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Abstract. Mixed Integer Linear Programming (MILP) solvers have be-
come one of the most powerful tools for searching cryptographic char-
acteristics, including differentials, impossible differentials, and division
trails. Generally, one MILP problem can be formulated by several differ-
ent MILP models, and the models with fewer constraints and variables
are usually easier to solve. How to model a subset of Z3 with the least
number of constraints is also an interesting mathematical problem. In
this paper, we discuss this problem in a general form. Specifically, given
a set C C Zy, let L be a set of inequalities, and we say L describes C
if the inequalities in L only involve n variables and the solution set to
L is exactly C. Our goal is to find such a set L with the least number
of inequalities. We present a brand new approach, named as SuperBall
approach, for resolving this problem completely. Our approach is able to
generate all available inequalities. Once these inequalities are obtained,
Sasaki and Todo’s method is used to find out the smallest subset of in-
equalities that describes C. If Sasaki and Todo’s method succeeds, the
found subset will be proved as the smallest. As a result, we found the
smallest subsets of inequalities that describe the Sboxes of KECCAK and
APN-6. The previous best results were 34 and 167, presented in FSE
2020, and we decreased these numbers to 26 and 145. Moreover, we can
prove these numbers are the smallest if no dummy variables are used for
generating inequalities.

Keywords: MILP - inequalities - Sbox.

1 Introduction

In this paper, we consider the following mathematical problem.

Problem: Let C be a subset of ZJ where Zs is the set of two integers {0,1}. We
say a set L of inequalities describes the set C, if the inequality in L involves n
variables and the solutions to L is exactly C'. The problem is how to find a set
Lynin such that L,,;, describes C' and for any L that describs C' we always have
|Lymin| < |L|, where | - | means the cardinality of the set.

This problem can be illustrated by Figure 1. Z% is the set of all n-dim vec-
tors. Every n-dim vector can be seen as a point, and all the points in Z% are
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represented as white and black points in Figure 1. Let C be the set of the 5
black points. A line stands for an inequality, and the solutions of this inequal-
ity lie in only one side of the line. In this figure, L contains 4 inequalities, and
the solutions are exactly the set C. The problem is to find the least number of
inequalities to describe C.

Fig. 1. Illustration of the problem.

In many cryptographic problems, we need to construct inequalities to de-
scribe a set of points, e.g. formulating Difference Distribution Table (DDT) or
Division property by Mixed Integer Linear Programming (MILP) models. Gen-
erally, fewer constraints make the MILP models easier to solve. Thus, the above
problem makes sense in many cryptographic analysis.

Traditional methods treat the above problem as two sub-problems.

Problem 1 How to generate a (possibly large) set of inequalities in n variables
such that the solution set of every inequality contains C.

Problem 2 How to choose a (typically much smaller) subset of the obtained set
of inequalities such that this subset exactly describes the set C.

Many works have been done for resolving the above two sub-problems. For
Problem 1, two different approaches were proposed by Sun et al. [SHW*14a]
[SHW T 14b]. These methods were first improved by Abdelkhalek et al. [AST17]
and then further developed by Boura and Coggia in [BC20]. In [BC20], balls and
distorted balls were used to generate inequalities, and by combining different
inequalities via algebraic operations, they could also construct many more in-
equalities than previous works. For Problem 2, Sun et al. proposed a greedy
method in [SHWT14a] [SHWT14b]. This method was improved by Sasaki and
Todo in [ST17] by using an MILP-based method. In this paper, we only consider
Problem 1, and use Sasaki and Todo’s approach to solve the second sub-problem.
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Contribution We propose a brand new approach, called SuperBall approach,
to generate all available inequalities for a given set of points. In [BC20], a ball
is a set of points in Z% which contains a point ¢ € Z5 as well as all the points
x € Z5 such that the Hamming distance between c and z is smaller than a fixed
radius d. Distorted balls were obtained by merging balls and removing some
points from the edges. The authors proposed several methods of constructing
inequalities for balls and distorted balls. The limitation of their methods is the
points in balls or distorted balls must have some special structures, and this
means if a set of points does not have such special structures, their methods
cannot construct inequalities. But our SuperBall method does not have such
requirements. We name our method as SuperBall, because the set of solutions
to our generated inequalities could form some peculiar-looking “balls”. That is,
the set of solutions to our inequalities could have very flexible form. This differ-
ence enables us to obtain all available inequalities via the SuperBall approach.
Besides, our SuperBall approach constructs inequalities in a quite different way
from those in [BC20], and this will be introduced in Section 3.

Once all the available inequalities are obtained, we can apply Sasaki and
Todo’s method to obtain the minimal set of inequalities by Gurobi [GO21]. As
a result, we significantly improved some results in [BC20], as shown in Table 1.
More importantly, we can also prove the numbers of inequalities are the smallest,
if no dummy variables are introduced.

# Inequalities

n  Sbox Citation Convex Hull Alg.2 Alg. 1  Alg. 3* our results
10 KEccak [BDPAL11] 46 46 34 36 26
12 APN-6 [BDMW10][Dil09] 195 288 167 179 145

Table 1. Main results of our SuperBall approach. “Alg. 1”7, “Alg. 2”7, and “Alg. 3*”
are the algorithms from [BC20], where “Alg. 3*” is short for “Alg. 2 and 3 and Prop.
3.

2 Preliminary

Let Z% be the set of all n-dim vectors, and the entries of the vectors belong to the
set Zs = {0, 1}. For convenience, we also call the n-dim vectors in Z} as points.

Let f be a linear polynomial in Z[zg,Z1,...,Zn—1], then an inequality in n
variables can be represented as f > 0, where f = apgxo+ta1x1+- - +an_1Tn_1+an,
and a; € Z for i = 0,1,...,n. For any given point ¢ = (cg,c1,...,¢n-1), f(c) =

apco+ - +ap_1¢n—1+a, € Z. If f(c) > 0, then c is a solution to the inequality
f >0, or for convenience, we say the inequality f > 0 contains c; otherwise,
we say f > 0 excludes c if f(c) < 0.
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For example, let f = —3xg — 221 + z2 + 4x3 + 3 € Z[xo, %1, T2, 23] and
(0,0,1,1),(1,1,0,0) € Z4 are two points, then we have f > 0 contains (0,0, 1,1)
and excludes (1,1,0,0), because f(0,0,1,1) =8 and f(1,1,0,0) = —2.

To study the inequalities in n variables in more details, we can transform the
above f to another form below:

f=3(1—$0)+2(1—1‘1)+$2+4l‘3—2.

Note that, since x; € Zo, we also have 1—x; € Zs. This form is called “logical con-
dition modeling” of f and was proposed by Sun et al. [SHW*14a] [SHW T 14b)].
Let Tog = (1 — IQ), Ty = (1 - 131), Tg = Zo, and T3 = 3. We have

f=3%g+ 2% + To + 4T3 — 2. (1)

Since the coeflicients of Z;’s are all non-negative, then f gets its smallest value
at the point (1,1, 0,0). Moreover, the polynomial apZo + a1Z1 + asZ2 + a3z — d
always gets its smallest value at the point (1, 1,0,0) where a; > 0 for i = 0,1, 2, 3.
We call the point (1,1,0,0) as the center of the above f. As any inequality can
be transformed to the form like Eq. (1), any inequality has a center. Be careful
that, an inequality may have multiple centers if the coefficient of some Z; is 0.

Conversely, given a point ¢ = (cg,c1,...,cn—1) € Z%, all the inequalities,
whose center is ¢, can be formulated as the following form

apTo + a1 %1 + - + ap—1Tp—1 —d >0, (2)

where a; > 0,9=0,1,...,n—1, and

_ Zq Ci:O,
xr; =
l—z; ¢ =1.

Inequalities in the form Eq. (2) are easier to be studied, because all the coeffi-
cients of Z; are not negative. Particularly, we can also require d > 0, otherwise,
the inequality (2) contains all points in Z% and makes no senses.

In [SHW'14a] [SHWT14b|, the authors consider the special case of Eq. (2)

by setting ap = a3 = --- = a,_1 = d = 1. In this case, this inequality contains
all the points in Z% except the point c. Boura and Coggia considered the case
apg=a; =-++=ap—1 =1and d > 1 in [BC20], and in this case, this inequality

could exclude the point ¢ as well as all the points b where the Hamming distance
between ¢ and b is not bigger than d. In our SuperBall approach, the values of
a; and d will have more flexible choices, such that we can construct more kinds
of inequalities.

3 The SuperBall approach

Definition 1. Let Z% be the set of all points, and C C Z% be the set of points
we need to describe. Denote E =74 \ C.
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We say an inequality f > 0 is available for C' if f > 0 contains all points
in C and excludes some points in E.

For two available inequalities f > 0 and g > 0 for C, we say f > 0 covers
g > 0, if the points excluded by g > 0 is a subset of the points that are excluded
by f>0.

Let F be a set of inequalities, we say F' is complete for C' if for any available
inequality g > 0, there exists an inequality f > 0 € F such that f > 0 covers
g =>0.

The above notations will be used throughout this section.

It is not difficult to see that, if we have got a complete set F' for C' and we can
calculate the optimal solution by using Sasaki and Todo’s approach, then this
optimal solution leads to a provable smallest set of inequalities that describes
C. Please remark that, if the size of F' is too large, say > 1,000,000, Sasaki and
Todo’s approach may not calculate the optimal solution within endurable time
due to the high complexity.

The SuperBall approach is able to compute a complete inequality set. For
each point ¢ € Z§ \ C, we generate all available inequalities whose center is ¢ by
the following three steps.

1. We compute the region of ¢ (see Definition 2), and denote it as Region(c) C
Z%. For any point that is not in Region(c), it cannot be excluded by any
available inequality whose center is c¢. More details about Region(c) can be
found in SubSection 3.1. Generally, the size of Region(c) is much smaller
than the size of E =74 \ C.

2. We calculate an available inequality whose center is ¢, such that this in-
equality can exclude as many points in Region(c) as possible. This can be
done by regarding the coefficients in Eq. (2) as unknowns and then solving
an MILP model. Details can be found in SubSection 3.2.

3. If we get an inequality by Step 2, we remove this inequality as well as the
inequalities it covers in the further computation, and then jump to Step 2;
otherwise, we have got all the available inequalities whose center is ¢ and
the computation is done. Related details come in SubSection 3.3.

In this way, a complete inequality set can be obtained by repeating the above
three steps for every c € Z5 \ C.
3.1 Compute the region of a point c
Definition 2. Given a point ¢ € Z4 \ C, we say a point set R is the region
of ¢, if for any point b € Z3 \ (C U R), b cannot be excluded by any inequality

whose center is ¢. We denote R as Region(c).

The concept of the region is new, and to make it easier understood, we use
the following example for an illustration.



6 Yao Sun

Ezample 1. Let C = {1101,1010,1001,0101,0010} C Zj3, where 1101 is short
for the vector (1,1,0,1) € Z3, and ¢ = 1100 € Z3. We next compute the region
of c.

By definition, we have F = Z3\ C' = {1100,0100, 1000, 1110,0000,0110, 1111,
1011,0111,0001,0011}. Note that all inequalities whose center is 1100 have the
following form

Clo(.]?o — 1) + al(xl — 1) + asxo +azxrs —d >0,

or equivalently,
apTo + a1%1 + asTs + a3z —d > 0, (3)

where Zg = 1—xg, T1 = 1—x1, To = x93, and T3 = z3 and a; > 0 for: =0, 1,2, 3.

In fact, ToZ1T2T3 is just xoxizoxs © 1100. To use Eq (3), we would better
use the relative coordinates of each points with respect to ¢ = 1100. That is,
we consider C = C @ ¢ = {0001,0110,0101,1001,1110}, and similarly, £ =
E & ¢ = {0000, 1000, 0100, 0010, 1100, 1010,0011,0111,1011,1101,1111}. In this
case, € = ¢ @ ¢ = 0. In the rest of this subsection, we always use relative coor-
dinates of points for simplification. An inequality writing in relative coordinates
can be transformed back to the absolute coordinates easily.

Let f = apTo + a1%1 + a2Ts + azxs — d > 0 be an inequality whose center is
¢ = 0 where a; > 0 for i = 0,1,2,3. Let us see which conditions f should meet,
if f > 0 is an available inequality for C. By definition, f > 0 must contain all
the points in C. That is, we must have

F(0001) = az —d >0,

f(1001) = ag + a3 — d > 0,
f(0110) = a1 +az —d >0,
f(0101) =ay + a3 —d >0,

f(lllO) =ag+a;+ay—d>0.

With these hard conditions, can every point in E be excluded by f? The answer
is NO. Take the point 0011 € F for an example, we have

f(OOll) =az +asz — d.

Because we have f(0001) = a3 — d > 0 and ap > 0, this means f(0011) > 0 and
hence, the point 0011 cannot be excluded by f whatever the coefficients of f are.
So do the points 1011, 1101, 0111, and 1111. Removing the points in similar cases,
we can obtain the region of 0000 which is {0000, 1000, 0100, 0010, 1100, 1010}.
Please note that the size of Region(0000) is 6 which is smaller than the size of
E.

To compute the region of a center point, we introduce the following definition.
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Definition 3. For two points a = (ag,a1,...,an-1),b = (bg,b1,...,by—1) €
7%, we saya <bifa; <b; fori =0,1,...,n— 1. We denote the set {a < b |
a € Zy} as Prec(b).

Next, we present the key theorem of the SuperBall approach.

Theorem 1. Let f = apZo + a1Z1 + -+ + an_1Zn_1 — d be a linear polynomial
where a; > 0 fori=0,1,...,n—1, and f > 0 is an inequality having a center
0 € Z8. For two points by, by € Z%, if by < ba, then we must have f(by) <
f(by). Particularly, if f > 0 contains the point by, then f >0 also contains the
point by; if f > 0 excludes the point by, then f > 0 also excludes the point by.

The proof of the above theorem is straightforward. Besides, we have the
following corollary.

Corollary 1. If b € Region(0), then for any by < b, we have by € Region(0).
Corollary 2. Ifb € C, then for any b < by, we have by ¢ Region(0).

Corollary 3. Region(0) = Prec(by) U Prec(bg) U --- U Prec(bs), where b; is
some point in Zy fori=1,2,... s.

Using Corollary 1 and 2, we can compute the region of 0 efficiently. The
points b;’s in Corollary 3 give a shape of the region, so we usually call these
b;’s border points. In fact, the solution set to our constructed inequalities has
a similar shape as described in Corollary 3. There is a center inside this solution
set as well as a few border points. The points between the borders and the center
can all be excluded, so the shape of this solution set likes a peculiar-looking
“ball”. This is why we call our approach as SuperBall approach.

3.2 Compute the maximal available inequality inside a region

In this subsection, we present an algorithm for computing the maximal available
inequality for a region. Again, relative coordinates are used, so the region in
consideration is Region(0).

Let f = agTo + a1%1 + -+ + ap_1Tn_1 — d be a linear polynomial where
a; >0fori=0,1,...,n—1,and f > 0 is an inequality having a center 0 € Z3.
To determine the polynomial f, it suffices to determine the values of a; and d
for i = 0,1,...,n — 1. Beside, we also hope the inequality f > 0 could exclude
as many points in Region(0) as possible. For this goal, we can build an MILP
model and solve it by Gurobi.

Specifically, this MILP model contains two types of constraints. Firstly, f > 0
should be an available inequality for C, so for any point b € C, we add the
following constraint to the model

f(b) >0.
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Secondly, for each point b € Region(0), we assign a binary variable 2, associated
to b, and add the following constraint to the model

f(b) — A(1 — 2,) <0,

where A is a large integer such that A > ag + a1 + -+ an—1. With this setting,
if 2z, = 1, then the point b is excluded by f > 0; otherwise, the above constraint
makes no sense. The object function of the model is

Maximize E Zb-
beRegion(0)

If the size of Region(0) is only a few hundreds, the above model can be solved
by Gurobi in seconds.

3.3 Remove the inequality as well as the inequalities it covers

In order to avoid duplicated computations, if we have got an inequality by the
algorithm in SubSection 3.2, we should remove this inequality as well as the
inequalities it covers in the further computation. This procedure also ensures
the termination of our SuperBall approach. Since each available inequality is
related to a subset of Region(0) and the size of Region(0) is finite, then there
are only a finite number of available inequalities that cannot cover each other.
Assume we have got an inequality f > 0 in SubSection 3.2, and f > 0 can
exclude a subset B of points in Region(0). To remove the inequality f > 0 as
well as the inequalities it covers, it suffices to add the following constraint to the

model
Z zp > 1.
becRegion(0)\B

3.4 On the efficiency of the SuperBall approach

The basic SuperBall approach can efficiently find out all available inequalities
if the size of the region is smaller than 100. However, many techniques are
necessary for speeding up the algorithm if the size of region is larger than 150.
Our implementation is able to finish the computation in a few hours if the size
of the region does not exceed 280. We also noted that the number of borders
affects the complexity significantly.

4 Detailed results

The Sbox of KEccAK [BDPA11] admits five input bits and five output bits, so
the inequalities involve 10 variables. The size of C' is 317 and there are 707 points
to be excluded. The largest region is centered at the point 0x1F, which contains
231 points and 5 border points. We finally obtain 112316 available inequalities.
There may have many duplicated inequalities, because they may be computed
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from different regions. Using Sasaki and Todo’s method, we find the smallest set
of inequalities in few seconds. There are 26 inequalities in the smallest set.

12x0 + 15x1 4+ bxa + 1923 4+ 1924 + 35 — 626 + 1427 — 928 — 419 > O,
—3x9 — 10x1 — 1022 + x3 — 3x4 + Tx5 — 1026 — 1027 4+ 2208 — 829 + 44 > 0,
Txog —x1+ T2 — a3 + Txa — Tx5 — 6 — 7 + 628 —29 +5 > 0,

dxo + 3x1 — 1229 — 1223 + 224 — 1225 + 926 — 1227 — 828 + 219 + 44 > 0,
xo—x1 + Txo + Tx3 — 24 — x5 + 626 — 7 — T2 — 29 + 5 > 0,

—x9 — 2x1 + 1922 — 34x3 — 8x4 + 325 + 3226 + 1927 + 3928 + Tx9 +4 > 0,
3xo — 1221 — 1222 4+ 223 + 44 + 925 — 1206 — 87 + 2008 — 12229 + 44 > 0,
27x9 — 20x1 — 3x2 + 3x3 — x4 — 105 + 2026 — 227 + 1028 4+ 2829 + 6 > 0,
xo — 4x1 + 222 — 11z3 + 11lxg + 325 — Tx6 + 1127 — 1128 + 9229 + 22 > 0,
—12x0 + 21 + 422 + 323 — 1224 — 825 + 2206 — 1227 + 928 — 12209 + 44 > 0,
11lxo + 21 — 4xo + 223 — 11xg 4+ 925 + 36 — Tx7 + 1lxg — 1129 + 22 > 0,
—10x0 — 10z1 4+ 2 — 3x3 — 34 — 1025 — 1026 + 2207 — 8xg + Tx9 + 44 > 0,
—4xo — 921 + 2022 — 3 + 224 + 3225 + 2926 — 1927 + bxg + 1lxg > 0,
2xo + 31z — 2429 + 3 — x4 + 2925 — 1326 + 2227 + 328 + 1129 + 6 > O,
—11xg — 11z 4+ 322 + 423 + 224 — 1125 — T26 + 7 — 1128 + 929 + 40 > 0,
xo — 3x1 — 3x2 — 1023 — 1024 + 225 — 86 + 7Tx7 — 1028 — 1029 + 44 > 0,
—xo+x1 — T2+ Tr3+ T4 — 25 — T + 627 — 28 — Tx9 +5 >0,

8xo — 13x1 — 322 + 32x3 — x4 + 8x5 + 4726 + 3527 — 3lxg + 1429 > 0,

—x0 — 4z + 4x2 + 18x3 — 1924 + 45 — 4x6 + 1927 + 228 + 1629 + 8 > 0,
2x0 4+ 4x1 + 3x2 — 1203 — 1224 + 225 — 1226 + 927 — 1208 — 8x9 + 44 > 0,
—3x9 — 3x1 — 10z2 — 10x3 + x4 — 8x5 + Txg — 1027 — 10x8 + 229 + 44 > 0,
—xo+ Tx1+ Tx2 — 23+ 24 + 625 — 26 — Tx7 — 28 — 29 +5 >0,

—10x0 + x1 — 3x2 — 3x3 — 10z4 — 1025 + 226 — 8x7 + Txs — 1029 + 44 > 0,
—24x0 + x1 — 4x2 4 223 + 3lzs + 2225 + 326 + 1127 + 2928 — 13229 +6 > 0,
—Txo + Tx1 —2x2+2mg—x4—7x5+7x6—x7—5x8+7m9+1620,
Txo+ 71 — 22 + 23 — X4 — 5 — Txg — 7 — g + 629 + 5 > 0.

There are 12 variables in the inequalities of APN-6 [BDMW10]. The size of
C is 2017 and we need to exclude 2079 points. The largest region is centered at
the point 0x2A, which contains only 183 points, but it has 18 border points. We
totally obtain 55478 available inequalities. The smallest subset that describes C
contains 145 inequalities and is given below.

—12x0+4x1 —11xs — 1223+ 1024 — x5 + 1226 — 12007 — 813 + 209 + 122810 — 4211 +48 > 0,
—8x¢ + 6x1 + 8x2 + 4wz — 8x4 + 8x5 + Hxe + 207 — Txs + 89 + T10 + 411 + 15 > 0,
—8xo + 1721 — 622 + 1723 — 4xs — 5 + 1126 + 1927 + 1828 + 2209 4 15210 + 19211 > 0,
6x9 + 4x1 + 8xr2 — 2x3 + Txa + 8x5 4+ 8x6 — 47 — 8xg — 89 + 8%10 + 11 + 14 > 0,
—x9 + 6x1 — 622 — 43 — By — 65 4+ 66 — 627 + 228 + 629 + 610 — 2211 + 24 > 0,
xo+ 10z + 11xe — 1203 — 624 + 225 — 1126 — 1207 — 1228 + 229 + 6210 — 12211 + 53 > 0,
—6x9 — 61 — Tx2 — T3 — 624 — 625 — 46 + TXx7 — Dg + 629 + 3T10 — 2211 + 36 > O,
2x0 — 1221 — 10z2 + 1223 — 1224 — 225 + 1026 — 627 — 1128 + 1229 + 210 — 6211 +47 > 0,
—4xg — 41 — 3x2 + 4xs + 324 + x5 + 226 — 227 + 48 + 2009 — 410 — 411 + 17 > 0,
4xo — 3x1 + 32 + 43 + 414 — 425 + 226 — 37 + 8 + 3T9 + 3,10 — 2211 + 8 > 0,

2x0 — 4xy — 4xo + 4xs + 4wy — x5 + 316 + 227 + 38 — 4T — 4210 + 4211 + 13 > 0,
1220 4+ 811 — 1622 —4x3 + 1624 — x5 — 816 — 1527 — 1428 + 229 — 16210 — 162211 + 74 > 0,
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6xg — 61 — bxs + 623 — 44 + 625 — 416 — D7 + 68 + 209 — 210 + 11 + 20 > 0,
—8x0+24x1 —23x2+ 1623 — 2024 — 825 — 2426 — 2427 — 2228 + 209 + 4210 — 11 +106 > 0,
620+ 10x; — 622 — 1023 + 1224 + 1225 + 1226 + 1127 — 1128 + 2209 — 10 — 22211 + 18 > 0,
2x0 — 8x1 4+ 1022 + 1023 + 1024 + 325 — Tx6 — 7 — 98 — 329 + 10210 — 10211 + 28 > 0,
xo — 2x1 + 1829 — 63 — 1424 — 825 + 2026 4+ 3027 + 2928 + 2829 + 30210 + 12211 > 0,
—9x9 4+ 621 — 922 4 623 + 8x4 — 35 — 8x6 + 927 4+ 828 + 39 — T10 — 11 + 22 > 0,
—2x0 — 4x1 + 4xe — x3 — 314 — 45 — 226 — 37 — ds + 49 + 4210 + 411 + 19 > 0,
—6x0 + 621 + x2 — T3 — T4 — 625 — bre — 47 — Tx8 + 209 — 3210 — TT11 + 45 > 0,
—x0 + 2x1 — 3x2 + 4ws — 2x4 + 45 + 4w + 47 — das + 419 — 4210 — 22011 + 12 > 0,
—24xo—12x1 — 2222 — 1223 + 2324 — 225 + 816 — 2317 — 2008 — X9 + 16210 + 4211 +92 > 0,
—bxg — 4x1 — dxre — 4xs — by — 25 — 626 + 67 — T8 + 209 — HT10 + ST11 + 31 > 0,
—3x0 + 3x1 + 3x2 — 3x3 + x4 — 35 — 3x6 — 7 + T3 + 3x9 + 2210 — 3711 + 13 > 0,
4xo + 621 — 822 + 8x3 + 8x4 — 205 + Txe + 47 — Tx8 + 89 — 10 — 8211 + 18 > 0,
—12x0+ 1221 + 1222 — 10234+ 1224 + 225 — 8x6 + 11x7 + 48 + 429 + 12210+ 211 + 18 > 0,
1720+ 1721 4+ 11xe + 1723 + 1724 + 325 — 1426 — D7 — 148 — 9 — 6210 — 11 +24 > 0,
—13x0+8x1 —4xo 4+ 8x3 + 12x4 4+ 925 — 1226 + 1127 + 1228 — Hx9 + 10 + 2211 + 21 > 0,
—6x1 — 622 + 613 — 4xs + 5 + 626 + D7 + 208 — 69 + 2710 — 6211 + 22 > 0,

—Txo — x1 + 8x2 + 43 + 624 — 85 4+ 86 — 47 — 8T8 — 89 — 8T19 — 211 + 38 > 0,
dxo — 1221 — 14xe — 1223 — 1624 — 45 — 1526 + 1627 — 16228 — 429 — T10 + 2211 + 78 > 0,
6xo + 2x1 + bxa + 223 — 624 — 625 + 46 + 67 — bas + 6x9 + 10 + 4211 + 11 > 0,
13x0 — 1621 + 1229 — 1623 + 1924 — 1925 — Tx6 + 1927 + 628 + 9 — 310 + 11 +42 > 0,
xo— 1621 — 8x2 + 14x3 + 1524 + 1625 — 1626 + 1227 — 1528 + 229 + 8x10 + 4211 +39 > 0,
—12x0+ 1021 + 1222+ 1223 — 1224 + 225 + 1126 — 1027 — 628 + 229 — 210 — 6211 +35 > 0,
—2x0+ 1021 — 92 —4x3 + 1024 — x5 — 1026 — 1027 + 428 — 1029 + 10210 + 6211 + 36 > 0,
—11zog—11x1 + 922 — 1lxs+Txa + 11xs + 11xs + 1127 — 3xs + 429 +T10 — 2211 +27 > 0,
—6x9 — 4x1 — 622 — 23 — 624 — T5 — 626 + 37 + 38 + 49 + 619 — 6211 + 31 > 0,
17xo + 2621 + 26x2 + 2023 + 1624 + 2675 — 816 — 517 + 918 + 679 — 5T10 — 8711 > 0,
10xo — 4x1 — 1022 — 623 — 314 — 35 — 1026 + D7 + HXg — 629 — 10219 — 10211 + 52 > 0,
—4x9 — 8x1 — 8xa — Txs + 8x4 — x5 + Txe + 47 — 6285 — 8T9 + 2210 + 811 + 34 > 0,
—2x0 + o1 +4x0 — dxs — dxg + 3x5 — 226 — 37 — dg — 39 — 3T10 — 411 + 25 > 0,
—Txo+ Tx1 + 32 — 4x3 + x4 + 725 + 2206 — Tx7 + 328 — D9 + 410 — HT11 + 21 > 0,
—18x0+10x1 + 17224+ 10x3 + 1824 — 1825+ 18x6 + 627 —darg +4x9 + 210 — 11 +23 > 0,
2x9 — 61 4 62 + 623 — 44 + 205 + S + 47 — 68 + 69 — T10 + 6211 + 11 > 0,
—x9 — 6x1 — 622 + 43 — By — 65 + b — 47 + 228 + 619 + 6210 + 2711 + 22 > 0,
—x0+10x1 +11x2 — 1203 — 624 — 225 — 12006 — 1227 — 1128 — 2009 + 6210 — 12211 + 58 > 0,
8xo + 8x1 + Txa — 223 + 8x4 — 8x5 + 626 — 8x7 + Taxs — 209 — w10 — 2211 + 15 > 0,
929 — 621 — 92 — 623 + 824 + 325 — 8% + 927 + 818 + 329 + T10 + 11 + 20 > 0,
8xg — Tx1 + Txa — Tx3 + 614 + 2005 — 86 + 87 — 818 + 229 + 10 + 22011 + 22 > 0,
5x0 + 2x1 — bxa + 3x3 — bxa + x5 — dxe + 227 + Hxs + 3x9 + Sr19 — HT11 + 15 >0,
—14x0—9x1+12x2+ 1423+ 324+ 1425+ 1206 — 1127 + 1028 + 429 — 410 — 22211 +26 > 0,
1320 + 1621 + 1222+ 1923 + 624 + 1925 — 1326 — 1127 4+ 1128 + 329 + 2210 + 7211 +5 > 0,
4z + 621 + Tx2 + b3 + 224 + Taxs — bae + 7 + 38 — dxg — Hx10 + HX11 +8 > 0,
2x0 + 61 4+ 62 — 623 — 624 — 205 + b + 47 — g — 69 — X190 — 611 + 26 > 0,
121‘0 =+ 12:131 + 111‘2 — 2113 —+ 121}4 — 12135 + 111’6 — 61‘7 + 101}8 + 61’9 + 21‘10 +x11 + 8 2 0,
6x9 — 2x1 + Dra — 2x3 — 624 + 625 + 46 + 627 — Hxrg — 629 + T10 — 411 + 19 > 0,
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—6x0+20x1 — 1622+ 1423+ 1924 — x5 + 426 — 2027 + 2028 + 2209 — 6210 + 20211 +29 > 0,
1029 — 7x1 4+ 1022 — 1023 — 224 + 8x5 — 1026 — 1027 + 928 — X9 + 3210 + 3211 +30 > 0,
—8x0+20x1 —23x2+24x3 — 1624 + 45 — 22206 — 247 — 2428 — 229 + 810 — 11 + 96 > 0,
—10x0 + 10x1 4+ 922 — 8x3 + 224 + 1025 + 926 — 827 + Tas + 319 — 3T10 + 11 +19 > 0,
xo — 6x1 — 619 — 43 — 314 + 625 + 6 + 627 — 628 + 629 — 610 — 311 + 28 > 0,
—5x9 4+ 5x1 + 222 — by — 4dxy + 35 — 206 — DT7 + Dxs + 9 — ST + ST11 + 21 > 0,
xo + 1021 — 222 — Txs + 924 — 1025 — 1026 + 1027 — 928 — 319 + 8T10 — 3211 +34 > 0,
—x0+ 1621 — 1522+ 1623 — 1624 + 425 + 46 — 12207 — 145 — 1629 + 4210 — 22211 +60 > 0,
—x0 — Tx1 — 8x2 — 8r3 — 4wy + 2205 — 626 — 87 + 8x8 — 8L9 — 8210 — 4211 + 54 > 0,
11xg —3x1 — Twe + 113 — 924 — 1125 — 1126 — 1027 — 11208 — 9 + 2210 + 411 + 52 > 0,
3x0 —x1 + 32 — x3 + 3x4 + 35 + 326 — 37 — 38 + 219 — 2210+ 7 > O,

6x0 + 5xr1 — 4xe — Hx3 — 614 — 625 — DTg — 627 + 68 + T + 2710 + 22011 + 26 > 0,
—x0+ 1621 —8x2 — 14x3+ 1524 — 1625 — 1626 + 1207 — 1528 + 229 + 810 + 411 +54 > 0,
zo + 921 + 922 — 923 — 924 + 925 + 926 — 627 + 83 — 3T9 — 310 + 11 + 21 > 0,

xo — 18x1 — 6x2 — 1823 — 64 + 225 + 1726 + 1627 + 1628 — 29 + 12210 + 18211 +32 > 0,
—2x0 + 221 + 222 + 223 — 224 — 225 + 7 — 228 — 229 + 10 + 2211 + 8 > 0,

—xo — 1021 + 922 4+ Txs — 224 + 325 — 1026 — 817 — 1028 + 39 — 8x10 + 10211 +39 > 0,
dxg — 4wy — 4dxo — dxs + 4xg + x5 — 46 — 37 — 4T — X9 — 4,10 + 11 + 24 > 0,

4dxo — 3x1 + 322 + 43 + dxs — 4a5 + 6 — 47 + 228 — 39 — 210 + 3211 + 12 > 0,
—16x9 — 1421 + 1222 — 1623 — 814 — 825 + 1526 — 1227 — 1628 — 49 — 10 + 2211 +79 > 0,
—12x0 — 1221 + 922 — 1223 + 1124 + 625 — 12006 — 1227 — 628 — X9 + 310 + 11 + 55 > 0,
—3x0 — 221 + T2 — 2w3 — 314 + 3w5 — 16 + 37 — 278 + 3T9 — T10 — w11 + 14 > 0,
10xo + 14x1 4 2022 + 1523 + 2024 + 2025 — 86 + 527 + 1008 — 9 — 8T10 — 3711 > 0,
xo — 621 — 8xa + 8x3 + Tx4 4+ 825 — 8x6 + 87 — Txxg + 229 — 2210 + 22011 + 23 > 0,
—x0—10z1 + 1229+ 1223 — 624 — 225 — 1126 — 627 — 12008 + 229 — 6210 + 12211 +42 > 0,
5xo — bxr1 — 4xs + Hxs + bry — x5 + 226 — 227 + Hxs — 3T9 + Hx10 — D11 + 15 > 0,
—6x9 4+ 41 — dxro — 43 — 624 + 65 — 626 — D7 + 628 + 219 4+ 2710 — 11 + 27 > 0,
To + 221 — dxo — das — 4wy — das + 3xe — 4oy + dag — dxg — dx10 + 22011 + 24 > 0,

xo — Tx1 — 2x2 + 1023 + 924 4+ 1025 — 1026 + 1027 — 928 + 319 + 8T10 — 3211 +21 > 0,
—2x9 — 5x1 — dxa + 623 + dxa — 225 — 626 — 427 + 628 + 629 — 6210 + 211 + 24 > 0,
—x0— 1521 — 1622 — 1523 — 1424 + 45 — 12206 + 1627 — 1528 — 429 + 410 — 2211 + 78 > 0,
22x042x1 4+ 1922 + 523+ 2024 + 625 — 1626 + 1527 — 2028 + 39 + 20210 — HT11 +19 > 0,
xo— 2211 + 1622 — 2223 + 2414 — 425 + 206 + 2427 + 2328 + 29 — 8T10 — 8x11 +40 > 0,
3xo — Tx1 + 222 + Txs — 8x4 + 35 + 1026 + 87 — 1025 — 1029 + 210 — 10211 + 35 > 0,
8xo + 4x1 — 10x2 + 4x3 — 1024 — x5 + 226 + 927 + 1028 + 629 — 8210 + 10211 +19 > 0,
—x0 + 41 — T2 4+ 8x3 + 614 — 425 + 626 + 87 — 83 — 8T9 — 2710 + 811 + 22 > 0,
—2x9 4+ 8x1 + 6x2 — Txs — 8xy + 25 — T + Tx7 — 88 — 209 — 810 — 11 + 35 > 0,
16x0 +4x1 — 14x2 + 12203 + 1524 + 225 + 12006 — 1527 — 818 — 9 — 12210+ 8211+ 34 > 0,
—b5xo — 3x1 — x2 — 3x3 — x4 + Hws — 626 + 627 — dxg — Hxrg — 2210 + D11 + 28 > 0,
1029 — 521 — 1022 — b — 3x4 — 3x5 — 626 + 1027 + 428 — S + 10210 + 10211 + 27 > 0,
—x0— 1621 — 1522 — 1623 — 1424 — 45 — 12206 + 1627 — 1628 — 429 — 4210 — 2211 +88 > 0,
zo — 8x1 + 6xy — 8xs — 8xy — 225 + Txe — 87 + 8xs + 2x9 — 2210 — 8211 + 36 > 0,
3xo —x1 + 1las + 33 + 21x4 + 225 + 1826 + 2127 + 1928 + 2129 — 10210 — 10211 > 0,
2x0 — 10x1 — 9x2 + 423 4+ 1024 — x5 — 1026 — 1027 + 428 + 1029 — 10210 — 6211 +46 > 0,
Txo — 2x1 + Txe — Txs — Tx4 — x5 — Hxe — 47 + 628 + 329 — D10 — D11 + 29 > 0,
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—2x0+ 1521 —bxo+ 1703+ 1324 — 45+ 1206 — 37+ 1708 — 49+ 14210+ 17211 +1 > 0,
xo + Tx1 — 3x2 — Bx3 — 624 + Tx5 + Tx6 — 727 + 328 + TX9 — TT10 — 2211 + 23 > 0,
—x9 + 621 + 622 + 623 — 324 + 375 — T6 + 627 + ST — 629 + 6210 — 6211 + 11 > 0,
xo + 3x1 — 3x2 — 3x3 + 324 — T5 + 226 + 327 + 33 — 39 — 310 + 311 + 10 > 0,
—xo + 2x1 + 5x2 + 223 — 624 — 45 — 66 + 627 + Dy + 629 — 619 — 611 + 23 > 0,
—2x9— 12214+ 1222+ 1223 — 1024 + 1225 + 1206 —8x7 + 11xg — 49 — 410+ 211 +28 > 0,
1629 — 1521 + 1522 — 1523 + 1224 — 145 — 226 + 1627 — 428 + 429 + 210 — 4211 + 38 > 0,
—Txo 4+ 5x1 — Txa + dr3 — x4 + x5 — 226 + Tx7 + Txs — 209 + Tx10 + 7211 + 12 > 0,
16xo + 1621 — 1520 — 43 + 1424 + 25 + 816 — 1527 — 1228 + 229 — 16210 — 8211 + 54 > 0,
—x9 — 4x1 — 4dxo + 2x3 — 4y — 45 4+ 3x6 — 47 + dg — 49 — 410 + 211 + 25 > 0,
—3xg — Tx1 — Txo 4+ Txs + 4x4 + b5 — 76 — 207 — T8 — 9 — TT10 — 7211 + 41 > 0,
—3xo + 241 + 1720 + 2423 + 2414 — 325 + 246 + Tx7 + 2128 — 229 — 8710 — 8211 > 0,
2x0 — Tx1 + 622 + 8x3 — 84 + 205 — 8z + 8x7 — 8xrg + 209 — 8x10 — 11 + 32 > 0,
+4x1 — dxo — das — 2x4 + x5 + 46 + 317 + dars — 4z + 2210 — 4211 + 14 > 0,

dxo 4 3x1 + 4z + 3T3 — T4 — 45 — 426 + 2007 — dws — dx9 — 210 — 411 + 19 > 0,
16xo + 1221 + 1622 + 1623 — 1524 + 75 — 816 — 147 + 1528 — 209 + 4710 — 8711 +31 > 0,
—x9 — 8x1 — Tx2 — 8xr3 — Txg — 215 4+ 8x6 — 8x7 — 68 — 8X9 + 2719 — 211 +49 > 0,
—x9 — Tx1 — 8x2 — 8xr3 — 4oy + 225 — 66 — Tx7 + 828 + 8x9 + 8T19 — 411 + 37 > 0,
—6x0 + 421 — bxo + 4x3 + T4 + 225 — B + 627 + Dxs — 229 — D10 — DX11 + 22 > 0,
2x0 + 13x1 — 622 — 1323 — 1424 — 225 + 1426 + 627 — T8 + 829 + 10 + 1411 +28 > 0,
—6x9 — 621 + 422 4+ 63 — By — 25 — 626 — 47 + 208 + X9 + 610 + 6211 + 23 > 0,
—10zo — 921 + 8x2 + 10x3 + x4 + 1025 + Tx6 — 1027 + 825 — 329 + 2210 + 3211 +22 > 0,
9z + 9z1 — 9x2 — 323 — 8x4 + 925 — 626 — 627 — 928 + 39 + T10 + 11 + 32 > 0,

3xo — 4x1 + 3z + 3x3 — 224 — 325 — X6 — 37 — 38 — 3T9 — 2710 + 411 + 17 >0,
8xo+20x1 — 20z +20x3 — 1224 — 225 + 426 — 1827 — 1928 — 2009 — 410 — 211 + 76 > 0,
—x9—8x1 —13x2 4+ 8x3 +4xq4 — 14x5 + 1426 + 1327 — 14x8 + 629 + 22010 — 10211 +46 > 0,
1220 — 1221 + 10x2 — 8x3 — 11xg + x5 — 1206 — 1027 + 1228 — 2009 — 410 + 4211 +47 > 0,
3x0 — 911 — 1222 — 1223 + 114 — x5 + 1226 — 627 + 1228 + 9 + 6210 + 12211 + 28 > 0,
—4x9—21x1 — 2022 — 323 — 2024 + 525+ 1626 + 1527 + 1T + 1829 —Hx10 + 20211 +34 > 0,
14xz0 + 8x1 + 622 + Txs + 9z4 + 145 + 426 + D7 — Twg — 8x9 + 4210 + 8211 +1 > 0,
—bxo — Hx1 + 2x2 + Srs — 4xg — 325 — S — 227 + Hrs — T9 — Sr1o — HT11 + 30 > 0,
xo+ 16z 4+ 1422 — 1623 — 1524 — 1625 — 1226 + 1527 + 88 — 419 — 8X10 — 2211 + 57 > 0,
—x9 + bx1 + 622 — 63 + 624 — 225 — dae — 627 — Dy — 209 — 619 + 611 + 26 > 0,
—x9 — 6x1 — dx2 + 3x3 + Hxry — x5 — 626 — 627 + 68 — 629 + 6210 — 311 + 28 > 0,
—2x0 4+ 5x1 + 2x2 + x3 — b4 — b5 — 3x6 — 47 — Hxs + DTy + dr1o — HT11 + 24 > 0,
—2xo—Tx1—10x2 — 623 —3x4+ 1025 + 1026 — 427 + 528 — 1029 + 10210 + 10211 +32 > 0,
2x0 + 61 — bxo — Hxs + 4wy — 2005 — 626 — 627 + 68 + 629 — 610 + 11 + 24 > 0,
—xo+ 1921 — 18x2 + 2023 — 20x4 + 225 — 626 — 2007 — 1228 — 149 — 8110+ 2211 +79 > 0,
—15z0+1221+ 322+ 1523 — 1204 — 45+ 1326 — 1127 — 1028 — 12229 — 2210 — D11+ 56 > 0,
xo— 14wy + 1622 + 1423 — 1524 — 1625 — 1226 + 1527 + 88 — 49 — 8T 10 + 2211 +53 > 0,
—920 — 1321+ 112 + 1323 + 1324 4+ 225 — 1326 + 8x7 —4xs + 29+ 13210 — Hx11 +31 > 0,
—2x9 — bx1 + 4x2 — b3 — by — 5 — 226 + 627 + Dy — 629 + 610 — 611 + 26 > 0,
—x0+ 1021 — 1522 + 1123 + 84 + 325 + 1526 + D27 + 1628 + 609 + 1610 + 16211 > 0.
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