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Abstract

We counsider the adjacency graphs of the linear feedback shift registers (LFSRs) with char-
acteristic polynomials of the form I(z)p(z), where I(z) is a polynomial of small degree and p(x)
is a primitive polynomial. It is shown that, their adjacency graphs are closely related to the
association graph of I(z) and the cyclotomic numbers over finite fields. By using this connec-
tion, we give a unified method to determine their adjacency graphs. As an application of this
method, we explicitly calculate the adjacency graphs of LEFSRs with characteristic polynomials

of the form (1+z + 22 +a*)p(z), and construct a large class of De Bruijn sequences from them.
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1 Introduction

Feedback shift registers (FSRs) can be used to generate pseudo random sequences. In cryptograph,
they are the elementary component for designing stream ciphers [3,12]. The periods of the output
sequences of an n-stage FSR are no more than 2™. If this value is attained, we call the output
sequences De Bruijn sequences and the FSR maximum length FSR [2]. The state cycle in a
maximum length FSR is called a full cycle, fot it contains all the n-length binary tuples. De
Bruijn sequences have many favorable properties, such as long period, large linear span and good
randomness, and they have important applications in cryptography and modern communication
systems [4,7]. It is well known that there are 22" ~" De Bruijn sequences of order n [2,7]. Even
though their size is very large, we can construct only a very small fraction of them efficiently by
now [1,5-7,14,15,21].

A classical method to construct De Bruijn sequences (or maximum length FSRs) is to consider

an FSR producing several cycles which are then joined together to form a full cycle. Such a method



is called the cycle joining method proposed by Golomb [8]. For the application of this method, we
need to know the distribution of the conjugate pairs in the cycles of the FSR, which is generally
difficult to analyze. The distribution of the conjugate pairs in the cycles of an FSR is defined to be
the adjacency graph of this FSR [11]. Until now, only some special linear feedback shift registers
(LFSRs) have been totally analyzed about their adjacency graphs. At the earliest, the maximum
length LFSRs (generating m-sequences) were analysed and used to construct De Bruijn sequences.
Then the pure circulating registers and pure summing registers were also used [5]. Recently, some
attentions have been paid to the LFSRs with characteristic polynomials (1+x)"p(x), (1+z™)p(x)
and pi(z)p2(x) - - - pr(x), where p(x) and p;(z), i =1,2,...,k, are primitive polynomial and m is a
small positive integer [13,16-18,20]. Their adjacency graphs were determined and a large class of
De Bruijn sequences were constructed from them.

It can be seen that, the characteristic polynomials of these FSRs whose adjacency graphs are
known by now, take the form of I(x)p(x), where I(z) is polynomial of small degree and p(z) is
a primitive polynomial (of large degree). We may call these characteristic polynomials primitive-
like polynomials, because they are obtained by multiplying a polynomial [(x) of small degree to a
primitive polynomial p(z). Then it is well-reasoned to ask that: does there exist a unified method
to deal with the adjacency graphs of the LFSRs with primitive-like characteristic polynomials,
and not just to analyse them one by one? We will give a affirmative answer to this question,
and present such a method in this paper. The solution to this question lies in the observation
that their adjacency graphs have a intrinsic connection with the association graph of the LFSR
with characteristic polynomial /(x) (see the definition in Section 3). Our result is that, in the
case of ged(per(l(z)),per(p(x))) = 1, the adjacency graph of FSR(I(x)p(x)) can be determined
directly from the association graph of FSR(I/(x)); otherwise, some cyclotomic numbers are needed
additionally. As an application of this method, we calculate the adjacency graphs of the LFSRs
with characteristic polynomials of the form (1 + z + 23 4+ 2%)p(z) and construct a large class of
De Bruijn sequences from them. The properties of association graphs are also considered in this
paper, and a sufficient condition for their uniqueness is given. By this condition, we show that
some adjacency graphs are isomorphic.

The remainder of this paper is organized as follows. In Section 2, we introduce some necessary
preliminaries. In Section 3, the definition of association graphs of LFSRs is given. Section 4
considers the cycle structure of LFSRs with primitive-like characteristic polynomials. Section 5
gives a unified method to determine their adjacency graphs. Section 6 provides applications of the
unified method to the LFSRs with characteristic polynomials of the form (1 + z + 23 + 2%)p(x),
and determines their adjacency graphs. In Section 7, a large number of De Bruijn sequences are

constructed from these LFSRs, and we make a conclusion on this paper in Section 8.



2 Preliminaries

2.1 Feedback Shift Registers

Let Fo = {0, 1} be the binary finite field, and F% be the nth-dimensional vector space over Fa. An
n-variable Boolean function f(x,z1,...,2p—1) is a function from F to Fs.

An n-stage feedback shift register (FSR) consists of n binary storage cells and a feedback
function F' regulated by a single clock. The characteristic function of this FSR is defined to be
f = F + x,. The FSR with characteristic function f is denoted by FSR(f). At every clock pulse,
the current state (so, s1,...,Sn—1) is updated by (s1, s2, ..., Sn—1, F(S0, 51, -, Sn—1)) and the bit sg
is outputted. The output sequences of FSR(f), denoted by G(f), are the 2" sequences s = sysi .. .,
satisfying siyn = F(St, St41,- -+, St4n—1), or equivalently f(s¢, S¢+1,...,8t4n) = 0, for any ¢ > 0.
It is shown by Golomb [8] that all sequences in G(f) are periodic if and only if the characteristic
function f is nonsingular, i.e., of the form f = zo+ fo(x1,...,2n—1)+2y. In the following discussion,
all characteristic functions are assumed to be nonsingular.

We use (sps1...5,—1) to denote the periodic sequence s = sgsy...5p—1 ... with period p. The
period of s is denoted by per(s). We define the left shift operator L on periodic sequences by
Li(s) = (8i8i1+1- - - 8i—1), where the subscripts are taken modulo p. Two periodic sequences s; and
so are called shift-equivalent if there exists an integer r such that s; = L"sy. The set G(f) are
partitioned into equivalent classes G(f) = [s1] U [s2] U - - U [sg] such that two sequences are in the
same equivalent class if and only if they are shift equivalent. Each equivalent class is called a cycle
of FSR(f), and the partition is called the cycle structure of FSR(f). A cycle [(so, s1, ..., Sp—1)] can
also be represented using the state cycle form [Sg, S1,...,S,-1], where S; = (84, Sit1,. .., Sitn—1)
for 0 <¢ < p—1, and the subscribes are taken modulo p. The state S; is just the state of the FSR
at the moment that the bit s; is ready to be outputted.

An FSR is called a linear feedback shift register (LFSR) if its characteristic function f is
linear [22]. For a linear Boolean function f(zg,z1,...,2,) = aoro + a1x1 + -+ + apy,, we can
associate it with an univariate polynomial I(z) = ag + a12 + - - - + a,2™ € Fa[x]. Most of the time,
we do not discriminate between linear Boolean functions and univariate polynomials. And for
convenience, we sometimes use FSR(I(z)) to denote the LFSR with characteristic function f(z).
For an n-stage FSR, the periods of its output sequences are no more than 2". If this value is
attained, we call the sequences De Bruijn sequences, and call the FSR maximum length FSR. The
unique cycle in a maximum-length FSR is called full cycle. For an n-stage LFSR, the periods
of its output sequences are no more than 2 — 1. If this value is attained, we call the sequences
m-sequences, and call the FSR maximum length LFSR. It is known that, FSR(/(z)) is a maximum
length LFSR if and only if [(x) is primitive, that is, the period of I(x), denoted by per(l(z)), is
2" — 1.



2.2 Adjacency Graphs

For a state S = (so, $1,...,5n—1), its conjugate is defined to be the state S = (50, 815+« Sn—1),
where Sy is the binary complement of sg. Two cycles C and Cy are said to be adjacent if there exists
a conjugate pair (S, §) such that the state S is on C] while its conjugate S is on C5. Conjugate
pairs can be used to join cycles. For two cycles C7 and Cy that share a conjugate pair (S, §), we
can join the two cycles into one cycle by interchanging the successors of S and S. This is the basic
idea of the cycle joining method that proposed by Golomb. For the application of the cycle joining
method, we need to find out the location of conjugate pairs shared by cycles. This leads us to the

definition of adjacency graph.

Definition 1. [11,19] For an FSR, its adjacency graph is an undirected graph where the vertezes
correspond to the cycles in it, and there exists an edge labeled with an integer m > 0 between two

vertezes if and only if the two vertexes share m conjugate pairs.

For any FSR, its adjacency graph is a connected graph, that is, we can always join the cycles in
this FSR into a full cycle. This fact follows from the statement in [7]: C is a full cycle if and only
if the existence of state S on C' also implies the existence of its conjugate SonC. Every maximal
spanning tree (see Figure 6) of an adjacency graph corresponds to a maximum length FSR, since
this represents a choice of adjacencies that repeatedly join two cycles into one ending with exactly
one cycle, i.e., a full cycle. Therefore, for a given FSR, the number of full cycles that we can get
from it by using the cycle joining method, is equal to the number of maximum spanning trees of
its adjacency graph.

Let C; and Cy be two cycles in FSR(f), and (S,g) be a conjugate pair shared by the two
cycles. By interchanging the predecessors of the two states S and S the two cycles C7 and Cy
are joined together. Since the cycle structure of FSR(f) is changed, we get a new FSR. The
characteristic function of the new FSR can be expressed in terms of the function f and the state
S. For convenience, we introduce a notation firstly. Let A be a set of states, in which there are
no conjugate pairs. We use I(A) to denote the Boolean function in variables zg,x1,...,Zn_1,
which takes value 1 at the states in A and the states whose conjugate lies in A, and takes value

0 at the other points. Using this notation, the characteristic function of the new FSR is given by

fr=r+1(8).

2.3 Cyclotomic Numbers

Let Fon be the finite field of 2™ elements, and « be a primitive element in Fon. The field Fon can
be expressed as Fon = {0,a% al,...,a?"72}. Let d > 1 be a divisor of 2" — 1. The cyclotomic
classes Cp, C1, . ..,Cq_1 of Fan are defined by C; = {a’*7¢ |0 < j < 27?% —1}for0<i<d-1.
For two integers [ and m with 0 < I,m < d — 1, the cyclotomic number (I, m)y over Fan is defined
as the number of elements z € C; such that 1+ x € C),. It should be noted that, the cyclotomic

number (I,m)q is not a fixed number for given [, m,d and n, but affected by the primitive element



«, that is, different primitive elements may give different cyclotomic numbers. We refer the reader
to [9,17] for more details.

Define J = {0,1,...,2" —2} and J* = J\ {0}. Let Z be a mapping from J* to itself such that
1+ o =a?Y. Then Z is a permutation of J*. Similar to the cyclotomic numbers, the mapping
Z is also affected by the primitive element or. A connection between the cyclotomic number (I,m)q
and the mapping Z is that: (I,m)q = |{(j,Z(4)) | 7 = l(modd), Z(j) = m(modd),j € J*}|.

In the case that n is an even number, we have 3|2" — 1. The cyclotomic numbers of order 3 over
Fon are fixed numbers (means that they are not affected by the primitive element «), and they are

given in the following lemma.

Lemma 1. [9,10,17] The cyclotomic numbers of order 3 over finite field Fon are given by (0,0)3 =
A, (0, 1)3 = (1,0)3 = (2,2)3 = B, (0,2)3 = (2,0)3 = (1, 1)3 =C and (1,2)3 = (2, 1)3 = D, where

A= ZHE2INs p o eIy 228
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Let p(z) be a primitive polynomial of degree n, and M, x, be the companion matrix of p(x).
By the linear algebra theory, we have p(M) = O, where O is the 0 x 0 zero matrix. Since p(z)
is a primitive polynomial of degree n over Fg, the ring Fy[M] is isomorphic to the field Fon. This
isomorphism gives I, + M7 = M%), Let s = (sq, 51, ..., San_2) be an m-sequence in G (p(z)). Write
s in the state form: s = (Sp, S1,...,Son_3), where S; = (s, Six1,- -+, Sitn—1) for 0 < i < 2"—2 and
the subscribes are taken modulo 2” — 1. Then we have S; = SoM? for 0 < i < 2" — 2, Remember
that I, + M7 = M?, we get that So(I,, + M’) = SpMZ?U), which implies So + S; = Syz(;).
Therefore, we get the equation s + Lis = LZ Us.

3 The Association Graphs of LFSRs

In this section, we give the definition of association graphs of LFSRs. Some examples are presented
to illustrate the meaning of this definition. Let a = ag,a1,...,a;,... and b = by, b1,...,b;,... be
two sequences, and ¢ be an element in Fy. The sum of the two sequences a + b and the scalar
product c-a are defined to be a+b = ag+bg,a1+b1,...,a;+b;,..., and c-a = cap, cay, ..., ca;, .. ..
Let I(z) € Fa[z] be a polynomial of degree m. Then there are 2 sequences in the set G(I(z)). It
is well known that, the set G(I(z)) is a vector space of dimension m over Fy when endowed with
the two operations + and - defined above.

Let u be a sequence in G(I(z)). Because < G(l(x)),+ > is a group, the mapping from G(l(x))
to itself:

Yu:a—u-+a

is a bijection. We note that, the bijection 7, is not necessarily preserve the shift equivalent property,
that is, for two shit equivalent sequences a and b, their images yy(a) and v, (b) may not be shift
equivalent. Therefore, two sequences in a same cycle of G(I(z)) may be mapped into different

cycles. This lead us to the following definition.



Definition 2. Let u be a sequence in G(l(z)), [v] and [w] be two cycles (may be the same) in

G(l(x)). The association number of [v] and [w] with respect to u is defined by

Ru([v], [wl) = H(ZJ) | L'v+ LDw = uvé)ﬁgj?igg((:v))ill}‘ ’

It is easy to see that, the association number of [v] and [w] is exactly the number of sequences
in [v] whose image under =, is located in the cycle [w]. In another word, Ry ([v], [w]) = [{(a,b) |
a+b=u,ac [v],b e [w]}|. An example of vy, when () = 1+ 2 + 2% + 2* and u = (000111),
is given, see Figure 1. The cycle structure of this LFSR is G(I(x)) = [(0)] U [(000111)] U [(001)] U

[(01)] U [(011) U [(1)]].
[0)] ©
(000111) ><

(001110)
(011100)
(111000)
(110001)
(100011)

[(000111)]

(001)
[(001)] (010)
(100)

o1 )

(011)

[(011)] (110)
(101)

(D] (1)

Figure 1: The mapping vy on G(1 + z + 2% + 2*), where u = (000111)

According to Figure 1, the unique sequence in the cycle [(0)] is mapped into the cycle [(000111)],
therefore, Ry ([(0)],[(000111)]) = 1. Two sequences in the cycle [(001)] are mapped into the cycle
[(000111)], and one sequence is mapped into the cycle [(01)], therefore, Ry ([(001)],[(000111)]) = 2
and Ry ([(001)],[(01)]) = 1. The other association numbers can be calculated similarly. We present
their values as follows: Ry([(1)],[(000111)]) = Ru([(01)],[(011)]) =1 and Ry ([(011)],[(000111)]) =
2. We can use a graph to characterise these relations of the cycles in G(I). It is obvious that, these

relations are influenced by the sequence u.

Definition 3. Let u be a sequence in G(I(x)). The association graph of FSR(I(z)) with respect to
u is an undirected graph, where the vertexes correspond to the cycles in G(I(x)), and there is an

edge labeled with Ry([v],[w]) between two vertices [v] and [w].

Example 1. Let I(z) = 1 + 2 + 23 + 2*. The cycle structure of FSR(I(z)) is G(I(z)) = [(0)] U
[(000111)] U [(001)] U [(01)] U [(011) U [(1)]]. The association graph of FSR(I(x)) with respect to
u = (000111) is shown in Figure 2.

The property of association graphs will be discussed further in Section 6. It appears to us that,
there are no efficient methods to get the association graph for a given {(z). In this paper, we assume
that the association graph is calculated using the exhaustive search method, that is, O(2™) time is

needed to obtain the association graph, where m is the degree of I(z).



()] ooy (L)

[(001)] [(01)] [(011)]

Figure 2: The association graph of FSR(1 + z + 22 + %) with respect to (000111)

4 The Cycle Structure of FSR(I(z)p(x))

In this section we determine the cycle structure of FSR(l(x)p(z)), where I(z) is a polynomial
and p(x) is a primitive polynomial. For a periodic sequence a, we use [a] to denote the cycle
[a] = {a, La,..., LP*"®~1al The sum of two cycles [a] and [b] is defined to be [a] + [b] = {s +t |
s € [a],t € [b]}.

Lemma 2. Let u and s be two periodic sequences such that their minimal polynomials are co-prime.
Let d = ged(per(u), per(s)). Then [u] + [s] = [u+s]U[Lu+s]U---U[L¥ u+5s]. In particular,
when ged(per(u), per(s)) = 1, we have [u] + [s] = [u + s].

Proof. We first show that, [L‘u + s] C [u] + [s] for any 0 < i < d — 1. Let a be a sequence in
[L'u + s]. We can assume a = L/(L'u + s) for some integer j. Then a = L“*u + L/s. Since
L*Ju € [u] and L’s € [s], the sequence a belongs to [u] + [s].

In the following we show that, for any sequence a € [u] + [s], it always belongs to some cycle
[Liu+s] for 0 <i < d— 1. Since a is a sequence in [u] + [s], we can assume a = L/u + L*s. Write
j—k=gqd+r where 0 < r < d— 1. Because d = ged(per(u), per(s)), there exists two integers x
and y such that zper(u) + yper(s) = d. Then qyper(s) = gd(modper(u)), and a = L'u + LFs =
LF(L7~Fu+s) = Lrtayper(s)([i—k—ayper(s)y 4 [—ayper(s)g) = [k+ayper(s)( [,j—k—qyper(s)(mod per(u))yy 4.
L-avper(s)(mod per(s))gy — phtayper(s)([i—k—ady 4 g) = [F+avper(s)([ru 4+ s) € [L"u+s|. N

By using Lemma 2, the cycle structure of FSR(l(x)p(z)) can be characterised by the cycle
structure of FSR(I(z)) and FSR(p(x)). Our discussions are divided into two cases depending on
whether ged(per(l(x)), per(p(x))) = 1 or not.

Theorem 1. Let I(z) be a polynomial, and p(z) be a primitive polynomial such that p(x) 1 I(x).
Let G(l(x)) = [u]U[v]U---U[w] be the cycle structure of FSR(l(x)), and G(p(x)) = [0]U[s] be the

cycle structure of FSR(p(x)), where s is a m-sequence in G(p(x)). Then we have,

1. In the case of ged(per(I(x)), per(p(z))) = 1, the cycle structure of FSR(I(z)p(x)) is given by

G(l(z)p(z)) = [W]U[V]U---Ulw]Uu+s]Ulv+s]U---[w+s].



2. In the case of ged(per(l(z)), per(p(x))) # 1, the cycle structure of FSR(I(x)p(z)) is given by
du—1 dv—1 dw—1

G(l(z)p(x)) = [u]U[v]U- - -U[w]U ( U [L'u + S]) u ( U [L'v + s]) U---u ( U [L'w + s}) )
i=0 i=0 i=0

where dy = ged(per(u), per(s)), dy = ged(per(v), per(s)), ..., and dw = ged(per(w), per(s)).

Proof. Since p(x) is irreducible and p(z) 1 [(x), the two polynomials I(z) and p(z) are co-prime.
By the theory of LFSRs, we have G(I(z)p(z)) = G(I(x)) + G(p(z)). Using the fact G(l(x)) =
JUs

[u] U [v]U---[w] and G( ( )) = [0] U [s], we get that G(I(z)p(x)) = ([u]U[v]U---U[w]) +
(joJuls]) = (([u]U[V] Ulw ])+[0]) ((uJUv]U---UW]) +[s]) = ([u]U[v]U---U[w]) U
(ujulvju [W])+[S]):[ JUVU---Uw]U ([u] +[s]) U ([v] + [s]) U--- U ([w] + [s]).

If gcd(per( (z)),per(p(z))) = 1, then for any two sequences a € G(I(z)) and b € G(p(x))
we have ged(per(a), per(b)) = 1, and by Lemma 2, [a] 4 [b] = [a + b]|. Therefore, G(I(x)p(x)) =
[u]ulv]U- - -Ulw]U(fu]+[s)U([v]+[s)U- - -U([w]+[s]) = [u]U[v]U- - -Ulw]U[u+s]U[v+s]U- - -U[w+s].

If ged(per(l(x)), per(p(x))) # 1, then it is not necessarily that ged(per(a), per(b)) = 1 for any
two sequences a € G(I(z)) and b € G(p(x)). Assume ged(per(a), per(b)) = d, then by Lemma
2, [a] + [b] = U;‘i;ol [L’a + b]. Using this fact, we get that G(I(x)p(x)) = [u] U [v]U--- U [w] U
(U ziu+s]) U (U ' 1Liv +8]) U--- U (U ' [Ew + 8] ). O

5 The Adjacency Graph of FSR(I(z)p(z))

In this section, we consider the adjacency graph of FSR({(x)p(x)), where [(x) is a polynomial and
p(z) is a primitive polynomial. We always assume p(z) t I(z). Let a be the sequence generated by
FSR(I(z)p(z)) with initial state (1,0,...,0). Since the two polynomials I(x) and p(x) are co-prime,
by the theory of LFSR, there is a unique pair (u € G(I(z)),s € G(p(x))) such that u+s = a.
The sequence u is called the representative of G(I(z)) determined by p(z). We should note that,
the representative of G(I(x)) relies on the choice of p(z). Different p(x) may result in different
representatives.

Suppose degl(z) = m and degp(xz) = n. We can obtain the representative of G(I(x)) in time
O(2™+n), see Algorithm 1. In this algorithm, we use FSR(/(x), S) to denote the sequence generated
by FSR(I(z)) with initial state S, and U|j to denote the first k bits of the bit string U.

Once the representative of G(I(x)) is obtained, we can calculate the association graph of G(I(z))
with respect to its representative. By the discussion at the end of Section 3, this work can be done
in time O(2™). We assume that m is a small positive integer, for example, m < 30. Then an
ordinary computer can do the work. With the message of the association graph of G(I(z)), the
adjacency graph of G(I(z)p(z)) can be determined. Our discussions are divided into two cases,
the case of ged(per(l(z)), per(p(x))) = 1 and the case of ged(per(l(x)), per(p(z))) # 1. The former
case is relatively easy to tackle. For the latter case, some cycolotomic numbers are needed to fully

determine the adjacency graph.



Algorithm 1 Generation of the representative of G(I(x)) determined by p(z)

Input: The two polynomials I(z) and p(z).
Output: The representative of G(I(x)) determined by p(z).
1: for S € F3' do
2. T+ FSR(l(x),S)|m+n
3 U« T+(1,0,...,0)
4: Ug + U’n
5. if U=FSR(p(z), Up)|m+n then
6 u <+ FSR(I(z),S)
7. end if
8: end for

9: return u

5.1 In the case of ged(per(l(x)), per(p(x))) =1

In this subsection, we consider the adjacency graph of FSR(I(z)p(z)) in the case that per(l(x)) and
per(p(x)) are co-prime. The cycle structure of FSR(/(x)p(z)) has been discussed in Section 4. By
the result there, when per(l(z)) and per(p(x)) are co-prime, the cycles in G(I(z)p(x)) are of the

form [v] or [v + s], where v is a sequence in G(I(z)) and s is a m-sequence in G(p(z)).

Theorem 2. Let v and w be two sequences in G(l(x)), and p(x) be a primitive polynomial such
that ged(per(l(x)), per(p(x))) = 1. Let u € G(I(z)) be representative of G(I(x)) determined by p(x).
Then we can get the adjacency graph of FSR(I(z)p(x)) by using the following formula:

1. There are no conjugate pairs shared by [v] and [w];

2. The two cycles [v] and [w + s| share Ry(v,w) conjugate pairs;

3. The two cycles [v +s| and [w + s] share (2" — 2)Ry(v, W) conjugate pairs,
where n is the degree of p(x).

Proof. Suppose that the two cycles [v] and [w]| share a conjugate pair. Then there exists an
(m + n)-length bit string (vg,v1, ..., Vmin—1) such that, (vg,v1,..., Vmin—1) is a state on [v] and
(Vo, V1, .-+, Um+n—1) is a state on [w], which implies that, the m-length bit string (vi,ve,...,vy) is
contained in both [v] and [w]. This is impossible, because the two cycles [v] and [w] are generated
by the m-stage LFSR, FSR(I(x)), and every m-length state can appear only once.

By the definition of cycle representative, there exist an sequence s’ € G(p(z)) such that u+s’ =
a, where a is the sequence generated by FSR(/(x)p(z)) with initial state E = (1,0,...,0). Without
lose of generality, we can suppose s’ = s. Then the equation u + s = a holds. Write the two
sequences u and s in the state form: u = (Up, Uy,..., Uperu)—1) and s = (Sp, Sy, ...,San_2),
where each state is of length degl(z)p(z). Then u+ s = a implies Uy + Sy = E.

For the proof of Item 2 of this theorem, we need to show that, there is an 1-to-1 correspondence
between the set {(i,5) | L'v + I’w = u,0 < i < per(v) — 1,0 < j < per(w) — 1} and the set of



conjugate pairs shared by the two cycles [v] and [w]. Write the two cycles [v] and [w] in the state
cycle form: [v] = [V, Vi,..., V-1 and [w] = [Wo, W1, ..., Wy (y_1], where each state is
of length deg(l(z)p(z)).

Suppose there is a pair of integers (i,7) with 0 < i < per(v) — 1,0 < j < per(w) — 1 such
that L'v + L'w = u. Then we have V; + W, = Uj. Substitute the state Uy by Sg + E, we get
that V; + W, = Sy + E, which implies that V; = W, + Sy + E. Therefore, (V;, W; + Sp) is a
conjugate pair shared by the two cycles [v] and [w + s]. It is easy to see that, different pair (i, j)
gives different conjugata pair (V;, W, 4+ Sg) shared by the two cycles [v] and [w + s.

On the other hand, suppose there is a conjugate pair (X,Y) shared by the two cycles [v]
and [w +s]. We can assume X = V; and Y = W; + S;, for some integers 0 < ¢ < per(v) —
1,< j < per(w) —1 and 0 < k < per(s) — 1. First, we show that & = 0. If & # 0, s-
ince (V;, W; + Sy) is a conjugate pair, we have that V; + W; + S, = E. Substitute the s-
tate E by Ugp + Sg, we get that V; + W; + S, = Uy + Sg. By simple deformation and us-
ing the equation So + Sy = Sy(;) (this equation is valid because k # 0), we get V; + W +
Uy = Szp)- Let T be the next state operation corresponding to FSR(I(x)p(z)), that is, T :
(zo, 21, -, lidegl(a:)p(r)—l) = (z1,. .. s Tdeg l(z)p(z)—1> F(xo,x1,... 7xdegl(a¢)p(m)—1))a where F' is the
feedback function of FSR(I(z)p(z)). Then we have T'(V;+W;+Uq) = T (Szw)), that is,
TV, + T'"W, + T'Ug = 'TtSZ(k), which implies Vit + Wy + Uy = Sz(3)44 for any integer .
Therefore, we have L'v + Liw + u = LZ()s. However, this is impossible, because the sequence
L'v + L’w + u belongs to G(I(x)) and the sequence LZ?*)s belongs to G(p(x)), and since the two
polynomial I(z) and p(x) are co-prime, the intersection of G(I(z)) and G(p(z)) is {0}. So we fin-
ished the proof of k = 0. We can assume X = V; and Y = W, + S;. Since (X,Y) is a conjugate
pair, we have V; = W; + S( + E, which implies V; + W; = Uy. Then 7'V, + T"W; = T'Uj for
any integer t, and L'v + L/w = u. So we have proved Item 2.

The proof of Item 3 is similar to that of Item 2. We need to show that, there is an (2" — 2)-to-1
surjection from the set of conjugate pairs shared by the two cycles [v + s] and [w + s] to the set
{(i,5) | L'v + Diw = u, g5 1201

Suppose there is a pair of integers (i,7) with 0 <14 < per(v) — 1,0 < j < per(w) — 1 such that
Liv + L’w = u. Then we have V; + W, = Up. Substitute the state Uy by So + E, we get that
V;+ W; = Sg + E, which implies that V; = W, + Sy + E. Add to each side of the equation the
state Sg, where 1 <k < 2" —2. We get V; + S = W; +So+ Sy + E = W; + Sz, + E, which
implies that (V; + Sk, W, +Sz(1)) is a conjugate pair shared by the two cycles [v +s] and [w + s
for any 1 < k < 2™ — 2. Since for each such pair (7, ), there are at least 2" — 2 pair of conjugates
shared by the two cycles [v +s] and [w +s]. Totally, the two cycles share at least (2" — 2) Ry (v, w)
conjugate pairs.

Suppose there is a conjugate pair (X,Y) shared by the two cycles [v + s| and [w + s]. We can
assume X = V; + 8y and Y = W; + S;, for some integers 0 < ¢ < per(v) —1,0 < j < per(w) —1
and 0 < ki, ky < per(s) — 1. First, we show that ko = Z(k1). Since (V; + Si,, W; + Si,) is a
conjugate pair, we get that V; +S;, = W, + 8y, + E, which implies that V; +W; + E = S; +Sy,.
If Sk, + Sk, =0, then V; = W; + E, which is impossible (by Item 1). If Sy, + Sy, = Sy and k # 0,
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then V; + W; + E = Sy. Since E =S¢+ Up, we get that V; + W; + Uy = S+ So = Sz, which
implies that Liv + Liw +u = LZ(®s. But this is impossible, because the sequence L'v + Liw + u
belongs to G(I(x)) and the sequence L?¥)s belongs to G(p(z)), and the intersection of G(I(z)) and
G(p(z)) is {0}. Therefore, Sy, + S, = So, that is, ko = Z(k1). So we can assume X = V,; +S;, and
Y = W, + Sy, for some integers 0 < i < per(v) —1,0 < j < per(w) — 1 and 0 < k < per(s) — 1.
Then we have the equation V; + S, = W; + Sz + E. Since Sz;,) = So + Sy, this implies that
V=W, +8y+E=W; 4 Ujp. Therefore, Liv + L’w = u. This completes the proof. O

Remark 1. In Theorem 2, we did’t require that v and w are different sequences. When v = w,
by this theorem, there are no conjugate pairs in the cycle [v], and there are (2" — 2)Ry(v,V)
conjugate pairs in the cycle [v + s]. So this theorem considers all the adjacency relations of the
cycles in G(I(z)p(x)).

5.2 In the case of ged(per(l(x)), per(p(x))) # 1

For the case that per(l(z)) and per(p(x)) are not co-prime, the cycles in G(I(z)p(z)) are of the

form [v] or [L'v + s], where v is a sequence in G(I(x)) and s is a m-sequence in G(p(z)).

Theorem 3. Let v and w be two sequences in G(I(z)), and p(z) be a primitive polynomial such
that ged(per(l(x)), per(p(z))) = 1. Let u € G(I(x)) and s € G(p(x)) be two sequences such that
u + s is the sequence generated by G(I(x)p(x)) with initial state (1,0,...,0). Then we can get the
adjacency graph of FSR(I(z)p(x)) by using the following formula:

1. There are no conjugate pairs shared by [v] and [w];
2. The two cycles [v] and [LPw + s] share
{67 1 Dv 4+ Dw = u,j = b(moddw), §2i20r ()74}
conjugate pairs;
3. The two cycles [L*V + s] and [L®w + s] share

.. i i k=i—a( mod dv) OS?Sper(v)—l
H(Z’ JR) TEV A LW =W, 50— (mod d ) OS5 Ps(W), !

conjugate pairs,
where n = degp(x), dy = ged(per(v), 2™ — 1) and dy = ged(per(w), 2" — 1).

Proof. Tt can be shown as in the proof of Theorem 2 that, there are no conjugate pairs shared by
the two cycles [v] and [w].

Now we consider the conjugate pairs shared by the two cycles [v] and [L’w + s]. We have
to show that, there is an 1-to-1 correspondence between the set {(i,7) | L'v + I’'w = u,j =
b(mod dy), gggg:;g:v)):ll} and the set of conjugate pairs shared by the two cycles [v] and [Lbw +s].
Write the four sequences u, v, w and s in the state form (each state is of length degi(z)p(x)):

u = (U()a Uy, Uper(u)—1)7 V= (V07 Vi,... aner(v)—l)a

11



w = (Wo, Wi,...,Wyer(w)=1);8 = (S0, S1,...,San_2).

Then we have Uy + Sg = E, where E = (1,0,...,0). It is easy to see that, the states in the
cycle [LPw 4 s] are exactly those Wy, + Sy, satisfying 0 < k; < per(w),0 < ky < per(s) and
k1 — ko = b(moddy,).

Suppose there exist a pair of integers (i,7) with 0 < ¢ < per(v) — 1,0 < j < per(w) — 1 such
that L'v + L’w = u and j = b(moddy). Then we have V; + W, = Uj. Substitute Ug by Sg + E,
we get that V; = W; + Sy + E. Since j = b(moddy ), it can be verified that the state W; + Sy is
on the cycle [L’w + s]. Therefore, (V;, W, + Sg) is a conjugate pair shared by the two cycles [v]
and [L'w + s].

Suppose there is a conjugate pair (X,Y) shared by the two cycles [v] and [L*w + s]. We can
assume that X = V; and Y = W; + S, for some integers 0 < i < per(v) — 1,0 < j < per(w) — 1
and 0 < k < 2™ — 2, and the two integers j and k satisfy j — k = b(moddy). As in the proof
of Item 2 of Theorem 2, we can show that £ = 0. Then since (X,Y) is a conjugate pair, we get
the equation V; = W; + Sg + E. Substitute Sg + E by Ug, we get that V; = W; 4 Uy, which
implies Lv + L/w = u. In this way, we get a pair of integers (4, j) satisfying: L'v + L'w = u,j =
b(moddy),0 <i < per(v) —1,0 < j < per(w) — 1.

In the following, we prove Item 3 of this theorem. We show that, there is a 1-to-1 correspondence

k=i—a(mod dy) OSisper(v)—1

between the set |{(i,j,k) | L'v+ L'w = u, Z(k)=j—b( mod day)’ Ogljggkpge;(nvz)glﬂ and the set of conjugate

pairs shared by the two cycles [L%V + s] and [Lbw + s].

Suppose there is a triple of integers (i,7j,k) with 0 < i < per(v) —1, 0 < j < per(w) — 1
and 1 < k < 2" — 2 such that L'v + L'w = u, k = i — a(moddy) and Z(k) = j — b(moddy).
Then we have V; + W; = Ug. Substitute Ug by Sp + E, we get that V; = W, + Sp + E. Add
the state Sy to this equation, we get V; + S = W; + S,(;) + E. Since k¥ = i — a(moddy) and
Z(k) = j — b(moddy), it can be verified that the state V; + Si is on the cycle [L%v + s] and the
state W + Sy is on the cycle [LPw + s]. Therefore, (V; + Sy, W, + Sz()) is a conjugate pair
shared by the two cycles [L?V + s] and [L'w + s].

Suppose there is a conjugate pair (X, Y) shared by the two cycles [L*v+s] and [Lbw+s]. We can
assume that X = V;48;, and Y = W;+S,, for some integers 0 < 7 < per(v)—1,0 < j < per(w)—1
and 0 < k1, kg < 2™—2. Then as in the proof of Item 2 of Theorem 2, we can show that ks = Z(k1).
Therefore, we can assume X = V; + S and Y = W; +S(,. Since (X,Y) is a conjugate pair, we
get the equation V; +S; = W, + Sz ;) + E which is equivalent to V; = W; + 8o + E. Substitute
So + E by Uy, we get that V; = W; + Uy, which implies L'v + L’w = u. Because V; + S,
is a state on the cycle [L*V + s] and W + S is a state on the cycle [L'w + s], the integer k
satisfies k = i—a( mod dy) and Z(k) = j—b( mod dy ). In this way, we get a triple (i, j, k) satisfying:
L'v+ Lw =u,k =i — a(moddy), Z(k) = b — j(moddy). O

Remark 2. In Theorem 3, we did’t require that v and w are different sequences. When v = w,

by this theorem, there are no conjugate pairs in the [v], and there are

.. ; i k=i— d dy 1,0 < -
{6k | Dy + Dy =, {5t Ostaeeae)

N
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conjugate pairs in the cycle [L*Vv + s]. So this theorem considers all the adjacency relations of the

cycles in G(I(z)p(x)).

To determine the adjacency graph of FSR(I(z)p(x)) in the case of ged(per(l(x)), per(p(z))) # 1,
we have to count the number of solutions of the congruence equations in Theorem 3. In fact, the
number of solutions is equal to the sum of some cyclotomic numbers over finite field For. To explain

this, we need the following lemma.

Lemma 3. Let s be an m-sequence of period 2™ —1, and Z(-) be the mapping with respect to s (see
Section 2.3). Let di and ds be two divisors of 2™ — 1, a and b be two integers with 0 < a < dj — 1
and 0 < b <dy — 1. Denote d =lcm(dy,ds) and dy = i 4 dl, = %. Then we have,

—1dy—
k1 psreadn 1<k <2 —2}] = Z Z (a+xd1, b+ ydy),,
=0 y=0

where (a + xdy, b+ yda), is the cyclotomic number over field Fon with respect to s.

Proof.
(i1 il < k< -2}
di—1
k=a+zd1( mod d)

_Z Hk‘ Z(Z - 1m0§d2) 1<k<2"— 2}’

d’—ld’_1
k=a+xd1( mod d

- Z Z ){k ‘ Z k)a bf-yldgmrflod)d)? 1 S k § 2n — 2}’
=0 y=0
di—1dy—1

:Z Z(a+$d1,b+yd2)d.
=0 y=0

O]

By Lemma 3, the number of solutions of the congruence equations in Theorem 3 can be expressed
in terms of cyclotomic numbers over field Fan. The reader can verify that, the number of solution

of the congruence equations in Item 3 of Theorem 3 is,

o . . =i—alm 0<i<per(v)—1
H(z’j’ k) [ Lv + L'w =, Z(Ifﬁzzjci(b( I?l(igti)w)’ 0<j<per(w)_1}‘

1<k<2m—2
E k=i—a( mod dy n
N ‘{k’Z ](b(modd)w)alngQ —2}‘

d(,—l d,—1

=3 3N (i—atzdy,j—b+ydw)y,

(i) 2=0 y=0

Where d = lem(dy,dy), d, = di dy = %, and (i, j) runs over the set {(i,j) | L'v + L'w = u,0 <
i < per(v) — 1,0 < j < per(w) — 1}. We should note that, these cyclotomic numbers are with

respect to the sequence s.
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6 Applications

The process of calculating the adjacency graph of FSR(I(z)p(x)) can be summarized by the following
three steps:

1. Find the representative of G(I(x)) determined by p(z) using Algorithm 1.
2. Calculate the association graph of FSR(I(z)) with respect to the representative of G(I(x)).
3. Determine the adjacency graph of FSR(/(x)) by Theorems 2 and 3.

(a) In the case of ged(per(l(x)), per(p(x))) = 1, it can be determined directly.
(b) In the case of ged(per(l(x)), per(p(z))) # 1, some cyclotomic numbers are needed.

Suppose that degl(z) = m and degp(xz) = n. Then the total work can be done in time
O(2™ +n). It seems that, for this method to work, we need to know the two polynomials (z) and
p(z) beforehand, that is, the specific expressions of I(z) and p(z) are needed before the work be
startted. Nevertheless, we will show that this method can be applied to the situation that, only
the polynomials [(z) is given, and we will pay our attention to this situation. Firstly, we derive

some properties of the association graphs and the adjacency graphs.

6.1 Properties of the association graphs and the adjacency graphs

Usually, the representative of G(I(x)) relies on the choice of p(x). But, there are some sequences

in G(I(z)) which can never be the representative of G(I(z)), no matter which p(x) is considered.

Theorem 4. For any proper divisor li(x) of I(x), The representative of G(l(x)) are not lie in

G(l1(z)), no matter which primitive polynomial p(x) is considered.

Proof. We just need to show that, the minimal polynomial of the representative of G(I(x)) is I(x).
By the definition, the representative of G(l(x)) is the sequence u € G(I(x)) such that u+s = a,
where a is the sequence generated by FSR(I(x)p(x)) with the initial state (1,0,...,0). It is obvious
that, the minimal polynomial of a is I(x)p(z). Suppose the minimal polynomial of u is not /(x),
but a proper divisor of [(z). Since the minimal polynomial of s is p(z), the minimal polynomial of

the sum u + s would be a proper divisor of I(x)p(x), which is a contradiction. O

Different representatives of G(I) often define different association graphs of G(I). However,

sometimes they define the same association graph.

Theorem 5. The association graph of FSR(I(x)) with respect to u is the same as that with respect

to any sequence in the cycle [u].
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Proof. For the proof of this theorem, we need to show that, Ry([v], [W]) = Ryry([v],[w]) for any
integer k and any two cycles [v] and [w] in G(I(x)). This is indeed the case because Ry([v], [w]) =
{(a,b) | a+b = u,a € [v],b € [w]}| = [{(L*a, L*b) | L*a + L*b = L*u, L¥a € L¥[v],LFb ¢
LF[w]}| = [{(L*a, L*b) | L¥a+ LFb = L*u, L*a € [v], L*b € [w]}| = |{(a/,b) | a’ + b’ = LFu,a’ €
[vI,b" € (W} = Rpwy([v], [W]). O

Theorem 6. Let I(z) be a polynomial such that, there is only one cycle in the set G(l(x)) \
Ul (@)[i(2) . (2)21(x) G (7). Let n be an integer satisfying ged(per(l(x),2" — 1)) = 1. Then the
adjacency graphs of FSR(I(z)p(x)) are isomorphic for all primitive polynomial p(x) of degree n.

Proof. The set G(I(x)) \ Uy, (2)i(x) 11 (2)21(2) G (11 () equals to the set {a | m(a) # I(x),a € G(I(x))},
where m(a) is the minimal polynomial of the sequence a. Suppose there is only one cycle, denoted
by [u], in this set. By Theorem 4, the representative of G(I(z)) lies in the cycle [u] when a primitive
polynomial p(z) is considered. Then by Theorem 5, the association graph of FSR(I(x)) determined
by its representative is unique, that is, it does not affected by the choice of p(x). At last, in the
case of ged(per(l(x),2™ — 1)) = 1, the adjacency graphs of FSR(I(x)p(x)) are totally determined by
the association graph of FSR(/(x)) by Theorem 2. Therefore, they are isomorphic for all primitive
polynomial p(z) of degree n. O

6.2 The adjacency graph of FSR((1 + = + 2* + 2*)p(z))

In this subsection, we use the general method proposed in Section 5 to calculate the adjacency
graphs of LFSRs with characteristic polynomials of the form (1 +z + 23 + 2%)p(z), where p(z) is a
primitive polynomial of degree n. The adjacency graphs of these LFSRs have not been considered
before.

There are six cycles in G(1 + = + 23 + 2*), and they are [(0)], [(000111)], [(001)], [(01)], [(011)]

and [(1)]. For convenience, we denote,
vi = (0),ve = (000111),v3 = (001),v4 = (01),v5 = (011),vg = (1).

It can be verified that, the minimal polynomials of the sequences in [(0)]U[(001)]U[(01)]U[(011)]U
[(1)] are all proper divisors of 1 4 2 + 23 + z*. Therefore, by Theorem 4, the representative of
G(1+ 2z + 23+ %) lies in the cycle [(000111)] (no matter which p(z) is considered). Then according
to Theorem 5, the association graph of FSR(1 + = + x3 4 x*%) with respect to its representative is
unique. The association graph has been given in Example 1 (see Figure 2).

Since the period of 1+ 2 + 23 4 2% is 6 and the period of p(z) is 2" — 1 which is an odd number,
there are only two possible values for ged(per(1 4 z + 22 + 2), per(p(x))), that is, 1 and 3. In
the case that n is odd, ged(per(1 + z + 23 + x%), per(p(z))) = 1, and in the case that n is even,
ged(per(1 + = + 22 + x), per(p(z))) = 3. We let u be the representative of G(1 + z + 2 + %)
determined by p(x) (by the above discussion, u belongs to the cycle [(000111)]), and s be the
sequence in G(p(x)) such that u+s = a, where a is the sequence generated by FSR(I(z)p(x)) with
initial state (1,0,...,0).
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In the case that n is odd, the cycle structure of FSR((1 + = + 23 + 2%)p(z)) is given by G((1 +
z+ 2%+ 2*)p(z) = (Vo [vi]) U (UL [vs +s]). Its adjacency graph can be determined directly
according to Theorem 2, and we show it in Figure 3. We use a to denote the number 2" — 2. In

order to be more clearly, a dashed line is used when one of the two cycles is also a cycle in G(I(x)).

[s] [(0)] (D] [(1) +5]

Figure 3: The adjacency graph of FSR((1 + = + 23 + 2%)p(x)) when deg(p(z)) is odd

In the case that n is even, we have to know firstly which sequence in the cycle [(000111)]
is the representative of G(1 + x + 23 + 2*) determined by p(x) (remember that when n is odd,
we don’t have to do that, because the adjacency graphs of FSR(I(x)p(x)) are isomorphic for al-
1 p(z) of degree n by Theorem 6). Since there are six sequences in the cycle [(000111)], there
are six cases need to be considered. In the following, we assume that u = (000111) is the rep-
resentative of G(1 + x + #3 + 2*) determined by p(x). The other cases can be handled similar-
ly. The cycle structure of FSR((1 + x + 23 + 2*)p(x)) is given by G((1 + = + 23 + 2*)p(z)) =
(U1 Vi) U (Ui aolvi + sD U Uiz Uy [Evi + 5.

The adjacency relations of the cycles in G((1 + z + 2 4+ 2*)p(z)) can be determined by using
Theorem 3. We take the two cycles [L'vo + s] = [(001110) + s] and [L?*v3 + s] = [(100) + s] for
example to show how to calculate the number of conjugate pairs shared by them. The reader can
verify that, there are two pairs (i,7) with 0 < ¢ < per(vy) — 1 and 0 < j < per(vs) — 1 such
that Lve + L/vy = u. The two pairs are (1,0) and (5,2), that is, we have L'vy + L0v3 = u
and L°vy + L?v3 = u. Then the number of conjugate pairs shared by the two cycles is given
by N(L1vs + 8], [22vs +5) = X [{k | o005 Sromdlsy 1 <k <27 2| = (0,15 + (1,0)s =
2B =2
by other cycles. The adjacency graph is shown in Figure 4. For simplicity, we print only the lines

512"+ (—2)% — 2), (see Lemma 1). Similarly, we can calculate the conjugate pairs shared
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between the cycles in G((1 +z + 2% + 2*)p(z)) \ G(1 + = + 2® + 1), and the numbers shared by
cycles are listed in Graph 1. The numbers A, B,C and D are from Lemma 1.

[(000111)s]

[s] . - o [(1)+5]
[(001) + s] [(011) + 8]
[(010) + s] [(110) + s8]
[(100) +s] « - . [(101) +s]

Figure 4: The adjacency graph of FSR((1 + z + 23 + 2%)p(x)) when deg(p(z)) is even

Table 1: The number of conjugate pairs shared by cycles in G((14z+x3+2%)p(z)) when deg(p(z))

is even
[s] [(001) +s] | [(010) +s] | [(100) + s] (1) + 5] [(011) +s] | [(110) +s] | [(101) + s]
[(000111) +s] | A+42C B+D 2D 2C A+2C 20 2B 2D
[(001110) +s] | B+C+D A+D 2C 2B B+C+D 2B A+D 2C
[(011100) +s] | B+C+D 2C 2B A+D B+C+D A+D 2C 2B
[(01) + 5] 0 B4+C+D A+B+C B4+C+D 0 B4+C+D B4+C+D A+B+C

7 Construction of De Bruijn sequences

It is straightforward to join the cycles in FSR((1+z + 3 +2%)p(z)) to form a full cycle by using its
adjacency graph given in Section 6. For simplicity, we only consider the case that n is odd, where
n = degp(z). In this case, we have ged(per(1 4 = + 2% + 2*), per(p(z))) = 1. The adjacency graph
of this LFSR is given in Figure 3. Since we are interested in De Bruijn sequences of large period,
we assume n is a large integer.

There are 12 cycles in G((1 + = + 2% + 2*)p(x)). The 12 cycles are divided into two classes
according to their length. The cycles in the first class are called short cycles since there are a small

number of states on them:
[(0)], [(000111)], [(001)], [(001)], [(01)], [(011)],
and the cycles in the second class are called long cycles:

[s], [(000111) + s], [(001) + s], [(001) + s],[(01) + s], [(011) + s].
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Since for any state on the short cycles its conjugate is located on the long cycles, it is easy to
join the short cycles into the long cycles, and in the following, we will pay our attention to the
conjugate pairs shared by long cycles. Regardless of the short cycles, the adjacency graph of
FSR((1 + z + 2® + 2*)p(z)) can be simplified as follows, where a denotes the number 2" — 2 (see
Figure 5).

[(1) + 5]

[(001) + ] ((011) + 8]

Figure 5: The simplified adjacency graph of FSR((1 + z + 23 + 2*)p(z)) when deg(p(x)) is odd

To find out which conjugate pairs are shared by cycles (not just the number of conjugate pairs
shared by cycles), we have to know the representative of G(I(x)) determined by p(z). By using
Algorithm 1, the representative can be found in time O(2™ + n). Since we suppose m is a small
positive integer, this can be done efficiently. By Theorem 4, the representative is located on the
cycle [(000111)]. In the following we assume that the representative is the sequence u = (000111).
We write the two sequences (000111) and s in the state form: (000111) = (U, Uy,...,Us) and
s = (So,S1,...,S2n_29), each state is of length n + 4. Then we have Uy + Sy = (1,0,...,0). The
four sequences (1), (001),(01) and (011), are also written in the state form: (1) = (Vy),(001) =
(Wo, W1, Wy), (01) = (Xp,X1) and (011) = (Yo, Y1,Y2), each state is of length n + 4. By the

proof of Theorem 2, the conjugate pairs shared by these cycles can be explicitly given, see Table 2.

Table 2: The conjugate pairs shared by cycles in G((1 + x + 23 + z%)p(x))

cycle pairs the set of conjugate pairs shared by cycles
< [S],[(OOOlll)‘i’S] > (SJ,UO‘FSz(])),lS‘]Szn*Q
< [(1) + S]7 [(000111) + S] > (VO + Sj7U3 + SZ(]‘))’ 1<5<2n =2

< [(001) + S}, [(000111) + S] > (Wo + Sj,Ul + SZ(j)); (W2 + Sj,U5 + Sz(j)),]. < g<2m—2
< [(011) + s],[(000111) + s] > (Yo + S;, Uy + SZ(j))a (Y1 + S;, Uy + SZ(j))vl <j<2m -2

< [(001) + ], [(01) + 5] > (W1+8;,Xo+ Sy, 1 <j<2" 2
< [(011) +s],[(01) + s] > (Yo +8;,X; +8z3)),1 <j<2m -2
Theorem 7. Let f(xg,z1,...,%nta) be the linear Boolean function corresponding to the polynomial

(1+x+ 23 +a%)p(x). Choose a state from each short cycle randomly, and let A be the set of these
states. Define S = {S; | 1 < j < 2" —2}, Then the FSRs that take the following Boolean functions

as their characteristic functions are mazimum length FSRs:
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1. g= f(xo, 21, ..., Tnta) + [(Z1,29,Z3,74,75) + I[(A),
2. g= f(xo,x1, ..., Tpnta) + [(Z1,22,23,24,Z¢) + I(A),
3. 9= flxo,x1,...,2n4a) + [(Z1,22,23,Z5,Z¢) + I(A),
4. 9= f(xo, 21, Tnya) + [(Z1,Zo,24,75,Zs) + [(A),

where Zn € S, Zo € Vo + S, Z3 € (Y0+S)U(Y1+S), Zy, € Yo+ S,2Z; € Wi +S and
Zs € (Wo+S)U(Wa+S) are chosen randomly.

Proof. Regardless of the short cycles, the adjacency graph of FSR(1 + = + 2% + 2*)p(z) is shown
in Figure 5. The maximum spanning trees of this simplified graph are divided into four classes,
and we show them in Figure 6. For the class (A), we can choose Z1 € S, Zs € Vo + S, Z3 €
Yo+S)U(Y1+S),Zs € Yo+ S and Zs € W, + S randomly and use them to join the long
cycles into one cycle. By Table 2, the reader can verify that, they indeed can be used to join
the long cycles together. Then, we choose a state from each small cycles to form the set A,
and by these states the small cycles are joined into long cycles. Therefore, the FSRs that take
9= flxo,x1,.. ., Tnta)+1(Z1,2Z2,Z3,74,7Z5)+1(A) as their characteristic functions are maximum
length FSRs. For the other classes (B), (C) and (D), the proof is similar. O

B

Figure 6: The maximum spanning trees in the simplified version of the adjacency graph of FSR((1+
r+ 2%+ 2t)p(x))

It is shown by Jansen et al. [14]: for any n > 4, if we apply the cycle joining method to two
different n-stage LFSRs, the resulting maximum length FSRs are different. Using this fact, we can
count the number of De Bruijn sequences we have constructed in Theorem 7. The set A defined in
Theorem 7 has 1-6-3-3-2-3 = 324 choices, the five states Z;,1 < ¢ < 5 have a, a, 2a, a and a choices

respectively, and the Boolean function f has w choices, where @ = 2" —2 and ¢(-) is the Euler’s
totient function. Therefore, there are 324-a-a-2a-a-a- ¢(2:;1) = 648@5‘%2“71) = 0(2°") Boolean

3888a°$(27—1)
n

functions of type (1). Totally, there are = 0(2%") Boolean functions in Theorem 7.

At last, we note that, the time we need to get a Boolean function in Theorem 7 is O(2™ + n).

19



8 Conclusion

We presented a general method to calculate the adjacency graphs of LFSRs with primitive-like
characteristic polynomials. As an application of this method, we explicitly determined the adja-
cency graphs of LFSRs with characteristic polynomials of the form (1 4 2 + 23 4+ 2*)p(z), where

p(z) is a primitive polynomial, and construct a large class of De Bruijn sequences from them.
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