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Abstract. The final exponentiation, which is the exponentiation by a
fixed large exponent, must be performed in the Tate and (optimal) Ate
pairing computation to ensure output uniqueness, algorithmic correctness, and security for pairing-based cryptography. In this paper, we propose a new framework of efficient final exponentiation for pairings over
families of elliptic curves. Our framework provides two methods: the first
method supports families of elliptic curves with arbitrary embedding degrees, and the second method supports families with specific embedding
degrees of providing even faster algorithms. Applying our framework to
several Barreto–Lynn–Scott families, we obtain faster final exponentiation than the previous state-of-the-art constructions.
Keywords: Pairings · Final exponentiation · Cyclotomic polynomial
· Family of elliptic curves · Barreto–Lynn–Scott family
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Introduction

Pairing-based cryptography is the study area of cryptographic protocols based
on pairings defined over elliptic curves, which enable the secure and efficient
realization of components for useful information services, such as efficient digital signature in blockchain [11], elliptic curve direct anonymous attestation in
trusted computing [37], identity-based encryption and key exchange in real-time
applications [18]. Now, pairing-based cryptography is the major field of study.
It is crucial to choose a suitable elliptic curve and an appropriate algorithm
for efficient cryptographic protocols based on pairings in practice because the
computation of pairing is the bottleneck. Recently, several researchers proposed
new recommendations of elliptic curves [29,24,17,6,7,19] and directions [30] based
on the state-of-the-art cryptanalysis reports [22,34,23]. A survey of current status and security of elliptic curves is available at a draft [33]. The results of these
studies narrowed the choice of appropriate elliptic curves down. However, the
best choice is still hard. A careful look at listed up elliptic curves in the recommendations [29,24,17,6,7,19,33], elliptic curves generated by Barreto–Lynn–Scott
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(BLS) families [8] are frequently selected to implement cryptographic protocols
with 128 bit, 192 bit, and 256 bit levels of security. The BLS families could be
considered to have some flexibility; therefore, elliptic curves generated by these
families are likely to be chosen in the future, even if there is inevitable progress in
the security assessment study. Hence, instead, focus on only one elliptic curve and
make it faster, the design of efficient algorithms, which supports many promising
elliptic curves, for example, elliptic curves generated by BLS families, would be
highly desired.
There are two major types of pairing computation algorithms called Tate
pairings and Weil pairings, and their efficient variants are called Ate pairings and Eil pairings, respectively [31,21,38,20]. For both major types, a generalized method to obtain efficient algorithms called pairing function is proposed [38,20]. In terms of the efficiency evaluation and high-speed implementation reports [10,3,4,36,1,39,24,17,28,6,7,19,13], optimal Ate pairings constructed
by pairing functions based on the Ate pairings are significantly efficient. Thus
we focus on efficient optimal Ate pairings in this paper. The optimal Ate pairing
consists of two parts, which are called the Miller loop and final exponentiation.
Hence, it is vital to construct efficient these algorithms for high-speed implementations of optimal Ate pairings.
The construction of an efficient Miller loop was not easy until around seven
years ago. Today, significantly fast Miller loop computation can be easily implemented based on many studies and results [31,21,38,20,9,27,40,26,10,36,1,13]
because existing methods can apply to new recommendations [29,24,6,7,19,33].
In particular, one can immediately obtain the computationally optimal Miller
loop over an elliptic curve generated by the BLS family [8,24,17,6,7].
On the other hand, there are a few studies of efficient final exponentiation
construction explained below.

Related Work. There are three existing approaches to construct efficient final exponentiation: the vectorial addition chain method [35], the lattice-based
method [16], and another heuristic method exploiting the structure of pairings [40]. Since the lattice-based method can provide faster algorithms in the
literature [16,7], here we briefly describe only this because it seems to be the
state-of-the-art method. The idea of the lattice-based method is finding the expansion suitable for efficient pairing computation via lattice basis reduction. As
mentioned in their paper [16], the lattice-based method often requires several
trial-and-errors search and may not provide faster algorithms. A careful look
at the efficiency evaluation report [7] concerning the state-of-the-art cryptanalysis [22,34,23], the lattice-based method [16] is not always used to construct
faster algorithms. A heuristic approach [40] gives a few efficient algorithms. This
situation naturally raises a question about the existence of a superior method,
which can provide faster algorithms than the existing ones. Because the pairing
itself might have the structure of efficient final exponentiation, but it is not well
studied in prior work.
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Our Contribution. In this paper, we address the above question and propose
a new framework to obtain more efficient final exponentiation for pairings over
families of elliptic curves. Our framework consists of the following two methods:
– The first method is the generalization of the method presented by Zhang
and Lin [40]. We show a formal theorem that useful structure for efficient
final exponentiation always underlies in the families of elliptic curves with
arbitrary embedding degrees.
– The second method is an extension of the first method to obtain more efficient final exponentiation for specific embedding degrees of the forms k = 2i ,
3j , and 2i 3j for positive integers i and j. We also show formal theorems to
visualize the underlying structure of the second method.
The first method is an algorithm that recursively derives the coefficients of
the p-adic expansion of the hard part, similar to the three existing approaches
to construct efficient final exponentiation. This is a natural generalization of the
previous studies. On the other hand, the second method does not derive the
coefficients but directly factorizes the hard part as a two-variable polynomial.
The factorization can be obtained by using homogeneous cyclotomic polynomials
(later) constructed from cyclotomic polynomials, becouse cyclotomic structure
underlies in the polynomial parameters with families of elliptic curves.
Also, we compare with the existing approaches. We apply our framework to
BLS families with embedding degrees 9, 12, 15, 24, 27, and 48. Then we obtain
faster algorithms than the previous state-of-the-art algorithms presented in the
literature [40,2,17,14,28]. As these experimental results, the improvements are
modest, but it is confirmed that our framework can provide the fastest final
exponentiation. Our results reduce the number of multiplication operations on
the prime field in final exponentiation for BLS family with k = 9, 12, 15, 24, 27
and 48 by about 18.6%, 6.1%, 13.7%, 9.7%, 4.7% and 14.8% respectively. See
the Table 1 and for details in Section 5.

BLS-9 [14]
BLS-12 [17]
BLS-15 [14]
BLS-24 [17]
BLS-27 [40]
BLS-48 [28]

Previous work

This work

I9 + 1052M1 + 10908S1
I12 + 1135M1 + 28890S1
I15 + 3632M1 + 28674S1
I24 + 5220M1 + 69984S1
I27 + 19884M1 + 115128S1
I48 + 36222M1 + 264870S1

I9 + 856M1 + 10872S1
I12 + 1066M1 + 28890S1
I15 + 3133M1 + 28647S1
I24 + 4716M1 + 69984S1
I27 + 18916M1 + 115128S1
I48 + 30849M1 + 264384S1

Table 1: Complexity of final exponentiation on the various BLS families

Note that our framework does not always provide the fastest algorithm. However, our framework is useful in practice because our framework can support
and accelerate many practical elliptic curves with efficiently computable pairings, for example, all the elliptic curves generated by BLS families. Recall that
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these elliptic curves are frequently selected as new recommendations to achieve
128 bit, 192 bit, and 256 bit levels of security in the literature of security assessments [29,24,6,7,19,17]; thus, our framework is useful to implement secure and
efficient pairing-based cryptography in practice.
Organization. In Section 2, we describe preliminaries, terminology, and notation
of pairings. An overview of the final exponentiation and prior work for its efficient
computations are described in Section 3. We show our main result: our framework, two methods, related theorems, and lemmata, in Section 4. In Section 5,
we explain the application of our methods to BLS families and the comparison
with the prior work. We conclude in Section 6.

2

Preliminaries

In this section, we briefly describe mathematical preliminaries, terminology, and
notation of elliptic curves and pairings [13].
Elliptic Curves. Let E be an elliptic curve defined over a finite field Fp of field
order p > 3. The rational points group of E over the m-th extension field Fpm
of Fp is denoted by E(Fpm ), and its unit element is the point at infinity O. The
scalar multiplication by an integer a over E is denoted by [a]. A map πp : (x, y) 7→
(xp , y p ) is the Frobenius endomorphism over E. An integer t = p + 1 − #E(Fp )
is the trace of Frobenius. If E is ordinary, then the complex multiplication (CM)
discriminant D is a square-free integer such that DV 2 = 4p − t2 , where V is an
integer. Let r be another prime number such that gcd(p, r) = 1, r | #E(Fp ),
and r2 - #E(Fp ). The r-th torsion group of E is denoted by E[r]. We say that
a positive integer k is the embedding degree with respect to r and p of E if k
is the smallest positive integer satisfying r | (pk − 1). The r-th roots of unity
over the multiplicative group F×
of Fpk is denoted by µr . As seen above, the
pk
main property of an elliptic curve can be specified by a quintuple of the above
integers (k, D, p, r, t). (Usually, only focus on a triple (p, r, t).) Note that the CM
method [5,32] can give a corresponding elliptic curve E such that r | #E(Fp )
from this quintuple.
Properties of Pairing. Let G1 := E[r]∩ker(πp −[1]), let G2 := E[r]∩ker(πp −[p]),
and let GT := µr . The pairing function is a function e : G1 × G2 → GT (or
e : G2 × G1 → GT ) satisfying the following three properties:
Bilinearity: For all P ∈ G1 , for all Q ∈ G2 , and for all a ∈ Z, e([a]P, Q) =
e(P, [a]Q) = e(P, Q)a .
Non-degeneracy: e(P, Q) = 1 if and only if P = O or Q = O.
Efficiency: The number of operations to compute the pairing is a polynomial
in log r.
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Optimal Ate Pairing. Suppose an elliptic curve E holds the conditions described
above. Let κ be an integer such that κ = mr with r - m, where m is an
Pwinteger,
and let ν = (c0 , c1 , . . . , cw ) be a vector of w + 1 integers such that κ = i=0 ci pi .
Then the following function aν with suitable conditions forms a pairing function
based on the Ate pairing [38,20]:
aν : G2 × G1 → GT ,
(Q, P ) 7→

w
Y
i=0

i

fcpi ,Q (P ) ·

w−1
Y
i=0

`[si+1 ]Q,[ci pi ]Q (P )
v[si ]Q (P )

! pkr−1
,

Pw
where si := j=i cj pj , `R,S and vR are the two normalized polynomial functions
over E with the divisors (R) + (S) + (−R − S) − 3(O) and (R) + (−R) − 2(O),
respectively, and fa,R is the Miller function (normalized rational function) over
E with the divisor a(R) − ([a]R) − (a − 1)(O) [31]. Typically, the computation
of products of the above functions f , `, and v with input P and Q is called the
Miller loop (also called the Miller’s algorithm), and the remaining exponentiation
by (pk − 1)/r is called the finalP
exponentiation.
w
For above ν, define kνk1 = i=0 |ci |. Miller showed the square-and-multiply
algorithm that computes fa,R (S) in O(log a) times operations [31], and its
singed-binary variants have been proposed [10,40,36]. Therefore, it is essential
to find ν with very small kνk1 . According to the literature [38,20], any nondegenerate aν satisfies kνk1 ≥ r1/ϕ(k) , where ϕ is the Euler’s totient function.
Roughly saying, aν is an optimal Ate pairing if kνk1 is very close to r1/ϕ(k) [38].
Family of Elliptic Curves. As described above, elliptic curves with pairings suitable for cryptographic purposes must have specific properties that randomly chosen elliptic curves rarely have. Several researchers [15] have proposed methods of
how to obtain appropriate quintuples satisfying the requirements. To resolve the
search problem, a method of how to obtain appropriate quintuples has been proposed. The idea is the parameterization of three integers p, r, and t of a part of
quintuple by polynomials over Q as p(x), r(x), and t(x), respectively, that satisfy
several conditions to direct where appropriate quintuples are. Then the search
problem is transformed into the enumeration of integers of x, which provide
appropriate quintuples. For example, find an integer z such that p(z) and r(z)
are distinct large prime numbers simultaneously. This parameterized quintuple
(k, D, p(x), r(x), t(x)) (or triple (p(x), r(x), t(x))) is called a family of elliptic
curves. We say that an elliptic curve E is in the family (k, D, p(x), r(x), t(x)) (or
(p(x), r(x), t(x))) if there exists an integer z such that E is defined over Fp(z)
with trace of Frobenius t(z). We refer the reader to a survey [15] for details.
The method of the family of elliptic curves also contributes to highspeed implementations. As described above, the Miller loop and final exponentiation are square-and-multiply algorithms, and their loop parameters are
ν = (c0 , c1 , . . . , cw ) and (pk − 1)/r, respectively. Using the family of elliptic curves, they are also parameterized as ν(x) = (c0 (x), c1 (x), . . . , cw (x)) and
(p(x)k −1)/r(x), respectively. In short, one can investigate and construct efficient
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algorithms based on such polynomial representations. Eventually, the construction can be reduced to find integers which provide appropriate quintuples with
efficiently computable pairings over corresponding elliptic curves. For example,
the optimal Ate pairing of each elliptic curve generated by BLS families [8] can
k
be written as aν(x) (Q, P ) = (fx,Q (P ))(p(x) −1)/r(x) ; thus, an appropriate integer
of x with low Hamming weight yields an efficient Miller loop.

3

Overview of Final Exponentiation and Prior Work

In this section, we describe an overview of the final exponentiation and prior
work for its efficient algorithms.
3.1

Basic Structure

The computation of pairings consists of two parts called the Miller loop and final
exponentiation. After the computation of the Miller loop, obtain an element of
F×
/(F×
)r . Then the final exponentiation, namely exponentiation by a fixed
pk
pk
large exponent (pk − 1)/r, must be performed to obtain an element of GT of
order r. This operation is also known as the cofactor clearing to ensure output
uniqueness, algorithmic correctness, and security for pairing-based cryptography.
Let k be the embedding degree such that k = ds, where d is a positive integer.
The fixed large exponent (pk − 1)/r of final exponentiation can be broken down
into two parts called the easy part and the hard part:
Pd−1 is
p
Φk (p)
pk − 1
s
= (p − 1) · i=0
·
,
r
Φk (p)
r
|
{z
} | {z }
Easy part

Hard part

where Φk is the k-th cyclotomic polynomial.
The easy part is usually products of sparse summations of powers of p, and
its specific form depends on the embedding degree k. For example, the easy part
can be decomposed by (p6 − 1) · (p2 + 1) if k = 12, and it can be decomposed by
(p5 − 1) · (p2 + p + 1) if k = 15. The exponentiation of the easy part is almost
free since there is only one inversion and the computation of exponentiation by
a power of p over Fpk is significantly efficient.
Remark 1. Note that there obviously exists another decomposition of the easy
part. Indeed, we can also factorize (p5 −1)·(p2 +p+1) = (p3 −1)·(p4 +p3 +p2 +p+1)
if k = 15, however, we should select (p5 − 1) · (p2 + p + 1) in practice from the
viewpoint of the number of operations.
On the other hand, the hard part computation is usually expensive because it
requires exponentiation by large exponents, not a power of p. The basic approach
of efficient computation is base-p expansion. Let λ be an integer such that λ =
m · Φk (p)/r with r - m, find a vector τ of w + 1 integers τ = (λ0 , λ1 , . . . , λw ) such
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Pw
that λ = i=0 λi pi and very small kτ k1 . The hard part is also parameterized as
m(x) · Φk (p(x))/r(x) by a family of elliptic curves. In this case, the construction
of efficient hard part computation is finding suitable expansion based on p(x)
and x, and then also finding an appropriate integer z of x with low Hamming
weight.
3.2

Prior Work of Hard Part Computation

There are three existing approaches to construct efficient final exponentiation:
the vectorial addition chain method [35], the lattice-based method [16], and
another heuristic method [40]. Several researchers [2,14,40,28] applied their
methodology to several BLS families in the study of efficiency evaluation and
high-speed implementation of pairings.
QwTheλivectorial addition chain method is used to efficiently compute a product
i=0 gi for fixed exponents λ0 , λ1 , . . . , λw and input bases g0 , g1 , . . . , gw .
The computation of hard part of the final exponentiation over family of elliptic
curves can be translated
into this setting, for example, consider an expansion
Qw
i
i j
y Φk (p(x))/r(x) = i=0 y λi (x)p(x) by p(x) and x as gi+j·ϕ(k) := y p(x) x . Scott et
al. [35] reported that this method could provide fast algorithms.
Fuentes-Castañeda et al. [16] showed a method of finding more efficient algorithms. The idea is drawn from Vercauteren [38] that is the base-p expansion by
lattice basis reduction employed to find an efficient Miller loop. The construction of the target basis of a lattice is different and complicated to adapt this
method for expansion by p(x) and x. Its advantage is that giving a hint to find
an appropriate multiple of the exponent m(x) · Φk (p(x))/r(x), which enables a
faster algorithm. Fuentes-Castañeda et al. [16] reported that this method could
provide faster algorithms. However, as mentioned in [16], this method often requires several trial-and-errors search, and may not provide a faster algorithm
than that provided by the vectorial addition chain method [35]. A detailed numerical example is in a book [13] of the survey.
Zhang and Lin [40] pointed out that a recursive relation over the BLS family
with embedding degree 27 (called BLS27) as follows: p(x)m+1 = r(x) · (x − 1)2 ·
p(x)m + x · p(x)m , then the hard part of this family is expanded by p(x) and x.
The resulting formula can be efficiently computable because it is a product of
summations of sparse terms. However, the background structure of such recursive relation is still unclear, and a question remains about how to exploit it to
construct even faster algorithms than existing ones.

4

Main Result

In this section, we propose a new framework for efficient hard part computation
of the final exponentiation. Intuitively, our framework utilizes the underlying
structure of the cyclotomic polynomial that is substantially satisfied by families
of elliptic curves with efficient pairing. Concretely, our framework provides two
methods of obtaining suitable formulas of the exponent Φk (p(x))/r(x) of the
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hard part computation via the underlying relationship of k, p(x), r(x), and
others. The first method is a generalization of the previous method proposed by
Zhang and Lin [40]. We show a theorem that there is a beneficial formula to
obtain a faster algorithm in an arbitrary embedding degree. The second method
is an extension of the first method to obtain an even faster algorithm for a
specific embedding degree. We also show a theorem that there is a beneficial
decomposition of the exponent Φk (p(x))/r(x) instead of the complete expansion
by p(x) and x considered in the prior work, and this decomposition approach is
a significant difference from the previous methods.
We describe the first method, related theorem, and an algorithm in Section 4.1. Next, we introduce a new tool, called homogeneous cyclotomic polynomials, and describe its properties in Section 4.2. The purpose of this tool is
visualizing the decomposition of Φk (p(x))/r(x) with specific embedding degree.
Finally, we describe detailed explanations of our second method using homogeneous cyclotomic polynomials in Section 4.3. The application to BLS families
and efficiency evaluation of our methods and comparisons with prior work are
given in the next section.
Remark 2. Note that both methods cannot always provide faster algorithms
than previous ones. According to explanations in this section later, applications
and efficiency comparisons in the next section, our framework can provide faster
algorithms if the trace of Frobenius is t(x) = x + 1. This limitation cannot be
an issue in practice because the number of elliptic curves with efficient pairing
and trace of Frobenius t(x) = x + 1 is somewhat large. For example, the trace
of Frobenius of all the BLS families is t(x) = x + 1 (see Appendix A), and the
recently published recommendations [29,24,17,6,7,19,33] frequently choose elliptic curves generated by the BLS families. Also, the applicability of our methods
is not limited to BLS families.
4.1

Arbitrary Embedding Degree

We generalize the efficient hard part computation of the final exponentiation for
optimal Ate pairings over families of elliptic curves.
Let Φk (x) denote the k-th cyclotomic polynomial and let E an elliptic curve
with embedding degree k parametrized as families. Then the polynomial parameters t(x), r(x), p(x) of E have the following representation:


r(x) = Φk (T (x))/h2 (x),
p(x) = h1 (x)r(x) + T (x),
(1)


t(x) = T (x) + 1,
where the polynomial h1 (x) ∈ Q[x] is the quotient of p(x) divided by r(x) and
h2 (x), T (x) ∈ Q[x].
k
For f ∈ Fpk computed in Miller loop, the value f (p −1)/r is computed in
the final exponentiation of optimal Ate pairings. This power (pk − 1)/r can be
decomposed by two parts (pk − 1)/Φk (p) and Φk (p)/r. The exponent Φk (p)/r
can be decomposed as follows:
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i

∈ Z[x]. Then we claim that:
!
d−1
X
i
Φk (p(x))/r(x) = h1 (x)
λi (x)p(x) + h2 (x),

Theorem 1. Set Φk (x) =

i=0 ci x

i=0

where:

(
λd−1 (x) = cd ,
λi (x) = T (x)λi+1 (x) + ci+1 .

See Appendix B.1 for the proof of Theorem 1.
4.2

Homogeneous Cyclotomic Polynomial

In this section, we first describe the definition and properties of cyclotomic polynomials, then give a new concept of homogeneous cyclotomic polynomials, and
prove the lemma that can be used in the main theorems.
Let ζn denote a primitive n-th root of unity in C. The n-th cyclotomic polynomial Φn (x) is
Y
Φn (x) =
(x − ζni ).
1≤i≤n
gcd(i,n)=1

The cyclotomic polynomials are irreducible in Q, and its degree can be represented by the Euler’s totient function ϕ(n). Also, it is well known that the
cyclotomic polynomials have integer coefficients. When enumerating the cyclotomic polynomials from the smallest order n, we have
Φ1 (x) = x − 1, Φ2 (x) = x + 1, Φ3 (x) = x2 + x + 1, Φ4 (x) = x2 + 1, . . .
The basic equation for cyclotomic polynomials is that
Y
xm − 1 =
Φi (x).

(2)

i|m

Definition 1. For any positive integer n, we define an n-th homogeneous cyclotomic polynomial Ψn (x, p) as:
(
pϕ(n) Φn (x/p) if n > 1,
Ψn (x, p) :=
1
if n = 1.
where ϕ is the Euler’s totient function.
When enumerating the homogeneous cyclotomic polynomials from the smallest order n, we have
Ψ1 (x, p) = 1,
2

Ψ2 (x, p) = x + p,
2

Ψ3 (x, p) = x + px + p ,

Ψ4 (x, p) = x2 + p2 , . . .

The important properties of homogeneous cyclotomic polynomials is the following lemma.
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Lemma 1. Let m ≥ 2. Then the polynomial xm−1 +pxm−2 +· · ·+pm−2 x+pm−1
can be decomposed by homogeneous cyclotomic polynomials, i.e. we have:
m−1
X

pj xm−1−j =

j=0

Y

Ψi (x, p).

i|m

Proof. Dividing both sides of the equation (2) by Φ1 (x) = x − 1, it leads:
Y
xm−1 + xm−2 + · · · + x2 + x + 1 =
Φi (x).
i|m
i6=1

Substituting a variable x for x/p and multiplying both sides by pm−1 , we have
the equation:
Y
xm−1 + pxm−2 + · · · + pm−3 x2 + pm−2 x + pm−1 = pm−1
Φi (x/p).
i|m
i6=1

P
Here it holds that i|n ϕ(i) = n for any n ∈ Z>0 from the basic property of the
Euler’s totient function. Hence we obtain that:
Y
xm−1 + pxm−2 + · · · + pm−3 x2 + pm−2 x + pm−1 =
pϕ(i) Φi (x/p)
i|m
i6=1

=

Y

Ψi (x, p).

i|m

Note that the first homogeneous cyclotomic polynomial Ψ1 (x, p) = 1 conveniently by Definition 1. u
t
4.3

Specific Embedding Degree

Let E be an elliptic curve defined over Fp with embedding degree k parametrized
as families. In other words, each parameter p, r, t of the elliptic curve E can be
expressed by polynomials, which satisfies the equation (1).
The hard part of the final exponentiation for optimal Ate pairings is
computed as f Φk (p(x))/r(x) for a value f ∈ Fpk . This exponentiation part
Φk (p(x))/r(x) is decomposed by using homogeneous cyclotomic polynomials
with k = 2i , 3j , and 2i 3j . Prior works on P
the hard part focused on how to
search the coefficients λi in Φk (p(x))/r(x) =
λi (x)p(x)i , however this time, it
is essentially the same, we propose to decompose the hard part directly without
searching the coefficients.
Theorem 2. Let E be an elliptic curve with embedding degree k = 2n for some
positive integer n parametrized as families. The hard part of the final exponentiation for the optimal Ate pairing defined over E can be decomposed as follows:


Y
Φk (p)
= h1 
Ψi (T, p) + h2 ,
r
i|(k/2)
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where the notation h1 , h2 , T are the polynomials stated in the equation (1).
See Appendix B.2 for a proof of Theorem 2.
Theorem 3. Let E be an elliptic curve with embedding degree k = 3n for some
positive integer n parametrized as families. The hard part of the final exponentiation for the optimal Ate pairing defined over E can be decomposed as follows:


Y
Φk (p)
= h1 
Ψi (T, p) (T k/3 + pk/3 + 1) + h2 ,
r
i|(k/3)

where the notation h1 , h2 , T are the polynomials stated in the equation (1).
See Appendix B.3 for a proof of Theorem 3.
Theorem 4. Let E be an elliptic curve with embedding degree k = 2m 3n for
some positive integers m and n parametrized as families. The hard part of the
final exponentiation for the optimal Ate pairing defined over E can be decomposed
as follows:


Y
Φk (p)
= h1 
Ψi (T, p) (T k/6 + pk/6 − 1) + h2 ,
r
i|(k/6)

where the notation h1 , h2 , T are the polynomials stated in the equation (1).
See Appendix B.4 for a proof of Theorem 4.

5

Application to BLS families

In this section, we apply the decomposition of final exponentiation for optimal
Ate pairings obtained in Section 4 to various BLS families, estimate the number
of operations in the finite field Fpk and convert the cost to the number of operations in the prime field Fp for the cost of the multiplication and squaring in
Fpk .
Let Mk , Sk , Ik , Fn , Ex denote the cost of the multiplication, squaring, inversion, n-th Frobenius operation and the power of x in Fpk respectively. Let Icyc
denote the cost of the inversion in the cyclotomic subgroup GΦk . We use the
estimation M2 = 3M1 , M3 = 6M1 and M5 = 9M1 (resp. S2 = 3S1 , S3 = 6S1
and S5 = 9S1 ), as mentioned in [25,12]
Remark 3. It is assumed that there exists a more efficient extension operation
taking the cost of addition into account. However, to evaluate the complexity
equally, we ignore the cost of addition operation in common and use the above
estimation. Also, the costs Ex and Fn depend on the parameters x and p when
converting to the number of operations on the prime field. However, for the same
reason, we evaluate the cost of final exponentiation with the parameters used in
each prior work.
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BLS family with k = 9. The elliptic curve E parametrized as BLS family with
embedding degree 9 has the following polynomial parameter:


r(x) = Φ9 (x)/3,
p(x) = (x − 1)2 (x2 + x + 1)r(x) + x,


t(x) = x + 1.
The exponent to be computed in final exponentiation for optimal Ate pairings
over E is
p9 − 1
Φ9 (p)
= (p3 − 1) ·
.
r
r
The final exponentiation of the BLS family with k = 9 is studied
In [14],
P in [14].
using the LLL algorithm, they decomposed x3 · Φ9 (p)/r into
λi pi instead of
decomposing Φ9 (p)/r, and searched its coefficient λi . The total complexity [14]
of the final exponentiation using the decomposition is
I9 + 27M9 + 302S9 + 2Icyc + F1 + F2 + 2F3 + F4 + F5
=I9 + 1052M1 + 10908S1 .
See [14] for the cost of each operation.
Next, we evaluate the complexity of the final exponentiation using the decomposition which we propose as in section 4. Let h1 , h2 , T be

2

h1 (x) = (x − 1) ,
h2 (x) = 3,


T (x) = x.
First, we apply Theorem 1 to this BLS family with k = 9. The exponent
Φ9 (p(x))/r(x) of the hard part is
!
5
X
Φ9 (p(x))/r(x) = (x − 1)2
λi (x)p(x)i + 3,
i=0

where
λ5 (x) = 1,

λ4 (x) = x,

λ3 (x) = xλ4 (x),

λ2 (x) = xλ3 (x) + 1,

λ1 (x) = xλ2 (x),

λ0 (x) = xλ1 (x).

For the value f ∈ Fpk , the final exponentiation can be computed by the following
values:
P i
λi p
(x−1)2
p3
−1
g0 = f · f ,
g1 = g0
,
g2 = g1
,
g3 = g2 · g02 · g0 .
To compute the value g2 , we can deal with the following:
h0 = g1 ,

h1 = hx0 ,

h2 = hx1 ,

h3 = hx2 · h0 ,

h4 = hx3 ,

h5 = hx4 .
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Using these values, we can compute g2 = hp0 · hp1 · hp2 · hp3 · hp4 · h5 . Therefore,
the total cost of the final exponentiation is
(I9 + F3 + M9 ) + 2Ex−1 + (5Ex + 6M9 + F1 + F2 + F3 + F4 + F5 ) + (2M9
+ S9 )
=I9 + 25M9 + 302S9 + F1 + F2 + 2F3 + F4 + F5
=I9 + 956M1 + 10872S1 ,
where we use the parameter x = 243 + 237 + 27 + 1 in [14].
Second, we apply Theorem 3 to this BLS family with k = 9. The exponent
Φ9 (p(x))/r(x) of the hard part is
Φ9 (p(x))/r(x) = (x − 1)2 · Ψ1 (x, p)Ψ3 (x, p) · (x3 + p3 + 1) + 3
= (x − 1)2 · (x2 + px + p2 ) · (x3 + p3 + 1) + 3.
Therefore, the total cost of the final exponentiation is
(I9 + F3 + M9 ) + (2Ex−1 ) + (2Ex + F1 + F2 + 2M9 ) + (3Ex + F3 + 2M9 )
+ (2M9 + S9 )
=I9 + 23M9 + 302S9 + F1 + F2 + 2F3
=I9 + 856M1 + 10872S1 .
BLS family with k = 12. The elliptic curve E parametrized as BLS family with
embedding degree 12 has the following polynomial parameter:


r(x) = Φ12 (x),
p(x) = (x − 1)2 r(x)/3 + x,


t(x) = x + 1.
The exponent to be computed in final exponentiation of optimal Ate pairings
over E is
p12 − 1
Φ12 (p)
= (p6 − 1)(p2 + 1) ·
.
r
r
The final exponentiation of the BLS family with k = 12 is studied in [2,17]. The
final exponentiation decomposition in [17] is the same as the decomposition in
Theorem 1. The total cost of the final exponentiation is
(I12 + 2M12 + F2 ) + (4Ex + Ex/2 + 8M12 + S12 + F1 + F2 + F3 )
=I12 + 20M12 + 535S12 + F1 + 2F2 + F3
=I12 + 1135M1 + 28890S1 .
See [2] for the cost of each operation.
Next, we apply Theorem 4 to this BLS family with k = 12. Let h1 , h2 , T be

2

h1 (x) = (x − 1) /3
h2 (x) = 1


T (x) = x.
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The exponent 3 · Φ12 (p(x))/r(x) of the hard part is
3·

Φ12 (p(x))
= (x − 1)2 · Ψ1 (x, p)Ψ2 (x, p) · (x2 + p2 − 1) + 3
r(x)
= (x − 1)2 · (x + p) · (x2 + p2 − 1) + 3.

We use the parameter x = −2107 + 284 + 219 in [17]. The total cost of the final
exponentiation is
(I12 + F2 + 2M12 ) + (4Ex + Ex/2 + 7M12 + S12 + F1 + F2 )
=I12 + 19M12 + 535S12 + F1 + 2F2
=I12 + 1066M1 + 28890S1 .
See [17] for the idea that we need not compute f x−1 .
BLS family with k = 15. The elliptic curve E parametrized as BLS family with
embedding degree 15 has the following polynomial parameter:


r(x) = Φ15 (x),
p(x) = (x − 1)2 (x2 + x + 1)r(x)/3 + x,


t(x) = x + 1.
The exponent to be computed in final exponentiation for optimal Ate pairings
over E is
p15 − 1
Φ15 (p)
= (p5 − 1)(p2 + p + 1) ·
.
r
r
The final exponentiation of the BLS family with k = 15 is studied in [14]. The
total cost of the final exponentiation [14] is
I15 + 529S15 + 63M15 + 4Icyc +

9
X

Fi

i=1

=I15 + 3632M1 + 28674S1 .
See [14] for the cost of each operation.
We evaluate the complexity of the final exponentiation using the decomposition as in Theorem 1. Let h1 , h2 , T be

2 2

h1 (x) = (x − 1) (x + x + 1)/3
h2 (x) = 1


T (x) = x.
The exponent 3 · Φ15 (p(x))/r(x) of the hard part is
7
X
Φ15 (p(x))
3·
= (x − 1)2 (x2 + x + 1)
λi (x)p(x)i
r(x)
i=0

!
+ 3,
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where
λ7 = 1,

λ6 =xλ7 − 1,

λ5 =xλ6 ,

λ4 =xλ5 + 1

λ3 = xλ4 − 1,

λ2 =xλ3 + 1,

λ1 =xλ2 ,

λ0 =xλ1 − 1.

We use the parameter x = 248 + 241 + 29 + 28 + 1 in [14]. The total cost of the
final exponentiation is
(I15 + F5 + M15 ) + (2F1 + 2M15 ) + 2Ex−1 + (2Ex + 2M15 ) + (7Ex + 3Icyc
+ 5M15 +

7
X

Fi ) + (2M15 + S15 )

i=1

=I15 + 54M15 + 529S15 + 3Icyc + 2F1 + F5 +

7
X

Fi

i=1

=I15 + 3133M1 + 28647S1 .
BLS family with k = 24. The elliptic curve E parametrized as BLS family with
embedding degree 24 has the following polynomial parameter:


r(x) = Φ24 (x),
p(x) = (x − 1)2 r(x)/3 + x,


t(x) = x + 1.
The exponent to be computed in final exponentiation for optimal Ate pairings
over E is
p24 − 1
Φ24 (p)
= (p12 − 1)(p4 + 1) ·
.
r
r
The final exponentiation of the BLS family with k = 24 is studied in [2,17]. The
total cost of the final exponentiation [17] is
(I24 + 2M24 + F4 ) + (8Ex + Ex/2 + 10M24 + S24 +

7
X

Fi

i=1

=I24 + 30M24 + 432S24 + F4 +

7
X

Fi

i=1

=I24 + 5220M1 + 69984S1 .
See [17] for the cost of each operation.
We apply Theorem 4 to this BLS family with k = 24. Let h1 , h2 , T be

2

h1 (x) = (x − 1) /3
h2 (x) = 1


T (x) = x.
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The exponent 3 · Φ24 (p(x))/r(x) of the hard part is
3·

Φ24 (p(x))
= (x − 1)2 · Ψ1 (x, p)Ψ2 (x, p)Ψ4 (x, p) · (x4 + p4 − 1) + 3
r(x)
= (x − 1)2 · (x + p)(x2 + p2 ) · (x4 + p4 − 1) + 3.

We use the parameter x = 248 − 230 + 226 in [17]. The total cost of the final
exponentiation is
(I24 + F4 + 2M24 ) + (8Ex + Ex/2 + 8M24 + S24 + F1 + F2 + F4 )
=I24 + 28M24 + 432S24 + F1 + F2 + 2F4
=I24 + 4716M1 + 69984S1 .
BLS family with k = 27. The elliptic curve E parametrized as BLS family with
embedding degree 27 has the following polynomial parameter:


r(x) = Φ27 (x)/3,
p(x) = (x − 1)2 r(x) + x,


t(x) = x + 1.
The exponent to be computed in final exponentiation for optimal Ate pairings
over E is
p27 − 1
Φ27 (p)
= (p9 − 1) ·
.
r
r
The final exponentiation of the BLS family with k = 27 is studied in [40]. The
total cost of the final exponentiation [40] is
(I27 + F9 + M27 ) + 2Ex−1 + (8Ex + 8M27 +

8
X

Fi ) + (9Ex + F9 + 2M27 )

i=1

+ (2M27 + S27 )
=I27 + 91M27 + 533S27 + 2F9 +

8
X

Fi

i=1

=I27 + 19884M1 + 115128S1 .
See [40] for the cost of each operation.
We apply Theorem 3 to this BLS family with k = 27. Let h1 , h2 , T be

2

h1 (x) = (x − 1)
h2 (x) = 3


T (x) = x.

The exponent Φ27 (p(x))/r(x) of the hard part is
Φ27 (p(x))
= (x − 1)2 · Ψ1 (x, p)Ψ3 (x, p)Ψ9 (x, p) · (x9 + p9 + 1) + 3
r(x)
= (x − 1)2 · (x2 + px + p2 )(x6 + p3 x3 + p6 ) · (x9 + p9 + 1) + 3.

Efficient Final Exponentiation for Pairings
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We use the parameter x = 228 + 227 + 225 + 28 − 23 in [40]. Then the total cost
of the final exponentiation is
(I27 + F9 + M27 ) + 2Ex−1 + (8Ex + 4M27 + F1 + F2 + F3 + F6 ) + (9Ex + F9
+ 2M27 ) + (2M27 + S27 )
=I27 + 87M27 + 533S27 + F1 + F2 + F3 + F6 + 2F9
=I27 + 18916M1 + 115128S1 .
BLS family with k = 48. The elliptic curve E parametrized as BLS family with
embedding degree 48 has the following polynomial parameter:


r(x) = Φ48 (x),
p(x) = (x − 1)2 r(x)/3 + x,


t(x) = x + 1.
The exponent to be computed in final exponentiation for optimal Ate pairings
over E is
p48 − 1
Φ48 (p)
= (p16 − 1)(p16 + p8 + 1) ·
.
r
r
The final exponentiation of the BLS family with k = 48 is studied in [24,28].
The total cost of the final exponentiation [28] is
I48 + 22M48 + 17Ex + S48 + F8 +

15
X

Fi

i=1

=I48 + 73M48 + 545S48 + F8 +

15
X

Fi

i=1

=I48 + 36222M1 + 264870S1 .
See [28] for the cost of each operation.
We apply Theorem 4 to this BLS family with k = 48. Let h1 , h2 , T be

2

h1 (x) = (x − 1) /3
h2 (x) = 1


T (x) = x.
The exponent 3 · Φ48 (p(x))/r(x) of the hard part is
3·

Φ48 (p(x))
= (x − 1)2 · Ψ1 (x, p)Ψ2 (x, p)Ψ4 (x, p)Ψ8 (x, p) · (x8 + p8 − 1) + 3
r(x)
= (x − 1)2 · (x + p)(x2 + p2 )(x4 + p4 ) · (x8 + p8 − 1) + 3.

We use the parameter x = 232 − 218 − 210 − 24 in [28]. Then the total cost of the
final exponentiation is
(I48 + 3M48 + F8 ) + (16Ex + Ex/2 + 9M48 + S48 + F1 + F2 + F4 + F8 )
=I48 + 63M48 + 544S48 + F1 + F2 + F4 + 2F8
=I48 + 30849M1 + 264384S1 .
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Conclusion

In this paper, we presented a new decomposition of hard part in final exponentiation for optimal Ate pairings over families of elliptic curves. The first
decomposition method is that we derive the coefficients of base-p expansion of
hard part from cyclotomic polynomials for families of elliptic curves with arbitrary embedding degrees. The second decomposition method is that we directly
factorize hard part using a new tool, homogeneous cyclotomic polynomials, for
families of elliptic curves with specific embedding degrees k = 2i , 3j and 2i 3j .
Both methods are effective for families of elliptic curves with trace x + 1, for
example BLS families, and our results give faster final exponentiation than the
previous state-of-the-art construction on BLS families.
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A

BLS Elliptic Curve

In this section, we briefly describe the Barreto–Lynn–Scott (BLS) families proposed by Barreto et al. [8], and their elliptic curve search method with general
embedding degree and general CM discriminant [8].
Family in Particular Case. The BLS families [8] are defined as the four polynomial parameterized quintuples with fixed CM discriminant D = 3 and specific
embedding degrees, as described in Fig. 1.
Arbitrary Case. Barreto et al. [8] considered how to obtain elliptic curves with
arbitrary CM discriminant and arbitrary embedding degree suitable for pairingbased cryptography. Given CM discriminant D and embedding degree k, their
search procedure seeks an integer z and an appropriate quintuple (k, D, p, r, t)
satisfying t = z + 1, r = Φk (z), p = mr + z, where m is an integer. See [8] for
details.

B
B.1

Proofs of Theorems

Proof of Theorem 1
Pd
Set Φk (x) = i=0 ci xi . For the polynomials r(x), p(x) as in (1), we consider
a decomposition of Φk (p(x))/r(x). As Zhang and Lin state in [40], we extract
the factor r(x) from the polynomial Φk (p(x)) using a recurrent formula pm =
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(a) BLS family with k = 3i , where i > 0

(b) BLS family with k = 2j 3, where j > 0

t(x) = x + 1,

t(x) = x + 1,

r(x) = Φk (x)/3,

r(x) = Φk (x),

p(x) = (x − 1)2 r(x) + x.

(x − 1)2 r(x)
+ x.
3

p(x) =

(c) BLS family with k = 3i q s , where
i, s > 0 are integers, and q > 3 is a prime
number

(d) BLS family with k = 3i 2j q s , where
i, j, s > 0 are integers, and q > 3 is a
prime number

t(x) = x + 1,

t(x) = x + 1,

r(x) = Φk (x),

r(x) = Φk (x),

y(x) = 2x3

i−1 s−1

q

y(x) = 2x3

+ 1,

2

x−1
m(x) = 3
(y(x)2 + 3),
6
p(x) = m(x)r(x) + x.
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i−1 j−1 s−1

2

q

− 1,

2

x−1
m(x) = 3
(y(x)2 + 3),
6
p(x) = m(x)r(x) + x.



Fig. 1: BLS families with D = 3

h1 rpm−1 + T pm−1 . Reducing the degree of p using the above recurrent formula,
we obtain that:

pm = h1 rpm−1 + T pm−1
= h1 rpm−1 + T (h1 rpm−2 + T pm−2 )
= h1 rpm−1 + h1 rT pm−2 + T 2 (h1 rpm−3 + T pm−3 )
···
= h1 rp

(3)
m−1

+ h1 rT p

0 m−1

= h1 r(T p

m−2

+ h1 rT p

1 m−2

+T p

2 m−3

+ ··· + T

+ ··· + T

m−1 0

p )+T

m−1

0

0

(h1 rp + T p )

m

m

= h1 r · gm−1 + T ,

where

gm−1 (x) =

m−1
X
i=0

T (x)i p(x)m−1−i .

(4)
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Second, we apply the equation (3) to each p(x)i (0 < i ≤ d) of Φk (p(x)). Then:

Φk ((p(x)) =

d
X

d
X

ci p(x)i =

i=0

ci (h1 (x)r(x) · gi−1 (x) + T (x)i ) + c0

i=1

= h1 (x)r(x)

d
X

!
ci gi−1 (x)

i=1

= h1 (x)r(x)

d
X

+

d
X

!
ci T (x)

i

+ c0

i=1

!
ci gi−1 (x)

+ Φk (T (x))

i=1

= h1 (x)r(x)

d
X

!
ci gi−1 (x)

+ r(x)h2 (x).

i=1

Hence, we obtain:

d
X

Φk (p(x))/r(x) = h1 (x)

!
ci gi−1 (x)

+ h2 (x).

i=1

Therefore, it is enough to prove that

d
X

ci gi−1 (x) =

i=1

d−1
X

λi (x)p(x)i .

i=0

Substituting the equation (4) into gi−1 (x) on the left side:

d
X

ci gi−1 (x) =

i=1

d
X


ci

i=1

i−1
X


T (x)i−1−j p(x)j  .

j=0

Exchanging the sums, we obtain that:

d
X
i=1

ci gi−1 (x) =

d−1
X



d
X


j=0

i=j+1





ci T (x)i−1−j  p(x)j  .

Efficient Final Exponentiation for Pairings

We represent the coefficient
d − j − 1:

Pd

i=j+1 ci T (x)

i−1−j
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of p(x)j by Λj (x). Using ` =


T (x)`
 T (x)`−1 


Λj (x) = (cd , cd−1 , . . . , cd−` ) 

..


.


T (x)0


T (x)`
 T (x)`−1 


= (cd , cd−1 , . . . , cd−(`−1) ) 
 + cd−` T (x)0
..


.
T (x)

(5)

1


T (x)`−1
 T (x)` 


= (cd , cd−1 , . . . , cd−(`−1) ) 
 · T (x) + cd−`
..


.


T (x)0

= T (x)Λj+1 (x) + cj+1 .
From the equation (5), we get Λd−1 (x) = cd . This completes the proof. u
t
B.2

Proof of Theorem 2

The k-th cyclotomic polynomial is of the form Φk (x) = xk/2 + 1 for k = 2n .
Since we have pm = h1 rpm−1 + T pm from the equation (1), we can sequentially
reduce the polynomial Φk (p) as:
Φk (p) = pk/2 + 1
= h1 r(T k/2−1 + pT k/2−2 + · · · + pk/2−2 T + pk/2−1 ) + T k/2 + 1
= h1 r(T k/2−1 + pT k/2−2 + · · · + pk/2−2 T + pk/2−1 ) + h2 r.
Applying Lemma 1 to this polynomial completes the proof. u
t
B.3

Proof of Theorem 3

The k-th cyclotomic polynomial is of the form Φk (x) = x2·k/3 + xk/3 + 1 for
k = 3n . Since we have pm = h1 rpm−1 + T pm from the equation (1), we can
sequentially reduce the polynomial Φk (p) as:
Φk (p) = p2·k/3 + pk/3 + 1
= h1 r{p2·k/3−1 + T p2·k/3−2 + · · · + T k/3−1 pk/3
+ (T k/3 + 1)pk/3−1 + · · · + T k/3−1 (T k/3 + 1)} + T 2·k/3 + T k/3 + 1
= h1 r{pk/3 (pk/3−1 + T pk/3−2 + · · · + T k/3−1 )
+ (T k/3 + 1)(pk/3−1 + T pk/3−2 + · · · + T k/3−1 )} + h2 r
= h1 r(pk/3−1 + T pk/3−2 + · · · + T k/3−1 )(T k/3 + pk/3 + 1) + h2 r.
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Applying Lemma 1 to this polynomial completes the proof. u
t
B.4

Proof of Theorem 4

The k-th cyclotomic polynomial is of the form Φk (x) = x2·k/6 − xk/6 + 1 for
k = 2m 3n . Since we have pm = h1 rpm−1 + T pm from the equation (1), we can
sequentially reduce the polynomial Φk (p) as:
Φk (p) = p2·k/6 + pk/6 + 1
= h1 r{p2·k/6−1 + T p2·k/6−2 + · · · + T k/6−1 pk/6
+ (T k/6 − 1)pk/6−1 + · · · + T k/6−1 (T k/6 − 1)} + T 2·k/6 + T k/6 + 1
= h1 r{pk/6 (pk/6−1 + T pk/6−2 + · · · + T k/6−1 )
+ (T k/6 − 1)(pk/6−1 + T pk/6−2 + · · · + T k/6−1 )} + h2 r
= h1 r(pk/6−1 + T pk/6−2 + · · · + T k/6−1 )(T k/6 + pk/6 − 1) + h2 r.
Applying Lemma 1 to this polynomial completes the proof. u
t

