and

K respectively. Any nonzero ideal I of Oy can be uniquely (up to the order) expressed as
I =57 B

where B, ...,B, are distinct (nonzero) prime ideals of O and e; > 1 (1 < i < g). And when
I = pOy, where p is a nonzero prime ideal of Ok, p =B, N Ok forany 1 <i < g.

In this paper, we consider cyclotomic field L = Q((,+). Then O = Z[(,] and {C;C;k 10 <
i <p—2,0<j<p"1—1} is an integral basis of Oy. For prime ideal pZ of Z, (pZ)Oy, = pOy,
and

pOL = ((1 = () Op )¢

where (1 — (,x)O, is a prime ideal of Oy, and ¢ is the Euler function.

For any integer j € Z, let v,(j) € Z denote the p-adic valuation of j, that is, p*»() | j and
pvp(j)+1 ,fj
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III. CONSTRUCTIONS OF GENERALIZED BENT FUNCTIONS WHOSE DUAL IS (NOT)

GENERALIZED BENT

In this section, we give constructions of generalized bent functions whose dual can be gener-
alized bent or not generalized bent.

The following theorem gives an explicit construction of generalized bent functions for which
the dual can be generalized bent or not generalized bent, which is a generalization of Corollary
2 of [6]. Note that in Corollary 2 of [6], a sufficient condition is given to construct non-weakly
regular bent functions whose dual is not bent, however, a sufficient condition for the dual of the
constructed non-weakly regular bent function to be bent is not given. In the following theorem,
we also give a sufficient condition to illustrate that the construction of [6] can also be used to

construct non-weakly regular bent functions whose dual is bent.

Theorem 1. Let m > 2 be an integer. Let o, 3 € Fy. satisfy 1+ ia + j8 # 0 for any
i,j € Fp Let F(x,y1,y2) = p" (Tri*(a?) + (y1 + Tri(ex®))(y2 + Tr{"(B2°))) + g(y2 +
Tri*(B2?)), (x,y1,y2) € Fym X F), x F,, where g is an arbitrary function from F,, to Z,.. Then
1) F is a generalized bent function and it is weakly regular if and only if n(1+ia+j5) =1
for any i,j € ).
2) The dual F*(x,y1,y2) = pk_l(Trin(—m) —11y2) +9(y1) and F* is a generalized
bent function if and only if
| Z n(1+yra + yQB)CI‘ZJSyl)Cp_ylyﬁblyﬁb?y?| =p for any by, by € F),. (7
y1,42€Fp
In particular, if n(1 + ia + jB) = n(1 +ia) for any i,j € F, and there exist iy,iy € F,, such

that n(1 + i1«) # n(1 + is), then F* is a non-weakly regular generalized bent function.

Proof: 1) For any (a, by, bs) € Fpm x F, x [F,, we have

Wr(a, by, bs)
— Z CF(%yl,y2)<7Tr1”(ax)fb1y1 —bayo

p* P
z€F,m y1,y2€Fp

_ Z Cgr{”(xQ)—Tr{”(az) Z C§£y2+TT1n(5$2))Cz()yl+TT{”(amQ))(y2+Tr1”(Ba:2))—b1y1—bgyg

x€F,m y1,y2€F,
_ E CTT{”(%a:Q—ax) E Czlzz—blzl—bzzz C9(2'2)
P P pk
Z‘E]Fpm z1,22€F,
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= Wi (3,02) (@) Wpk=121 20 4 g(z0) (b1, b2)
where 7, = 1 + by + by and in the third equality we use the change of variables z; =
y1 + Tri(az?), 29 = yo + Tr7(Ba? ) Slnce v # 0, then Tr"(y,2?) is a bent function and
Wi a2y (@) = (=1)™ '™ n(ye)p 2 Cp ) where ¢ = 1 if p =1 (mod 4) and € = /—1
if p = 3 (mod 4). Since p*~12125 + g(29) is a generalized Maiorana-McFarland bent function,

then W12z, () (b1, b2) = sz;p ihibate) Hence F s generalized bent and
Wr(a,by,by) = pup(a, by, ba)p™ Cf (a,51,b2) )

where pp(a, by, by) = (—1)™ " 'e™n(v,) and its dual F*(a,by,by) = pk_l(Tr{”(—%) — biby) +
g(b1).

From (8), it is obviously that F’ is weakly regular if and only if 1(7;,) = n(14+bja+bsf3), by, by €
[F, are the same. By n(1) = 1, we have F' is weakly regular if and only if 7(,) = 1 for any
by, by € IF).

2) By F*(x,y1,92) = P*"H (T (=) — y11p) + 9(31) where 7, = 1 + yra + 13, for any
(a,b1,b2) € Fym x F,, x F,, we have

WF* (CL, b17 b2)

22
— C_yl?JQ—blyl—beQ Cg(yl) CTrl (_W_ax)
= » o »

y1,y2€Fp zeF,m
1 m
= 30 G (e ()G O
ylnyEFp ’Yy
— )\ Z (v C y1y2— (b1 =Tr7"(a®a))y1 — (b2 —Tr7"(a*B) )yzcg 1)
y1,y2€Fp

Tri*(a

where A\ = (—1)""temp(—1)p= (p Y, hence it is easy to see that F™* is generalized bent if

and only if (7) holds. In particular, if n(1 +ia+ j3) = n(1 +ia) for any ¢, j € F,, then for any
bi by € F,,

S 1+ i+ )G

Y1,Y2 E]Fp
= D 0L+ pa)Grgpt) 7
y1€Fp y2€Fp

= (1 + boo)pl P ¢,
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thus (7) holds and F™ is generalized bent. Furthermore, if there exist 71,7, € [, such that

(1 + 1) # (1 + iga), it is easy to see that F™* is non-weakly regular. [ |

Remark 1. When k=1, g =0 and 1,a, 3 € Fym are linearly independent over ), the above
construction reduces to Corollary 2 of [6], which is the first explicit construction of bent functions
whose dual is not bent. As for general a, 3 € Fy. with 1+ia+j8 # 0,1, j € F), the condition
(7) does not seem to hold in general, one can easily obtain non-weakly regular generalized
bent functions whose dual is not generalized bent. But we emphasize that if o, 8 € F .. with
14+ ia+jB # 0,i,j € F, satisfy that n(1 + ia + jB) = n(1 + ia) for any i,j € F, and
n(l+ia),i € F, are not all the same, then the function constructed by the above construction

is a non-weakly regular generalized bent function whose dual is also generalized bent.

We give two examples of non-weakly regular generalized bent functions by using Theorem
1 for which the dual of the first example is not generalized bent and the dual of the second

example is generalized bent.

Example 1. Let p = 5, m = 2, k = 3. Let z be the primitive element of Fs> with 2*> +4z+2 = 0.
Let a = 3=z, g:F5 — Zss be defined as g(x) = 2. Then one can verify that the function F
constructed by Theorem 1 is a non-weakly regular generalized bent function and its dual F™ is

not generalized bent.

Example 2. Let p = 3, m = 5, k = 2. Let z be the primitive element of Fss with 2°+2z+1 = 0.
Let = 2193 = 2%, g : F3 — Zs2 be defined as g(x) = x. Then one can verify that
n(l+48)=1Lnl+a+j6) =nl+2a+j8) = —1 for any j € Fs3, hence the function F
constructed by Theorem 1 is a non-weakly regular generalized bent function and its dual F* is

generalized bent.

Now we show that the generalized indirect sum construction method given in [15] can provide
a secondary construction of generalized bent functions for which the dual can be generalized
bent or not generalized bent. For the sake of completeness, we give the proof of the following

lemma, which can be obtained by Theorem 5 of [15].

Lemma 2 ( [15]). Let f;(i € F.) : V. — Z,x be generalized bent functions. Let g,(0 < s <) :
Vin — T, be bent functions which satisfy that for any j = (ji,. .., ji) € F}, G; 2(1—j—-—
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10

Jt)go + jigi + -+ -+ jigs is a bent function and G = (1 —jy — -+ — ji) g5 + jigi + -+ jrgi and
pa,(y) = u,y € Vi, where pg, is defined by (4) and u is a constant independent of j. Let g be
an arbitrary function from IF; 10 Zyr. Then F(2,Y) = fo)—g1()rmg0(w)—aew)) (2) + P00 (y) +
9(90(y) — 1 (v), -, 90(y) — 9:(y)), (x,y) € V.. X V,,, is a generalized bent function.

Proof: For any (a,b) € V, x V,,, we have

WF(CL, b)

zeVr,yeVm

_ Figin) @900 g0 () —(a,2)— (by)
- 2 PO Bl ;

1,50t €Fp y:g0(y) —g; (y)=i;,1<j<t x€Vr

.....

i17...,’it€Fp YEVm le]Fp
o Z C(it—(go—gt)(y))jt
4
Jt€F,
=pt Y W ) D QU WG ()
i1,...,it EFp J1s--Jt €EFp
As for any ji,...,j: € Fp, Gjyogy = (1= 1 — -+ = ji)go + Jagr + - + juge is a bent

function and G{;, .= (1—ji—- —ji)g5 + j1gi + -+ gy and pg ;. (y) =u,y € Vi,

where u is a constant independent of (ji,...,J;), we have

WF(CL, b)

_ up%p_t Z Cg’gil7”.7it)wf(il,... it)(a) Z C;')1j1+~-~+itjt+(1—j1—“'—jt)gé(b)-i-ﬁgf(b)+~~~+jzgf(b)
il,...,itEFp j17--~7jt€Fp

— up%p—tcgé(b) Z C;}gllv---ﬂt)wﬂ_l """ (@) Z C}(}Qi‘(b)—gé(b)ﬂﬂjl _ Z C}ggi(b)—gé(b)ﬂt)jt

11,...,1t €Fp J1€F, Jt€Fp

— 2 g5 (b) ~9(96 (0) =97 (b),--,95 (b) — g7 (b))
up 2 GG Wf@(;(b),g{(b) ,,,,, g5<b>—g:;(b>>(a)‘

€))
Hence, by (9), it is easy to see that F': V. x V;,, — Z, is a generalized bent function if f;,i € ]F;;
are generalized bent functions from V. to Z,. [ ]

Based on Lemma 2, we give the following theorem.

Theorem 2. With the same notation as Lemma 2. The dual of the generalized bent function
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11

constructed by Lemma 2 is a generalized bent function if and only if for any y € V,,, the dual

of fgo(w)—g1(),.00(v)—g:(y)) 1S @ generalized bent function.

Proof: By (9), we have that the dual of the generalized bent function F' constructed by
Lemma 2 is F*(2,Y) = f{,x ) gt (o).t () —gr (o) (&) F 27 05(0) +9(95(y) — g1 (¥), -, 95(y) —
g7 (y)). Note that for a weakly regular bent function h with dual h*, h* is also a weakly regular
bent function and h**(z) = h(—x), - = py, . Since for any j = (ji,...,j) € F.,, G; =
(I=j1——Je)go+jr1g1+ - ~+jigs is a bent function and G5 = (1—j1— - -—j)g5+j1g1 + - ~+Jigf
and pg,(y) = u,y € V;,, where u is a constant independent of j, we have G} is a bent function
and G7*(y) = Gj(—y) = (1 —jr — - — j)go(—y) + jigi(—y) + -+ - + Guge(—y) = (1 — j1 —
=098 (y) g1 (Y) + -+ g (y) and pes(y) = uly € Vi, that is, g5(0 < s < ) also
satisfy the condition of Lemma 2. Since F™* has the same form as F' and ¢} (0 < s < t) satisfy

the condition of Lemma 2, by (9), for any (a,b) € V,. x V,,, we have

WF* (Cl, b)

_ u—lp%ng*(b)gilggé*(b)—gi**(b),-n,ga‘*(b)—gt**(b))

_ uflpgcgo(fb) C]g)rlggo(—b)—gl(—b),~~-,go(—b)—gt(—b))

If for any y € V,,, f(*go () —g1( is generalized bent, then obviously F™* is generalized

Y)s-90(¥)—9¢(y))

*

bent. Suppose F™* is generalized bent. If there exists y € V,, such that f(go(y)—g1 )omr90 (8) gt ()
(a)] # p2 and b = —y, then
r+m

|Wg«(a,b)| # p~2 and F* is not generalized bent, which is a contradiction. Hence, F™* is a

is not generalized bent, let a € V, with ‘Wffgo(y)—gl(y) 77777 (o) or(o)
generalized bent function if and only if for any y € V,,, the dual of f(y ()= (1).....00(5)—g:(v)) 1S
a generalized bent function. [ ]

When k=1t =1,m=2and g =0, go(y) = v1¥2, 91(y) = V1¥2— Y2,y = (Y1, y2) € F, X F),
Theorem 2 reduces to Theorem 3 of [6]. The corresponding function of Theorem 3 of [6] is in the
Generalized Maiorana-McFarland bent functions class (see [4]). In [15], the authors showed that
the canonical way to construct Generalized Maiorana-McFarland bent functions can be obtained
by the generalized indirect sum construction method. In [15], the authors also showed that p-ary

PS,, bent functions

95(y) = Tr(aGnys ),y = (Y1, y2) € Fym x Fpn, 0 < s <t
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12

satisfy the condition of Lemma 2 where m > ¢ + 1, «ay,...,a; € Fpm are linearly independent
over IF, and G is a permutation over [F,» with G(0) = 0.

Since the above g;(0 < s < t) satisfy the condition of Lemma 2 and {(go(y)—g1(¥), - - -, 9o(y)—
9:(¥)),y = (Y1,y2) € Fpm X Fym} = F!, by Theorem 2 we have the following corollary.

Corollary 1. Let f;(i € F,) : V. — Z, be generalized bent functions. Let g,(0 < s < t) :
Fym X Fym — F, be defined as g,(y) = Tri (oGl 2),y = (y1,%2) € Fym X Fym where
m>t+1, ag,...,a € Fpym are linearly independent over F), and G is a permutation over Fm
with G(0) = 0. Let g be an arbitrary function from IF;; to Z,x. Then the dual of the generalized

-----

P 90)+9(90) —91(y). - -, 90(y) =% (W)), (2,y) = (x,y1,y2) € Ve XFyn xFym is generalized
bent if and only if for any i € IF;, the dual of f; is generalized bent.

IV. A PROPERTY OF GENERALIZED BENT FUNCTIONS WHOSE DUAL IS GENERALIZED BENT

In this section, let f :V;,, — Z, be a generalized bent function whose dual f* is generalized
bent. By using the knowledge on ideal decomposition in cyclotomic field, we will prove f**(x) =
f(—=z). For the case of bent functions f : V,, — F, whose dual f* is bent, Ozbudak and Pelen
[13] have shown that f**(z) = f(—x) holds by studying the value distributions of the dual of
non-weakly regular bent functions. Compared with the proof method in [13], our proof method

seems more concise. Before proof, we need a lemma.

Lemma 3. Let L = Q((), Or, = Z[(,x]. Then for any 1 < j <p*—1, (1+ C;k)OL = Oy, and
(1-— CZ,Q)OL = ((1 = ¢r)OL)P" where s = vy,(j).

Proof: For any 1 < j < p*F — 1, by

j lj -1
1 + C;k 1- C;Iz 1- ;Iz i=0 Cpk g

where | € Z, satisfies 20 = 1(mod p*), we have that 1—|—C;k, is a unit of Oy, that is, (1+C£k)(9L =
Or.

Forany 1 < j < pF—1,let s = v,(j). Then 0 < s < k and gcd(j, p*) = p*. Let M = Q((p—s),
then Oy = Z[(,+-s| and M is a subfield of L since (s = CZ’)’;. By
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ZCkSGOMCOL

j
p

1_Cpk5
and .
1 C Jt 1
- k—s
1-— 1-—

—s —s

where ¢ € Z,-. satisfies pist = 1(mod p"=*), we have that 1:5:_3 is a unit of Op. Note
that ¢ exists since gcd(pis,pkfs) = 1. Hence (1 — C;k)OL = (1—- Cﬁ,S)OL = (1 = ()01
By pOy = (1 — Crs)On)?® ™) and (pOy)Or = pOp = ((1 — (r)OL)?@"), we have
(1 - Cpk_s)OL)‘P(pk_s) =((1- Cpk)OL)@(pk). By :2%) uniqueness of the decomposition of (1 —
Cpr-+)Or, we have (1—Cpr—s)Op = (1= )O1) ?0" ™ = ((1-¢,r)Or)?". Hence, (1-(),)Or, =
(1= Gr)Op)". =

Now we prove f**(z) = f(—z) by using Lemma 3. In the subsequent of this paper, L =

Q(¢pr), Or, = Z[(,+] unless otherwise stated.

Theorem 3. Let f : V,, — Z,x be a generalized bent function whose dual f* is also a generalized
bent function. Then f**(x) = f(—z),x € V,,, where f** is the dual of f*.

Proof: Consider the left-hand side of Equation (6),

gz Cf (w)caz

z€Vn
SR IR e D DR Ao
2€Vn: ef(x)=1 z€Vn: ef(x)=—1
=26 >0 GG =63 g
z€Vn: gf(x)=1 z€Vn

=2 Y G W (-a),

z€Vn: gf(x)=1
where £ = 1 if p = 1 (mod 4) or n is even and £ = /—1 if p = 3 (mod 4) and n is
odd, 5 : V,, — {£1} is defined by (5). Since f* is a generalized bent function, we have
Wi(—a) = é’sf*(—a)p%{’f,:*(*a) where €+ : V,, — {£1}. Thus, for any a € V,, we have
¢ Z 5f Cf (ff a:L“> =2¢ Z Cz{k (I)C;a,@ _ fzgf*(_CL)p%CI{k (*a). (10)

€V, 2€EVn: ef(z)=1
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Let Xo =&Y pevn. 2 w1 G G By (6) and (10), we have
2X, =3l (1+ Eep ()l TV D) a e v (1)

Suppose there exists a € V,, such that f**(—a) # f(a), that is, A, = f**(—a) — f(a) # 0.
1) When n is even, then £ = 1. Note that in this case, X, € Or. By (11) and Lemma 3, we

have

n

((1— Cpk)OL)W)f if ep(—a) = 1,
(1 — Gy )OL) )5 Hpr S if epe(—a)=—1.

Since § ¢ Oy, we have 20, # Oy. Indeed, if 1 € Oy, then by {Cok, e C;(pk)_l} is an integer
basis of O, 3 = Zw(p aZCZ where a; € 7Z, that is, Z‘”(p 2ai<;k = C£k~ This equation

(20L)(X.0L) =

deduces ap = 1,a; = 0(1 < < ¢(p*) — 1), which contradicts ay € Z. Then by the uniqueness

of the decomposition of 200, we have
20, = ((1 — Cpk)OL)t (12)

for some positive integer t. From (12), we have 2Z = Z N (1 — ()Or. And from pO; =
((1 = ¢r)O1)?®), we have pZ = Z N (1 — (,)Or. Hence, 2Z = pZ, which is a contradiction
since p is an odd prime. So in this case, f**(—a) = f(a) for any a € V,.

2) When n is odd, by multiplying both sides of (11) by ,/p, we obtain

2Xay/p =% (IO (1+ 2 (—a)gh 0T, (13)

Recall that when n is odd, £ = 1 if p = 1 (mod 4) and £ = /—1 if p = 3 (mod 4). Note
that £* € {£1} and X,,/p € Oy, since £,/p = ZIGF* n(i)¢), € Z[¢p) by a well known result on
Gauss sums (see [10]). By (13) and Lemma 3, we have

n+1

(1 = G )OL) Rieh if Eep(—a) =1,

"”Fl vp(Aa)
(1= GROL)PP TP i f g (—a) = —1.
Since 20, # Oy, by the uniqueness of the decomposition of 20;,, we have 20, = ((1—(,x)Op)"

(20L)((Xan/P)OL) =

for some positive integer t. Then with the same argument as 1), we have 27 = pZ, which is a

contradiction. So in this case, f**(—a) = f(a) for any a € V,. u
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V. NONEXISTENCE OF SELF-DUAL GENERALIZED BENT FUNCTION IF p = 3 (mod 4) AND n

IS ODD

In this section, we will show that there is no self-dual generalized bent function f : V,, — Zpk
if p =3 (mod 4) and n is odd. Note that in [5], for p = 3 (mod 4) and n is odd, the authors
showed that there is no weakly regular self-dual bent function and they pointed out that there
exist non-weakly regular self-dual bent functions. Indeed, they pointed out that the non-weakly
regular bent function g3(z) = Tr$(2%* + 2%) from Fss to F3 is self-dual. But in fact, it is easy
to verify that gs is not self-dual by using MAGMA and there is no self-dual bent function from
V, to F, if p=3 (mod 4) and n is odd according to the theorem of this section.

Let f:V, — Z, be a generalized bent function satisfying f(x) = f(—x),z € V. For any
a €V,, we have

Wia) =Y ()¢ @

- T g

=2 G

Q?GVn
= Wf<_a)a
where in the second equation we use the change of variable x — —xz and in the third equation
we use f(z) = f(—x). By Wy(a) = Wy(—a) and Wy(a) = £€f(a)p%gg,:(a) where { = 1 if
p=1(mod4) orniseven and { =+/—1if p=3 (mod 4) and n is odd, ey : V,, — {1}, we
have

er(a) = ef(=a), f(a) = f*(=a). (14)

Note that for any generalized bent function f : V,, — Z,. satisfying f(z) = f(—x), Equation
(14) holds.
For any a € V,,, let
Sa= D GG To= Y0 O,
2€Vn: ep(z)=1 2€Vi: ep(z)=—1

Suppose the dual f* is generalized bent. Then by the definitions of S, and 7}, we have S,+7T;, =
Wi(—a) = £€f*(—a)p%§£,:*(fa) where ¢4+ @ V,, — {£1}. Since f*(x) = f*(—x), we have
e+(—a) = e4+(a). By Theorem 3, we have f**(—a) = f(a). Hence, we obtain
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Su+ Tu = Eep-(a)p? 1. (15)
By (6), we have
= pEgh?. (16)
By (15) and (16), we have

y€ep(a) — 571_

picia
Co 5 7)

Based on the above analysis and (17), we obtain the following proposition. For weakly regular
generalized bent functions, the following proposition is obvious. But for non-weakly regular

generalized bent functions, the following proposition is not obvious.

Proposition 1. Let [ : V,, — Z,» be a generalized bent function which satisfies that f(x) =
f(—x),z € V,, and the dual f* is a generalized bent function. Let cs,ep- : V,, — {£1} be
defined by (5). Then

1) If p=1 (mod 4) or n is even, then €+ (0) = £7(0);

2) If p=3 (mod 4) and n is odd, then c¢+(0) = —c£(0).

Proof: Let gy : V,, — F, and ¢y : V, = Zy— satisfy f* = gop"' + 1. Note that when
k=1, Zy— = {0} and gy = f*, g1 = 0.
1) If p =1 (mod 4) or n is even, then { = 1. By (17), we have 7, = 0 if ¢f-(a) = 1 and
Sqe = 0if ep«(a) = —1. Suppose e4+(0) = —e£(0). Without loss of generality, assume £¢(0) = 1.
Then £;-(0) = —1 and Sy = 0. By the definition of Sy, we have >, . e Cf ) = 0. For

any ig € F,, 11 € Zyi, let
Zo ih {.’L‘ € V Ef(m) =1 and gO(x) = iO?.g_l(x) = ZE} (18)

and N,

90,01

denote the size of A, Then we have

90,01 °

Z Z 10, 7,1CZO pk -

iOEFp 1162 k—1

By > ', CZ = (0 and the above equation we obtain

Z Z 10 i prl,ﬂ)g;goq}c =

10=041€Z ph—1
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which deduces N, - =

10,81

p—1,5; for any ig € Fp i1 € Zyi—1 since {(;(;k 0<i<p—20<

j < p" ' —1} is an integral basis of Z[(,]. In particular, Ny, (0.4 (0) = Nig.gi(0) for any ig € F,,.

0,91
By (14), we have f*(z) = f*(—x) and e¢(z) = ef(—x). From f*(z) = f*(—z), we have
go(xz) = go(—x) and gi(x) = Gi(—x). And by ef(x) = e¢(—x), we have € A, ,; if and
only if —x € A; ;. Note that 0 € Ay (0),q,(0) since €4(0) = 1. Hence, Ny (0),4;(0) is odd and

N.

10,81

ep-(0) = £4(0).
2) If p =3 (mod 4) and n is odd, then £ = v/—1. By (17), we have S, =0 if e4«(a) = 1 and

is even if (ig,71) # (90(0), ¢1(0)), which contradicts Ny o) 1 (0) = Nig.gi(0): t0 € Fp. Hence

T, =0 if €4(a) = —1. Suppose c¢+(0) = ££(0). Without loss of generality, assume c¢(0) = 1.
Then £4-(0) = 1 and Sy = 0. By the definition of Sy, we have »___, . e (0)=1 C;C,:(x) = 0. For any
ig € Fpy, i1 € Zyr, let A, ;; be defined by (18) and N, ;, denote the size of A, ;,. Then with
the same argument as 1), we have that Ny 0).4(0) = Nig,g(0) fOr any iy € I, and Ny 0),4:(0) 18
odd, N, ;, is even if (ig, 1) # (90(0), g1(0)), which is a contradiction. Hence, £ (0) = —£(0).

|

By using Proposition 1, we obtain the following theorem.

Theorem 4. There is no self-dual generalized bent function f : V,, — Z,. if p =3 (mod 4) and

n is odd.

Proof: Let f : V,, — Z, be a self-dual generalized bent function. Since f is a generalized
bent function whose dual is generalized bent, we have f**(z) = f(—z) by Theorem 3. And
since f is self-dual, that is, f* = f, we have f(z) = f(—x). By f* = f and Proposition 1,
we have €7(0) = —e;(0) if p = 3 (mod 4) and n is odd. Hence ¢(0) = 0, which contradicts
€4(0) € {£1}. Therefore, there is no self-dual generalized bent function f : V,, — Z, if
p =3 (mod 4) and n is odd. u

VI. A SECONDARY CONSTRUCTION OF SELF-DUAL GENERALIZED BENT FUNCTIONS IF

p =1 (mod4) OR n 1S EVEN

In this section, for p = 1 (mod 4) or n is even, we give a secondary construction of self-dual

generalized bent functions f : V,, — Z,x. First, we give a lemma.

Lemma 4. Let m be a positive integer and m be even if p = 3 (mod 4). Let a € Fy,

m_1
be an arbitrary element. Let o, 3 € {£2"7 } where z is a primitive element of Fpm. Let
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fi(i € Fp) : V. = Z,. be generalized bent functions. Let gy : Fpm X Fpm — I, be defined as
9o(y1,y2) = Tr* (57 +3)). (y1,92) € Fym X Fym. Let h 2 By — Fy and g = Fy — Zy
be arbitrary functions. Then the function F(x,y1,y2) = fuaamtay)(®) + ¥ g0(y1,v2) +

g(h(aay: + ays)) is a generalized bent function from V, X Fpm X Fym to Zy. and its dual

(2,51, 92) = i p(aays+aye)) (£) + P* g0 (y1, o) + g(h(—B(aays + ays))).

Proof: First note that 4 | (p™ — 1). Indeed, if p =1 (mod 4), then p™ =1 (mod 4) and if

p =3 (mod 4) and m is even, then p™ = (—1)™ =1 (mod 4), that is, 4 | (p™ — 1).
By Lemma 2 and (9), we only need to prove that g, and g; defined by ¢1(y1,y2) = go(y1,y2) —
h(acy, +ays), (y1,y2) € Fpm xFym satisfy the condition of Lemma 2 and ¢ (y1, y2) = go(y1, ¥2),
91 (W1,92) = go(y1, y2) — h(=Blaay +ayz)), (Y1, y2) € Fym X Fym. For any (b1, by) € Fpm X Fpm,

we have

W91 (blv b2)
_ Z T’"1 (2 (y3+13))—h(aoyi+ay2) T (b1y1 +bays)
y1,Yy2€F,m
LS (P T Ay 19
21,22€F,m
b1 — Oébg —Oébl + bg
= WTTm(ff—gzl,ZQ) h(zz)( 2a ) 2a )
where in the second equation we use the change of variables 2, = ay; + ays, 20 = acy; + ays
and o? = —1. Since Tr{”(—%zlzg) — h(zy) is an Maiorana-McFarland bent function, we have
b1 — Oébz —O[bl + b2
WTT1 (fo‘—ﬂzlzg) h(z2)< 2a ’ 2a )
" Trm(QL b1 :’32 —ab1+52)_h _ﬁ b1 — abz)
=p"Cp ' ’ (20)
_ meTrin(%(b%+b§>)—h<—ﬁ(aab1+abz>>
where in the last equation we use a? = 3?2 = —1. Note that h is arbitrary. Hence, by (19)

and (20) we have that go, g1 are regular bent functions and gj(y1, v2) = go(y1, ¥2), 95 (y1,y2) =
90(y1, y2) — h(=Blaayy + ay2)), (Y1, y2) € Fym X Fpm

By (19) and (20), (1 —14)go(y1,vy2) +i91(y1,y2) = go(y1,y2) — th(aay; + ays) is a regular bent
function and ((1 —4)go + i91)*(y1,%2) = go(y1, y2) — ih(—B(acys + ays)), (1 —1)g5(y1, ya2) +

ig; (Y1, y2) = (1 —1)go(y1, y2) +ig0(y1, y2) — ih(—Blaay: + ays)) = go(y1,y2) — ih(—B(acy: +
ays)) for any i € F, that is, go, g1 satisfy the condition of Lemma 2. [ |
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The following Theorem gives a secondary construction of self-dual generalized bent functions.

Theorem 5. With the same notation as Lemma 4. The function F' constructed by Lemma 4 is a
self-dual generalized bent function if any one of the following conditions is satisfied:

1) p =1 (mod 4), fi(i € F,) are self-dual generalized bent functions satisfying f; = f; if
i = jB° for some 0 < a <3, h: Fpm — F, is defined as h(x) = Tr"(z), g : F, = Z, is an
arbitrary function satisfying g(y) = g(y') if y = v/ B for some 0 < b < 3.

2) p=1 (mod 4) or m is even, f;(i € F,) are self-dual generalized bent functions satisfying
fi = f-io h: Fym — T, is defined as h(x) = Tri"(z?), g : F, = Z, is an arbitrary function
satisfying g(y) = g(—y).

3)p =1 (mod4) or mis even, f;i(i € F,) are self-dual generalized bent functions, h : Fym —
F, is defined as h(z) = Tri*(z*), g : F, — Z, is an arbitrary function.

p—1

Proof- 1) If p = 1 (mod 4), that is, 4 | (p—1), we have gP~1 = (£2"7 )P~ = (257 )P"~1 =
1, that is, 5 € F,. When h(z) = Tr*(x), for any (y1,y2) € Fym X Fym, h(—F(acy + ays)) =

Triv(—pB(aay; + ay2)) = =T (acy, + ay) = —Bh(aay; + ays). Since f;(i € F,) are self-
dual generalized bent functions and f; = f; if i = j3* for some 0 < a < 3, 3> = —1, we
have [} suaptay)) = Jh(—Blaayi+ays)) = S—Bhiaayi+ays) = Shaay+ays)- Since g(y) = g(y') if
y' = yB° for some 0 < b < 3 and 5% = —1, we have g(h(—B(aay; + ays))) = g(—Bh(acy, +
ays)) = g(h(aay;+ays)). Hence, it is easy to see that the generalized bent function F' constructed
by Lemma 4 satisfies F' = F™*, that is, I’ is a self-dual generalized bent function.

2) When h(z) = Tri"(x?), for any (y1,92) € Fym xFym, since 82 = —1, we have h(—S(acy; +
ays)) = Tri*((=Blaays + ay2))?) = Tri*(—(aays + ay2)?) = —Tr*((aay + ayz)?) =
—h(aays + ays). Since f;(i € F,) are self-dual generalized bent functions and f; = f_;, we
have f;(—ﬂ(aayl—i-ayg)) = Jh(-Blacy+ay)) = S-h(aayi+ays) = [h(aay:+ays)- Since g(y) = g(—y), we
have g(h(—p(acy; + ay2))) = g(—h(aay; + ays)) = g(h(acy; + ays)). Hence, it is easy to see
that the generalized bent function F' constructed by Lemma 4 satisfies F' = F™*, that is, F'is a
self-dual generalized bent function.

3) When h(z) = Tr7*(z?), for any (y1,y2) € Fym x Fym, since 8* = 1, we have h(—SB(aay; +
ays)) = Tri*((=Blacy: +ayz))*) = Tri*((aay: +ays)*) = h(aay, +ays). Since fi(i € F,) are
self-dual generalized bent functions, we have f;f(_ Blaown +aya)) = Jr(=Baayi+ays)) = fr(aay+ays)-

For an arbitrary function g : F, — Z,», g(h(—B(acy, + ay2))) = g(h(aay: + ay2)). Hence, it
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is easy to see that the generalized bent function F' constructed by Lemma 4 satisfies F' = F™,

that is, F' is a self-dual generalized bent function. [ |

Remark 2. One can verify that Theorem 3 of [5] is a special case of the above case 1) with
k=1,m=1and g=0. In [5], for p=3 (mod 4) and n is even, the authors only illustrated
that there exist ternary non-quadratic self-dual bent functions from V,, to ¥, by considering
special ternary bent functions. Theorem 5 can be used to construct non-quadratic self-dual bent
functions from V,, to T, for p = 3 (mod 4) and even integer n > 6 by using (non)-quadratic

self-dual bent functions as building blocks.
We give two examples by using Theorem 5.

Example 3. Let p =5k =2r=1m =1 Let « = 3 =2 and a = 1. Let fi(z) = ba* x €
Fs,i = 0,2,3,4 and fi(x) = 202%,x € F5. Then fi(i € F5) are self-dual generalized bent
functions. Let h(x) = Tri"(x?) = 2*,x € Fs. Let g : F5 — Zs2 be defined as g(y) = 2y*,y € Fs.
Then the generalized bent function constructed by Lemma 4 is F(x,y1,v2) = [2y4ys)(7) +
5y +y3) +2((2y1 +y2)*mod 5)%, (z,y1,y2) € F2 and it is a self-dual generalized bent function

according to 3) of Theorem 5.

Example 4. Letp = 7,k = 1,7 = m = 2. Let z be the primitive element of F» with 2> +6z+3 =
0. Let « = = 2% and a = 2. Let fo(x) = Tri(42"%2?), fi(z) = fe(z) = Tri(3z"%2%) + 1,
fo(z) = f5(x) = Tri(32"22%) + 2, f3(x) = fa(x) = Tr?(32"%2%) + 3, x € Fre. Then fi(i € Fy)
are quadratic self-dual bent functions. Let h(x) = Tr?(z?),x € Fp. Let g = 0. Then the
bent function constructed by Lemma 4 is F(x,y1,Y2) = fro2((:15y42y0)2)(®) + Tri(42"2(y7 +
Y3)), (z,y1,v2) € Fpa X Fp2 X Fpa. It is a self-dual bent function according to 2) of Theorem 5

and it is easy to verify that it is non-quadratic.

VII. RELATIONS BETWEEN THE DUAL OF GENERALIZED BENT FUNCTIONS AND THE DUAL

OF BENT FUNCTIONS

In this section, we characterize the relations between the generalized bentness of the dual of
generalized bent functions and the bentness of the dual of bent functions, as well as the self-
duality relations between generalized bent functions and bent functions. The main result is the

following theorem:
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Theorem 6. Let k > 2 be an integer. Let f : V,, — Z,» be a generalized bent function with the
decomposition f(x) = 310 fi(x)p" 7 = fo(x)p*~' + fi(x) where f; is a function from V,, to
F, for any 0 < i < k —1 and fi(z) = Si=] fi(x)p*~*"" is a function from V,, to L. For
any function I : ]F’;fl — F,, define grp = fo+ F(fi1,..., fu_1). Then

1) f* is generalized bent if and only if for any function F : F’;_l — Fp, g} 5 is bent.

2) f is self-dual generalized bent if and only if for any function F : F';_l — Fp, grr is
self-dual bent.

Proof: 1) First, by Lemma 1, g;r is bent for any F' : F’;fl — F,. And by Lemma

1, we have f*(x) = fi(z)p" ' + Mx) and g} p(z) = fi(z) + F(Ai(z),. .., A—1(z)) where
A = Zf:_ll NPTt 0V, — Fpoand AV, — Zyo satisfies that for any a € V,
D eV i ()=A(a) Jol)=em) — . (a) and D eV (@)= Jo@=(@r) — 0 for any v # A(a). Hence,
by Lemma 1, f* is generalized bent if and only if for any function F : F’;_l — Fp, g} r 1s bent.
2) Suppose f is self-dual generalized bent, that is, f = f*. By f = Y% fip*~'~% and
fo= fpt Tt S AR we have fo = fg,fi = M1 <0 <k — 1. As gir = fo +
FA, ..o h—1)s grr = fo+ F(fi,.. ., fimr) = g p» that is, gy is self-dual bent for any
function F' : F~! — F,. Suppose for any function F' : Fi~' — F,, gy p is self-dual bent,
that is, grr = g} for any function F' : F’;*l — F,. Let I = 0, we obtain f, = f. Let
F=F,1<i<k-—1where Fj(xy,...,25_1) = x;, we obtain f; = \;;1 <1i <k — 1. Hence,
f* = f, that is, f is self-dual generalized bent. [ |
By Theorem 6, if f; is not bent (resp., f, is not self-dual bent), then obviously f* is not
generalized bent (resp., f is not self-dual generalized bent). But the inverses are not true. We

illustrate this with the following two examples.

Example 5. Let = be the primitive element of Fss with 25 +22+1 = 0. Let f : Fgs x Fy xF3 — Zgo
be defined as f = 3fy + f1 where f; : Fgs x Fy x F3 — F3,1 = 0,1, folx,y1,y2) = Tri(z?) +
(1 +Tr3 (2" 22)) (yo + T3 (21°22)) and fi(x,y1,y2) = y2 +Tr3(2'22). Then f is a generalized
bent function constructed by Theorem 1. One can verify that f* is not generalized bent, but [

is bent.

Example 6. Let f : F2 — Zs2 be defined as f = 5fo+ f1 where fo(xy,12) = 22+ 23, (21, 72) €

F% and fi(x1,22) = 221 + xo. Then [ is a generalized bent function and f* = 5gq + g1 where
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go(x1,12) = 23 + 23, (21, 72) € F2 and g1(x1,72) = x1 + 329, (v1,22) € F2. Hence, f is not

self-dual generalized bent, but fy is self-dual bent.

VIII. CONCLUSION

In this paper, we study the dual of generalized bent functions f : V,, — Z,x where V}, is an
n-dimensional vector space over IF, and p is an odd prime, £ is a positive integer. We give an
explicit construction of generalized bent functions whose dual can be generalized bent or not
generalized bent. We show that the generalized indirect sum construction method given in [15]
can provide a secondary construction of generalized bent functions for which the dual can be
generalized bent or not generalized bent. For generalized bent functions f whose dual f* is
generalized bent, by ideal decomposition in cyclotomic field, we prove f**(x) = f(—=x). For
generalized bent functions f which satisfy that f(x) = f(—=z) and its dual f* is generalized
bent, we give a property and as a consequence, we prove that there is no self-dual generalized
bent function from V,, to Z, if p = 3 (mod 4) and n is odd. For other cases, we give a
secondary construction of self-dual generalized bent functions. In the end, we characterize the
relations between the generalized bentness of the dual of generalized bent functions and the
bentness of the dual of bent functions, as well as the self-duality relations between generalized

bent functions and bent functions.
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