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Abstract
This paper studies the design of cryptographic schemes that are secure even if implemented on untrusted
machines, whose internals can be partially observed/controlled by an adversary. For example, this includes
machines that are infected with a software virus.
We introduce a new cryptographic notion that we call a one-time computable pseudorandom function (PRF),
which is a PRF FK (·) that can be evaluated at most once on a machine which stores the (long) key K, as long
as: (1) the adversary cannot retrieve the key K out of the machine completely (this is similar to the assumptions
made in the so-called Bounded-Retrieval Model), and (2) the local read/write memory of the machine is restricted,
and not too much larger than the size of K. In particular, the only way to evaluate FK (x) on such device, is to
overwrite part of the key K, preventing all future evaluations of FK (·) at any other point x0 6= x. We show that
this primitive can be used to construct schemes for password protected storage that are secure against dictionary
attacks, even by a virus that infects the machine. Our constructions rely on the random-oracle model, and
lower-bounds for graphs pebbling problems.
We show that our techniques can also be used to construct another primitive, that we call uncomputable hash
functions, which are hash funcitons that cannot be computed if the local storage has some restricted size s,
but can be computed if they are given slightly more storage than s. We show that this tool can be used to
improve the communication complexity of proofs-of-erasure schemes, introduced recently by Perito and Tsudik
(ESORICS 2010).
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Introduction

A recent trend in theoretical cryptography is to construct cryptographic schemes that have some provable security
properties, even if they are implemented on devices that are not fully trusted. In general, two types of adversarial
models are considered in this area. In the passive one the adversary can get some partial information about the
internal data stored on a cryptographic device M. This line of research, motivated by the so-called side-channel
attacks [25], started with seminal papers of Ishai et al. [29] and Micali and Reyzin [33], that were followed by a
number of recent works [23, 1, 37, 30, 35, 12, 39, 13, 14, 26, 8, 7]. Some papers have also been motivated by the
attacks of the malicious software (like viruses) against computers [11, 20, 19, 10, 22, 2, 3]. What all these works have
in common is that they provide a formal model for reasoning about the adversary that can obtain some information
about the cryptographic secrets stored on M.
It is easy to see that some restrictions on the information that the adversary can learn is obviously necessary, as
the adversary that has an unlimited access to the internal data of M can simply create his own copy of it, which is
usually enough to completely break any type of security. The most common assumption that is currently used in this
area is the bounded-retrievability property which states that the adversary can retrieve at most some input-shrinking
function f of the secret K stored on the device, i.e. he can learn a value f (K) such that |f (K)|  |K|.
The second class of models considered in the literature [29, 27, 24, 31] are those where the adversary is active,
which corresponds to the so-called tampering attacks. In these models the adversary is allowed to maliciously modify
the internal data of the device. Obviously if we do not put any restrictions on the adversary then he can substitute
the internal data of the device by some data chosen by him. For example, the adversary can modify the device so
that it just outputs all of its internals. Hence also in this case some restrictions on the power of the adversary are
usually needed.
For example, in the model of [29] the adversary that can tamper a restricted number of wires of the circuit that
performs the computation (in a given time-frame), and in [27] it is assumed that a device is equipped with a small
tamper-free component. When the active attacks are considered the following natural question arises:
Can we have a practical cryptographic primitive π, implemented on a machine M, such that already
the physical characteristics of M provide some meaningful security guarantees even if M falls in the
hands of a tampering adversary; in a similar way as the “bounded retrievability property” guarantees
security against the leakages?
Of course, one could just assume from the beginning that such a “physical characteristic” is: “M is tamper-free”.
We do not want to do it, since such an assumption is often too optimistic, and, moreover, it is hard to verify in
practice. Hence, what we are interested in are the “physical characteristics” that are simple, and can be derived by
some very general features of the device. One example of such a feature could be the above-mentioned “boundedretrievability property”.
In this paper we give an affirmative answer to this question, by constructing a new cryptographic primitive,
which we call one-time computable pseudorandom functions (PRFs). The physical characteristic of M on which the
security is based are very natural and simple: we assume that (1) M satisfies the bounded-retrievability property,
and (2) the memory of M has restricted size. The main application of this primitive is a scheme for passwordprotected storage. We also construct another, related primitive, that we call uncomputable hash functions. An
application of it is an improved protocol for the proof-of-erasure (a concept recently introduced in [36]). We explain
these concept in the next sections.
Let us first clarify the following. Normally, people think of leakage functions as modeling various side-channels.
So the memory used by the leakage function has nothing to do with the memory available on the device (is probably
much smaller, but bigger makes sense too in theory). For us, we assume leakage runs on device itself and uses its
resources. On the other hand, people think of tampering-attacks as modifying the internals of a device in the hope
of getting useful information by interacting with the modified device honestly later. The information learned later
is not really thought of as leakage (it can be large). In our model we will assume that the adversary is permanently
controlling the device, and hence the leakage bound will also concern all the data transfered away from the device
(including the data learned “after the adversary tampered the device”) .

1.1

One-time computable functions

In this section we informally define the one-time computable PRFs. Let us start with describing the “ideal functionality”, i.e. let us say what we mean by the “one-time computability” assuming for a moment that we have a
completely secure (i.e. leakage- and tamper-proof) device M. Intuitively, a function F is a one-time computable
PRF if (1) it is a pseudorandom function, and (2) anybody who gets access to a machine where F is stored can
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compute F on exactly one input. To be more precise, assume a key R for F is selected uniformly at random, and
it is stored on M. The device M can be queried on any input x ∈ {0, 1}∗ and it outputs FR (x). Condition (2)
means that during its life-time the device M can be queried on at most one input. Condition (1) means that (a) as
long as the device M has not been queried on any input, the value of any FR (x) is indistinguishable from a random
string, and (b) if the adversary knows some (x, FR (x)) (for x chosen by him) all the other values FR (x0 ) for x0 6= x
are indistinguishable from random. Of course, if M is completely secure one could implement this functionality by
simply storing a flag f that indicates if H has been already been evaluated on some input.
Let us now consider the case when M is not completely secure. Obviously, the solution described above does not
work in this case since the adversary can reset the value of the flag f . This is only an example of a tampering attack,
and in general several other tampering attacks are possible. Our approach is to propose a model that covers a large
class of realistic tampering attacks. To make our model as strong as possible we will assume that the adversary
is simply permanently controlling M, and he may freely use all its computational and memory resources (on the
other hand, he does not have any additional resources as long as he wants to execute some local computation of the
internal data of M). Of course, if the adversary wants, he can also honestly execute the code on M on an input
chosen by him. Hence, in our model there will be no distinction between an internal adversary that tampers the
device, and an external adversary that asks the legitimate queries to M.
Roughly, our main idea is to construct F in such a way that any computation of FR (x) has to destroy R, by
partially overwriting it. On the first sight it may look like it is impossible to achieve it for the following reason.
Assume that there exists a procedure γ that takes as input R and x, and computes FR (x) by overwriting part R.
Since the basic property of the digital data is that it can be freely copied, therefore anybody who gets access to
R can make a temporary local copy of it, and, after performing the computation γ on R and some x0 , refresh the
description of R by copying it back from the temporary storage. After the description of R is refreshed he can apply
γ to compute the value of R on some other x1 . Since this can be repeated over and over again, the adversary that
controls M can evaluate FR on unlimited number of different inputs x0 , x1 , . . ..
We bypass this problem in the following way: we construct F in such a way that the R is too large to be copied
locally. To be more precise, we use the following notation. Let m denote the length of R, and let s denote the size
of M’s memory (including the memory needed to store the description of R). In our construction it will always be
the case that 2m > s > m. We will say that an adversary that has memory size s has s-bounded storage.
Another obvious thing that the adversary can do is: once he gets access to M he can retrieve the key R and
perform the computation of FR (x0 ), FR (x1 ), . . . on his own storage that is external to M. Therefore we need also
to assume that the total amount of data that the adversary can download from M is limited. Denote this amount
by c (we will also say that the adversary has c-bounded communication). We obviously need to have that m > c.
Note that it is essentially the bounded-retrievability property that was mentioned above. In this paper we construct
the one-time computable functions that are secure assuming that M has c-bounded communication and s-bounded
storage. Note, that in particular we do not need to assume any bound on the amount of information that the
adversary can upload on M.
Recall that in our model there is essentially no distinction between the resources (the storage and the computing
power) available to the legitimate program executed on M, and the adversary that controls M. From the practical
point of view it is wiser to be conservative, and assume that the adversary has slightly more storage than the
legitimate program. This is because the adversary may, overwrite some part of the memory of M that an honest
user would not like to overwrite (e.g. the part containing the operating system). Therefore we will require that the
legitimate program has to use at most s − δ space on M (for some parameter δ).
One-time computable functions – a generalization We also construct the following generalization of the
concept described above. Suppose we have a sequence of T randomly and independently chosen keys R1 , . . . , RT
stored on M and we want that the user can pick some inputs x1 , . . . , xT and evaluate FR1 (x1 ), . . . , FRT (xT ) (the
inputs can be chosen adaptively, depending on the previous outputs). On the other hand, the adversary that controls
the machine should not be able to compute any of the functions FRi on more than one input (the previously described
concept is a special case of this notion with T = 1). We show how to implement it using the same assumptions
as above. Observe that a naive solution of using the previous scheme T times independently on the same machine
does not work, since the adversary could use the space where R1 , say, is stored as an extra memory to compute
FR2 more than once. We show a solution for this problem. In our solution, instead of storing R1 , . . . , RT we will
just store one R and derive the Ri ’s from it. The construction is given in Section 5. The maximal T that we can
(cf. 3).
have is approximately equal to 2m−s
2δ
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1.1.1

Application: Password-protected storage

Let us now describe an application of the primitives described above. Our application is related to the passwordbased cryptography, which is an area that deals with the protocols where the secrets used by the parties are humanmemorizable passwords. The crucial difference between a password and a cryptographic key is that the latter is
usually assumed to be chosen uniformly at random from a large domain, while the former is only guaranteed to
have a large entropy, and the dictionary set D from which it is chosen may be not very large. One of the main
problems in constructing the password-based protocols is that one needs to consider the so-called offline dictionary
attacks, where the adversary simply tries to break the scheme by analyzing one-by-one all the passwords from D.
In this paper we are particularly interested in designing schemes for password-protected storage, which are
schemes for secure encryption of data using passwords. A typical scheme of this type works as follows: let π ∈ D
be a password. To encrypt a message X we apply a key-derivation function H to π and then encrypt X with H(π)
using some standard symmetric encryption scheme (Enc, Dec). To decrypt a ciphertext C = Enc(H(π), X) one
simply calculates Dec(H(π), C).
A typical choice for H is a hash function. This solution is vulnerable to a following offline dictionary attack.
An attacker simply tries, for every π 0 ∈ D to decrypt C until he finds π 0 such that Dec(H(π 0 ), C) “makes sense”.
Most likely there will be only one such π 0 , and hence, with a good probability, this will be the correct π that the
user has chosen to compute C.
A common way to make this attack harder is to design H in such a way that it is moderately expensive to compute
it. The time needed to compute H should be acceptable for a legitimate user, and to high for the adversary if he
has to do it for all passwords in D. A drawback of this solution is that it depends on the amount of computing
power available to the adversary. Moreover, the algorithm of the adversary can be easily parallelized.
An interesting solution to this problem was proposed in [9]. Here, a computation of H requires the user to solve
the CAPTCHA puzzles [40], which are small puzzles that are easy to solve by a human, and hard to solve be a
machine. A disadvantage of this solution is that it imposes additional burden on the user (he needs to solve the
CAPTCHAs when he wants to access his data). Moreover, experience shows that designing secure CAPTCHAs
gets increasingly difficult.
In this paper we show an alternative solution to this problem. Our solution works in a model where the data is
stored on some machine that can be infected by a virus. In this model, the virus can get a total control over the
machine, but he can retrieve only c bits from it. The main idea is that we will use a one-time computable function F
(secure against an adversary with c-bounded communication and s-bounded storage) as the key-derivation function.
To encrypt a message X with a password π we first choose randomly a key R for a one-time computable PRF. We
then calculate K = FR (π). The ciphertext stored on the machine is Enc(K, X). It is now clear that the honest
user can easily compute K in space bounded by c − δ. On the other hand, the adversary can compute K only once,
even if he has space c. Of course, the adversary could use a part of the ciphertext Enc(K, X) as his additional
storage. This is not a problem if X is short (shorter than δ). If X is long, we can solve this problem by assuming
that Enc(K, X) is stored on a read-only memory.
A problem with this solution is that if an honest user makes an error and types in a wrong password then he
does not have a chance to try another password. This can be solved by using the generalized version of the one-time
computable functions. The scheme works as follows. First, we choose a key K for symmetric encryption. Then, we
choose randomly R and for each i = 1, . . . , T we calculate Ki = FRi (π) ⊕ K (where the keys Ri are derived from
R). The values that are stored on the machine are (R, (K1 , . . . , KT ), Enc(K, M )). Now, to decrypt the message,
the user first calculates K = FR1 (π) ⊕ K1 , and then decrypts Enc(K, M ) using K. If a user makes an error and
calculates K1 using a wrong π he still has a chance to calculate K2 , and so on.

1.2

Uncomputable functions

We also introduce a notion of uncomputable hash functions, which we explain here informally. A hash function H
is (s, )-uncomputable, if any machine that uses space s and takes a random input x ∈ {0, 1}∗ outputs H(x) with
probability at most . We say that H is s0 -computable if it can be computed in space s0 . Note that in this case we
assume that the adversary cannot use any external help to compute H (using the terminology from the previous
sections: his communication is 0-bounded). Informally, we are interested in constructing (s, )-uncomputable,
s0 -computable functions for a small  and s0 being only slightly larger than s.
This notion can be used to construct an improved scheme for the proof of erasure, a concept recently introduced
in [36]. Essentially the proof of erasure is a protocol between two parties: a powerful verifier V and a weak prover P
(that can be, e.g., an embedded device). The goal of the verifier is to ensure that the prover has erased all the data
that he stores in his RAM (we assume that P can also have a small ROM). This is done by forcing P to overwrite
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his RAM. Let m be the size of RAM. Then, a simple proof of erasure consists of V sending to P a random string
R such that |R| = m, and then V replying with R. In [36] the authors observe that the communication from P to
V can be reduced in the following way: instead of asking P to send the entire R, we can just verify his knowledge
of R using a protocol for the “proof of data possession” (see, e.g., [4]). Such a protocol still requires the verifier
to send a large string R to the prover, hence the communication from the verifier to the prover is m. Using our
uncomputable functions we can reduce this communication significantly.
Our idea as follows. Suppose we have a function H that is m-computable and (m − δ, )-uncomputable (for
some small δ ∈ N and a negligible  ∈ [0, 1]). Moreover, assume that H has a short domain and co-domain, say:
H : {0, 1}w → {0, 1}w for some w  m. We can now design the following protocol:
1. V selects X ← {0, 1}w at random and sends it to P,
2. P calculates Y = H(X) and sends it back to V,
3. V accepts if Y = H(X).
Clearly, an honest prover can calculate Y , since he has enough memory for this. On the other hand, from the
(m − δ, )-uncomputability of H we get that a cheating prover cannot calculate Y with probability greater than 
without overwriting m − δ bits. The total communication between P and V has length 2w. Note, that we need to
assume that an adversary that controls the prover cannot communicate any data outside of the machine (therefore
we are interested only in protocols with 0-bounded communication). This is because otherwise he could simply
forward X to some external party that has more memory. The same assumption needs to be made in the protocols
of [36]. What remains is to show a construction of such an H. We do it in Section 6.

1.3

Related work

Most of the related work was already described in the previous sections. In our paper we will use a technique called
graph pebbling (see e.g. [38]). This technique has already been used in cryptography in an important work of [17],
some of our methods were inspired by this paper. The assumption that the adversary is memory-bounded has been
used in the so-called bounded-storage model [32, 5, 21]. As similar assumption was also used in [16]. The proof of
erasures can be viewed as a special case of the remote attestation protocols (see [36] for a list of relevant references).

1.4

Notation

In our constructions we will assume that the memory is divided into blocks of length w. We will use the following
convention: the length of the strings in bits will be denoted with lower-case letters (n, c, s and δ) and the lengths
of the strings in blocks will be denoted with the corresponding upper-case letters (N, C, S and ∆), where, e.g., we
will have n = w · N .
For a sequence R = (R1 , . . . , RN ) and for indices i, j such that 1 ≤ i ≤ j ≤ N , we define R[i, . . . , j] =
(Ri , . . . , Rj ).

2

Model of Computation

To make our statements precise, we must fix a model of computation. We will usually consider an adversary that
consists of two parts: a “space-bounded” component Asmall which gets access to the internals of an attacked device
and has “bounded communication” to an external, and otherwise unrestricted, adversary Abig .
Since the lower bounds on the computational complexity of functions are usually hard to prove, it seems difficult
to show any meaningful statements in this model using purely complexity-theoretic settings. We will therefore use
the random-oracle model [6]. Recall, that in this case a hash function is modeled as an external oracle containing
a random function, and the oracle can be queried by all the parties in the protocol (including the adversary).
Using the random-oracle model in our case is a little bit tricky. To illustrate the problem consider a following
protocol for the proof of erasure: (1) V sends to P a long random string R, (2) P replies with H(R), where H is a
hash function. Now, this protocol is obviously not secure for most of the real-life hash functions. For example, if
H is designed using the Merkle-Damgård paradigm, then it can be computed “on fly”, and hence there is no need
to store the whole R before starting the computation of H.
On the other hand, if we model H as a random oracle, then the protocol described above can be proven secure,
as the adversary has to wait until he gets the complete R before sending it to the oracle. We solve this problem
in the following way: we will require that the only way in which the hash function is used is that it is applied to
4

small inputs, i.e. if w is the length of the output of a hash function (e.g.: w = 128) then the hash function will
have a type H : {0, 1}ξw → {0, 1}w , for some small ξ. Observe that if ξ = 2 then the function H can simply be a
compression function used to construct the hash function).
We model our adversary A = (Abig , Asmall ) as a pair of interactive algorithms1 with oracle-access to a randomoracle H(·). The algorithm Abig will only be restricted in the number of oracle calls made. On the other hand, we
impose the following additional restrictions on Asmall :
• s-bounded space: The total amount of space used by Asmall is bounded by s. That is, we can accurately
describe the entire configuration of Asmall at any point in time using s bits.2
• c-bounded communication: The total number of outgoing bits communicated by Asmall is bounded by c. 3


H(·)
H(·)
We use the notation AH(·) (R) = Abig ()  Asmall (R) to denote the interactive execution of Abig and Asmall ,
where Asmall gets input R and both machines have access to the oracle H(·).

3

Definitions

H
H
Let W H(·) be an algorithm that takes as input R ∈ {0, 1}m and has access to the oracle H. Let (F1,R
, . . . .FT,R
)
H(·)
be sequence of functions that depend on H and R. Assume that W
is interactive, i.e. it may receive queries
from the outside. Let x1 , . . . , xT be the sequence of queries that W H(·) received. The algorithm W H(·) replies to
such a query by issuing a special output query to the oracle H. We assume that after receiving each xi ∈ {0, 1}∗
H
(xi ), (i, xi )), out). We say that W H(·) is
the algorithm W H(·) always issues an output query to H of a form ((Fi,R
a (c, s, m, q, δ, , T )-onetime computable PRF if:

• W H(·) has (s − δ)-bounded storage, and 0-bounded communication.
• for any AH(·) (R) that makes at most q queries to H and has s-bounded storage and c-bounded communication,
H
(x), (i, x)), out)
the probability that AH(·) (R) (for a randomly chosen R ← {0, 1}m ) issues two queries ((Fi,R
0
0
0
H
and ((Fi,R (x ), (i, x )), out), for x 6= x , is at most .
Basically, what this definition states is that no adversary with s-bounded storage and c-bounded communication
can compute the value of any Fi,R on two different inputs. It may look suspicious that we defined the secrecy of
a value in terms of the hardness of guessing it, instead of using the indistinguishability paradigm. We now argue
why our approach is ok. There are two reasons for this. The first one is that in the schemes that we construct that
output of each F H is always equal to some output of H (i.e. the algorithm F simply outputs on the the responses
he got from H). Hence A cannot have a “partial knowledge” of the output (either he was lucky and he queried
H on the “right” inputs, or not – in the latter case the output is indistinguishable from random, from his point of
view).
The second reason is that, even if it was not the case — i.e. even if F H outputted some value y that is a more
complicated function of the responses he got from H — we could modify F H by hashing y with H (and hence if y
is “hard to guess” then H(y) would be completely random, with a high probability).
Now, suppose that V H(·) is defined identically to W H(·) with the only difference that it receives just one query
x ∈ {0, 1}∗ , and afterwards it issues one output query ((F H (x), x), out) (for some function F that depends on H).
We say that V H(·) is an (s, w, q, δ, )-uncomputable hash function if:
• V H(·) has s-bounded storage, and 0-bounded communication.
• for any AH(·) (R) that makes at most q queries to H and has (s − δ)-bounded storage and c-bounded communication, the probability that AH(·) (R) (for a randomly chosen R ← {0, 1}w ) issues a query ((F H (x), xi ), out)
is at most .
1 Say

ITMs, interactive RAMs, . . . The exact model will not matter.
This is somewhat different than standard space-complexity considered in complexity theory, even when we restrict the discussion
to ITMs. Firstly, the configuration of Asmall includes the value of all tapes, including the input tape. Secondly, it includes the current
state that the machine is in and the position of all the tape heads.
3 To be precise, we assume that we can completely describe the patters of outgoing communication of A
small using c bits. That is,
Asmall cannot convey additional information in when it sends these bits, how many bits are sent at a given time and so on. . .
2

5

4

Random Oracle Graphs and the Pebbling Game

We show a connection between an adversary computing a “random oracle graph” and a pebbling strategy for the
corresponding graph. A similar connection appears in [18].

4.1

Random-Oracle Labeling of a Graph.

Let G = (V, E) be a DAG with |V | = N vertices. Without loss of generality, we will just assume that V = {1, . . . , N }
(we will also consider infinite graphs, in which case we will have N = ∞). We call vertices with no incoming edges
input vertices, and will assume there are M ≤ N of them. A labeling of G is a function label(·), which assigns
values label(v) ∈ {0, 1}w to vertices v ∈ V . We call w the label-length. For any function H : {0, 1}∗ → {0, 1}w
and input-labels R = (R1 , . . . , RM ) with Ri ∈ {0, 1}w , we define the (H, R)-labeling of G as follows:
• The labels of the M distinct input vertices v1 < v2 < . . . < vM are given by label(vi ) = Ri .
def

• The label of every other vertex v is defined recursively by
def

label(v) = H(label(v1 ), . . . , label(vd ), v)
where v1 < . . . < vd are the d parents of v.
A random oracle labeling of G is an (H, R)-labeling of G where H is a random-function and R is chosen uniformly
at random.
def
For convenience, we also define preLabel(v) = (label(v1 ), . . . , label(vd ), v), where v1 < . . . < vd are the
parents of v, so that label(v) = H(preLabel(v)).
The output vertices of G are the vertices that have no children. Let v1 , . . . , vK be the output vertices of G. Let
Eval (G, H, (R1 , . . . , RM )) denote the sequence of labels (label(v1 ), . . . , label(vK )) of the output vertices calculated
with the procedure described above (with R1 , . . . , RM being the labels of the input vertices v1 , . . . , vM and H being
the hash function).
Our main goal is to show that computing the labeling of a graph G requires a large amount of resources in the
random-oracle model, and is therefore difficult. We will usually (only) care about the list of random-oracle calls
made by Abig and Asmall during such an execution. We say that an execution AH(·) (R) labels a vertex v, if a
random-oracle call to preLabel(v), is made by either Abig or Asmall .

4.2

Pebbling Game

We will consider a new variant of the pebble game that we call the “red-black” pebble game over a graph G. Each
vertex of the graph G can either be empty, contain a red pebble, contain a black pebble, or contain both types
of pebbles. An initial configuration consists of (only) a black pebble placed on each input vertex of G. The game
proceeds in steps where, in each step, one of the following four actions is taken:
1. A red pebble can be placed on any vertex already containing a black pebble.
2. If all the parents of a vertex v have a red pebble on them, a red pebble can be placed on v.
3. If all the parents of v have some pebble on them (red or black), a black pebble can be placed on v.
4. A black pebble can be removed from any vertex.
We define the black-pebble complexity of a pebbling strategy to be the maximum number of black pebbles in use at
any given time. We define the red-pebble complexity of a pebbling strategy to be the total number of steps in which
action 1 is taken. We also define the all-pebble complexity of a pebbling strategy to be the sum of its black- and
red-pebble complexities. By heavy-pebbles we will mean the black pebbles, or the red-pebbles that appeared on the
graph because of action 1. Note, that these are exactly the pebbles that count when we calculate the all-pebble
complexity of a strategy.
Remark 4.1. Let G be a graph with N vertices and M input vertices. Let v be an output vertex of G and let
vi1 , . . . , vid be a subset of the set of input vertices. Suppose there exists a pebbling strategy that (1) pebbles v while
keeping the pebbles on the vertices vi1 , . . . , vid , and (2) has black-pebble complexity b and it does not use the red
pebbles, i.e. its red-pebble complexity 0. Then the value of Eval (G, H, (R1 , . . . , RM )) can be computed by a machine
with bw-bounded storage and an access to a random oracle that computes H. This is because the only thing that
6

the machine needs to remember are the labels of at most b vertices (each of those labels has length at most w).
The computation may overwrite some part of the input (R1 , . . . , RM ), however, it does not overwrite the input
corresponding to the vertices vi1 , . . . , vid , i.e.: (Rv1 , . . . , Rvd ).
It is more complicated to show a connection in the opposite direction, namely to prove that if a graph cannot
be pebbled with a strategy with low black- and red-complexities, then it cannot be computed by a machine with a
restricted storage and communication. We establish such a connection in the next section.

4.3

Connection Between Random-Oracle Labeling and the Pebbling Game

We now connect the random-oracle labeling of a graph G in our model of computation to the red-black pebbling
game on G. In particular, we will show that the black-pebble complexity of the pebbling will correspond to the
space-complexity of Asmall and the red-pebble complexity corresponds to the communication-complexity of Asmall .
Let H : {0, 1}∗ → {0, 1}w be a random oracle, and let R = (R1 , . . . , RM ) be a labeling of the input-vertices
of

H(·)

H(·)

G. For any algorithms A = (Abig , Asmall ) we can use the execution AH(·) (R) = Abig  Asmall (R) to construct
a red-black pebbling of the graph G. In particular, we get a transcript listing all oracle calls made during its entire
execution, and whether they were made by Asmall or Abig .
We fix some terminology about the transcript. Given (H, R), we say that an oracle call of the form H(label1 , . . . ,
labeld , v) is correct if (label1 , . . . , labeld , v) = preLabel(v). An oracle is also correct if it has a form H((label, v),
out), where out is some special symbol, v is an output vertex, and label(v) = label. We call the children v1 , . . . , vd
of v the input-vertices of the oracle call, and v is the output-vertex of the oracle call.
Using the transcript (along with the description of H, R) we define the ex-post-facto pebbling of the graph G.
We do so by processing the random-oracle calls in the transcript one-by-one starting with the earliest one, and, for
each call, we take the following steps:
Place all necessary red pebbles: A vertex v is red-necessary if, looking at the entire transcript of all oracle
calls, there exists some correct oracle call made by Abig with v as an input-vertex, which precedes all correct
oracle calls made by Abig with v as an output-vertex.
Go through all red-necessary vertices v one-by-one and, for each one that has a black pebble but no red
pebble, put a red pebble.4
Delete all unnecessary black pebbles: A vertex v is black-necessary if it is not red-necessary and, in the remainder of the transcript of oracle-calls that have not yet been processed (including the current call), there
exists some correct oracle call made by Asmall with v as an input-vertex such that:
• In the remainder of the transcript, there is no earlier correct oracle call made by Asmall with v as an
output-vertex.
• In the entire transcript, there is no earlier correct oracle call made by Abig with v as an output-vertex.
Go through all vertices v which are not black-necessary but have a black pebble on them, one-by-one, and
remove the black pebble.5
Process oracle call: If the current oracle call is correct and made by Asmall (respectively Abig ) with output vertex
v, we put a black (respectively red) pebble on v.
We notice that every vertex that is labeled by the execution of AH(·) (R) gets a (red or black) pebble placed
on it in the corresponding ex-post-facto pebbling. Moreover, the order in which vertices get red/black pebbles
corresponds to the order in which the oracle calls are made by A.
We now show that, for any adversary A = (Asmall , Abig ) which is space/communication bounded, and which
makes a bounded number of oracle calls, the ex-post-facto pebbling is legal and has small space/communication
complexity.

4 Note that the set of red-necessary vertices does not change throughout the process. Intuitively, these are the vertices whose labels
must be communicated by Asmall to Abig at some point in time, and correspondingly for which we need to take pebbling-action 1 to
place a red pebble on them. We choose to take this action as early as legally possible, since it might allow us to remove related black
pebbles early.
5 Note that the set of black-necessary vertices can be different at different points in the process. Intuitively, at any point in time, a
black-necessary vertex is one whose label must be stored in the memory of Asmall since it will not be re-computed by Asmall via oracle
calls, it was never communicated to Abig , nor will it be computed by Abig in time.
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Theorem 4.2. Let G = (V, E) be a DAG and let A = (Abig , Asmall ) be any adversarial labeling strategy in our
restricted model of computation. Let (H, R) define a random-oracle labeling of the graph G, with label-length w.
Assume that A makes at most q random-oracle queries during any execution. Then, the ex-post-facto pebbling of G
corresponding to an execution of AH(·) (R) has the following properties:
1. It is a legal pebbling (i.e. follows the rules of the red-black pebbling game) with probability 1 −
choice of (H, R).

q
2w

over the

2. Assuming that Asmall has c-bounded communication then, for any λ ≥ 0, the red-pebble complexity is at most
c+λ
−λ
over the choice of (H, R).
w−log(q) with probability 1 − 2
3. Assuming that Asmall has s-bounded storage and c-bounded communication then, for any λ > 0, the all-pebble
c+s+λ
complexity is at most w−log(q)
with probability 1 − 2−λ over the choice of (H, R).
For the lack of space the proof of Theorem 4.2 is moved to Appendix B.
Corollary 4.3. Let G be a DAG with M input vertices and K output vertices. Let r and b be arbitrary parameters.
Suppose that G is such that there does not exist a pebbling strategy such that (1) its all-pebble complexity is at most
a, and that (2) pebbles at least α output vertices (for some α ∈ {1, . . . , K}).
c+s+λ
Then, for any c, s, w and λ such that w−log(q)
< a, and for any A = (Abig , Asmall ) that makes at most q oracle
calls and has s-bounded space and c-bounded communication the probability that A labels more than α − 1 output
vertices is at most q · 2−w + 2−λ (where the probability is taken over the randomness of A and the random choice
of H and R).
Proof. Take any A = (Abig , Asmall ) that makes at most q oracle calls and has s-bounded space and c-bounded
communication. Recall that “labeling a vertex v” means that the adversary makes an oracle call to preLabel(v).
Note that it does not necessarily mean that the corresponding pebbling strategy will every pebble v, as pebbling
a vertex occurs only when the label of v is given as an input to the oracle. Therefore we assume that A always
after learning the label label of any output vertex v issues an oracle call H((label, v), out). This guarantees that
such a v will always be pebbled. Clearly adding this instruction does not increase the space and communication
complexity of A.
Suppose we choose randomly R and H and run the experiment. Let E denote the event that A labels more than
α − 1 output vertices. For the sake of contradiction suppose that P (E) > q · 2−w + 2−λ . Let G denote the event
c+s+λ
that the corresponding pebbling strategy is legal and its all-pebble complexity is at most w−log(q)
. From Theorem
−w
−λ
4.2 (Points 1 and 3) we get that P (G) ≥ 1 − q · 2
− 2 . Therefore the probability that E and G occurred
simultaneously is positive. Hence there needs to exist an execution of A such that the corresponding pebbling
c+s+λ
strategy that pebbles α vertices and has all-pebble complexity at most w−log(q)
, which, by our assumption, is less
than c + s. This yields a contradiction.

5

One-time computable functions

In this section we show specific examples of graphs that are hard to pebble in limited space and bounded communication. Let M, M 0 be a parameters such that M 0 < M . The (M, M 0 )-lambda graph (denoted Lam M
M 0 ) is defined in the
following way (cf. also Fig. 1, Appendix A). Its set of vertices is equal to V0 ∪V1 , where V0 = {(i, j) : 1 ≤ i ≤ j ≤ M 0 }
and V1 = {1, 2} × {M 0 + 1, . . . , M }. The set of input vertices is equal to {1} × {1, . . . , M }. The output vertex is
(2, M ). The set of edges is as the following sum:
{((i − 1, j − 1), (i, j)) : (i − 1, j − 1), (i, j) ∈ V0 }

(1)

∪{((i − 1, j), (i, j)) : (i − 1, j), (i, j) ∈ V0 }

(2)

0

0

0

∪{((M , M ), (2, M + 1))}
∪{((1, j − 1), (1, j)) : (1, j − 1), (1, j) ∈ V1 }
∪{((1, j), (2, j)) : (1, j), (2, j) ∈ V1 }.
If M 0 = M then a (M, M )-lambda graph is defined as above, with V1 = ∅ and with the set of edges consisting only
of the set in Equations (1) and (2) above. Its output vertex is (M, M ). Such a graph is also called an M -pyramid
graph.
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Lemma 5.1. For any X < M 0 − 1 there exists a strategy that pebbles the output vertex of Lam M
M 0 that satisfies the
following:
• it uses M + M 0 − 1 − X black pebbles (remember that all the M input vertices are initially pebbled with a black
pebble, and therefore using M + M 0 − 1 − X means having M 0 − 1 − X extra pebbles),
• it uses no red pebbles, and
• at the moment when the output vertex is pebbled there are still pebbles on the last M − X input vertices, i.e.:
vertices from the set {1} × {X + 1, . . . , M }.
Proof. The pebbling strategy consists of the following steps:
pebble the second row of the pyramid In this step we pebble the second row of the pyramid, i.e. the vertices
from the set {2} × {2, . . . , M 0 }. We do it by removing X pebbles from the input of the pyramid, and by using
the M 0 − 1 − X extra pebbles that we have. The procedure is as follows:
1. First, we put pebbles on the vertices from the set {2} × {2, . . . , X + 1}. We do it in the following way:
for j = 2, . . . , X 0 + 1 we put a pebble on (2, j) and remove it from (1, j − 1).
2. We then put pebbles on the vertices from the set {2} × {X + 2, M 0 }. We do it just using the extra
pebbles, without removing any pebble from the input. Clearly we have enough extra pebbles, since
|{2} × {X + 2, M 0 }| = M 0 − 1 − X.
pebble the rest of the pyramid In this step we pebble the pyramid row-by-row, starting from the third row,
and ending with the top of the pyramid (M 0 , M 0 ). We do it in the by executing the following procedure for
i = 3, . . . , M 0 :
• for j = i, . . . , M 0 do the following: put a pebble on (i, j) and remove it from (i − 1, j − 1).
pebble the rest of the graph We now pebble the rest of the graph in the following way. First, we put a pebble
on (2, M 0 + 1) and remove it from (M 0 , M 0 ). Then, for j = M 0 + 2, . . . , M we put a pebble on (2, j) and
remove it from (2, j − 1). At the end of this loop there output vertex is pebbled.
It is easy to see that the above procedure results in a correct pebbling strategy. Moreover, it uses only M 0 − 1 − X
extra pebbles, and it removes the pebbles only from the first X vertices of the input.

5.1

Hardness of pebbling

Consider a configuration of the red and black pebbles on some DAG G. Let v be a vertex of G. We say that v is
input-dependent in this configuration if, after removing all the pebbles from the input it is impossible to pebble the
vertex v. If v is not input-dependent then we say that it is input-independent.
Lemma 5.2. For M ≥ 1 consider an M -pyramid graph Lam M
M and some configuration of pebbles on it. If the
output vertex (M, M ) is input-dependent then the number of heavy pebbles is at least M .
Proof. We prove it by induction on M = 2, 3, . . .. To root the induction we first consider the case when M = 2. In
this case the graph consists of 3 vertices only: 2 input vertices, and 1 output vertex. If it is input-dependent then
the output vertex is not pebbled. Hence both input vertices need to have a pebble.
Now, let us assume the hypothesis for M − 1 and consider GM = Lam M
M . Take some configuration γ of pebbles.
Denote the set of heavy pebbles on the input row (i.e. on the vertices {0} × {0, 1, . . . , M − 1}) by X . Let GM −1 be
a subgraph of GM induced by all the vertices of GM except of the input row (in other words: GM −1 is equal to GM
−1
with the bottom row “cut”). Let Y be the number of the heavy pebbles on GM −1 . Of course GM1 is Lam M
M −1 .
Now, put black pebbles on the vertices of the input raw of GM −1 in the following way: put a pebble on a vertex
v whenever v has both parents in X (and keep the old pebbles from the configuration γ). Clearly the number of
black pebbles created this way is at most |X | − 1.
Clearly the resulting configuration of pebbles on GM −1 satisfies the following: (1) the output vertex can be
pebbled from this configuration, and (2) the output vertex on GM −1 is input-dependent (if it was not inputdependent then also the configuration γ would not be input-dependent). Hence, by the induction hypothesis
Y + |X | − 1 ≥ M − 1, which implies that Y ≥ M .
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Lemma 5.3. Suppose M > 2. Consider a pebbling strategy for Lam M
M that pebbles the vertex (M, M ). In the first
configuration in which (M, M ) is input-independent we have that: (1) the total number of the heavy pebbles that are
not on the input row is at least M − 1, and (2) there is no pebble on (M, M ).
Proof. Let GM = Lam M
M , and let GM −1 be defined as in the proof of Lemma 5.2. Let γ be the first configuration in
which (M, M ) is input-independent, and let γ 0 be the configuration that directly proceeds γ, i.e. the last configuration
that is input-dependent. Keep on the vertices of GM −1 all the pebbles from the configuration γ. We now show that
in such a configuration of the pebbles on GM −1 the output of GM −1 is input-dependent. After showing it we will
be done: part (1) will follow directly from Lemma 5.2 (applied to GM −1 ), and part (2) will follow from the fact
that (for M − 1 > 1) if the output vertex is input-dependent then it cannot be pebbled.
To finish the proof assume that the output of GM −1 is input-independent. We obtain contradiction by showing
that in this case also GM needs to be input-independent. Clearly the only way in which γ 0 was transformed into γ
was that a pebble was added on the input row of GM −1 . However, by our assumption the output of GM −1 (and
hence also of GM ) does not depend on this row. Therefore also in the configuration γ 0 the output cannot depend
on the two bottom rows of GM . This gives us a contradiction.
0
0
Lemma 5.4. Consider a pebbling strategy that pebbles the output of Lam M
M 0 . As long as the vertex (M , M ) has
not been pebbled, there has to be a heavy pebble on every input vertex on the second part of Lam M
(i.e.
the
vertices
M0
(1, j) such that j ∈ {M 0 + 1, . . . , M }).

Proof. This follows easily from the construction of the Lam M
M 0 graph: if one removes a pebble from any vertex (1, j)
such that j ∈ {M 0 + 1, . . . , M } then one cannot put a pebble on it in the future. Therefore it will never be possible
to pebble (2, j), and hence also (2, M ).
For ` ∈ N ∪ {∞} consider a family of ` DAGs {Gk = (Vk , Ek )}`k=1 such that every DAG in this family has the
same set of input VI of input vertices. Define Vk0 = Vk \ VI . The graph G = (V, E) is a sum of {Gk = (Vk , Ek )}`k=1
if is defined as follows: the set of vertices V is equal to VI plus the disjoint sum of the sets Vk0 . More precisely:
VI ∪

`
[

{k} × Vk

k=1

The set E of edges is defined as:
E

:= {((k, v), (k, v 0 )) : v, v 0 ∈ Vk0 and (v, v 0 ) ∈ Ek }
∪{(v, (k, v 0 )) : v ∈ VI and v 0 ∈ Vk0 and (v, v 0 ) ∈ Ek }

The set of input vertices of G is equal to VI , and the set of the output vertices is equal to VO,L ∪ VO,R , where VO,L
and VO,R are the sets of the output verices of GL and GR , respectively.
Lemma 5.5. Consider a family {Gk }`k=1 of (M, M 0 )-lambda graphs. Let G be a sum of the graphs in this family.
Then there does not exist a pebbling strategy with all-pebble complexity bounded by M + M 0 − 2 that pebbles more
than one output of G.
Proof. For the sake of contradiction suppose that such a strategy exists. Pebbling the output of Lam M
M 0 requires
first pebbling the top of the pyramid graph that is a part of Lam M
.
Therefore
there
has
to
exist
a
pebbling
strategy
M0
with all-pebble complexity bounded by M + M 0 − 2 that pebbles two different vertices that are the tops of the
pyramids in some Gk and Gh (i.e. vertices (k, (M 0 , M 0 )) and (h, (M 0 , M 0 ))).
Clearly, at the beginning of any pebbling strategy the top of each pyramid is dependent on the input of this
pyramid. Consider the first configuration where the top of one of the pyramids, the one belonging to Gk , say, gets
independent from the input of this pyramid. In this moment, by Lemma 5.3 the total number of the heavy pebbles
that are not on the input row of Gk is at least M 0 − 1. Since in this moment the top vertex of Gh is still dependent
on the input, hence, by Lemma 5.2 the total number of the heavy primary red pebbles and the black pebbles on
Gk is at least M 0 . Therefore the number of the heavy pebbles on the two pyramids is at least 2M 0 − 1.
On the other hand, by the second part of Lemma 5.3 the vertex (M 0 , M 0 ) is not yet pebbled in this configuration.
Hence, by Lemma 5.4, there needs to be a heavy pebble on every vertex from the second part of the input of Gh and
Gk , i.e. on the vertices (1, j)) such that j ∈ {M 0 + 1, . . . , M }. Therefore altogether we have 2M 0 − 1 + (M − M 0 ) =
M + M 0 − 1 pebbles on the sum of Gh and Gk . This yields a contradiction with the assumption that the all-pebble
complexity of the strategy is bounded by M + M 0 − 2.
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Combining Lemma 5.5 with Corollary 4.3 we get the following.
Corollary 5.6. Consider a family {Gk }`k=1 of (M, M 0 )-lambda graphs. Let G be a sum of the graphs in this family.
c+s+λ
< M + M 0 − 2, and any adversary A that has s-bounded storage and
Then, for any s, c, λ and q, such that w−log(q)
c-bounded communication, and makes at most q queries to the oracle, the probability that A labels more than one
output of G is at most q · 2−w + 2−λ .

5.2

The construction

In our construction the hash function will depend on an additional parameter a. Formally, let H : {0, 1}∗ ×{0, 1}∗ →
{0, 1}w be a function that is modeled as a random oracle. For any a ∈ {0, 1}∗ let H a denote a function defined as
H a (z) = H(a, z). Let M, S, ∆, and T be some positive integer parameters such that
2M > 2(T − 1)∆ + S + 1,

(3)

and S − M − ∆ ≥ 0. The intuition is that M denotes the length of the key R, the symbol S denotes the total
space on the device, and ∆ denotes that extra space that the adversary has on the device (the length is measured
in blocks of length w). Let
E := S − M − ∆ + 1.
(4)
We now construct an interactive algorithm COMP H
∆,S,M,T,w that has access to a random oracle H and has sbounded storage for s = (S − ∆ + 1) · w, and takes as input R = (R1 , . . . , RM ), and behaves as follows. Suppose it
is queried on some inputs x1 , . . . , xT . Then, after receiving each xi it computes the value of
M −(i−1)∆

Eval (Lam E+i∆+1 , H (i,xi ) , (R[1 + (i − 1)∆, . . . , M ]).

(5)

The algorithm COMP H
∆,S,M,T,w (R) simply computes each (5) one-by-one for i = 1, . . . , T . Each of these steps
destroys ∆ values Rj from the input. Thus, before the i-th step we keep in the memory only R[1 + (i − 1)∆, . . . , M ].
This means that the space used by the remaining part of the input (R[1, . . . , (i−1)∆]) is now free and it can be used
as additional storage for computation. So, just before the beginning of the i-th step the free storage (i.e. storage
not including kept fragment of the input) is bounded by ei = Ei · w, where Ei := E + (i − 1)∆. The algorithm
in the i-th step is just a simple application of Remark 4.1 from Section 4.2. Observe that from Lemma 5.1 we
M −(i−1)∆
get a pebbling strategy that pebbles output vertex of Lam E+i∆+1 using Ei extra pebbles and removes the first
(E + i∆ + 1) − 1 − Ei input pebbles. From the definition of Ei we have (E + i∆ + 1) − 1 − Ei = ∆. So, from Remark
4.1 we get that there is an algorithm that computes (5) overwriting ∆ · w first bits of remaining input. So, after
this step the algorithm can keep R[1 + i∆, . . . , M ] to be used in the next steps.
Theorem 5.7. Suppose ∆, S, M and T satisfy (3). Then, for any q, λ, c, s such that
COMP H
∆,S,M,T,w

is a (c, s, M · w, q, ∆ · w, q · 2

−w

+2

−λ

c+s+λ
w−log(q)

< S the algorithm

, T )-one-time computable PRF.

Proof. Suppose (R1 , . . . , RM ) is chosen uniformly at random. Let A = (Abig , Asmall ) be an arbitrary adversary
with oracle access to H that has s-bounded space and c-bounded communication and makes at most q oracle calls.
Consider an execution AH(·) (R). Let E be an event that for some i and for two different x and x0 the adversary
0
M −(i−1)∆
labeled the output vertex of Lam E+i∆+1 in the (H (i,x) , R)-labeling and (H (i,x ) , R)-labeling (where E is defined
in (4)). To prove the theorem we need to show the following.
P (E) ≤ T · (q · 2−w + 2−λ ).

(6)

Fix some ĩ, and let Eĩ denote the event that E happened for i = ĩ. Let G be equal to the sum of following infinite
sequence of graphs
M −(ĩ−1)∆
{Lam E+ĩ∆+1 }x∈{0,1}∗ .
We now show an adversary Ã with an s-bounded space and c-bounded communication that has access to an oracle
H̃ and makes at most q queries to it, and satisfies the following: for a randomly-chosen R̃ = (R1+(ĩ−1)∆ , . . . , RM ) ∈
({0, 1}w )M −(ĩ−1)∆ in the execution ÃH̃(·) (R̃) the probability that the adversary labels at least two different output
vertices of G is equal to P (Eĩ ).
The adversary Ã simulates A in the following way. First, since A “expects” the input to have length M , it
fills-in the “missing” elements of R̃, i.e. he selects randomly (R1 , . . . , R(ĩ−1)∆ ) and sets R = (R1 , . . . , R(ĩ−1)∆ )||R̃.
Next, it simply runs A. The only thing that we need to take care of is to “translate” the oracle queries issued by
A to H into oracle queries issued by Ã to H̃. Let Q be a query issued by A. Consider the following cases:
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• Q has a form ((ĩ, x), (label1 , . . . , labeld , v)) (for some x, label1 , . . . , labeld ) — in this case we translate it
into a a query (label1 , . . . , labeld , ((i, x), v),
• Q has a form or ((ĩ, x), (label, v, out)) (for some x and label) — in this case we translate it into a a query
(label, ((ĩ, x), v), out).
• if Q does not have any of the forms above — we translate it in some arbitrary (deterministic and injective)
way.
It is easy to see that Ã labels an output vertex ((ĩ, x), v) of G if and only if his simulated copy of A labeled v in the
M −(ĩ−1)∆

graph Lam E+ĩ∆+1 . Therefore the probability that Ã labeled two output vertices of G is equal to P (Eĩ ). Now, by
s+c+λ
< M −(ĩ−1)∆+E + ĩ∆+1−2 =
Corollary 5.6 we get that this probability is at most q ·2−w +2−λ as long as w−log(q)
M +∆+E −1 = S, which is exactly the assumption that we made in the statement of the lemma. Since E = ∪Ti=1 Ei ,
therefore, by the union-bound we get that P (E) ≤ T · (q · 2−w + 2−λ ). Therefore (6) is proven.

Assuming that the parameters c, s and δ are fixed, Theorem 5.7 implies that the maximal value Tmax of T , that
we can achieve is
c+s
Tmax ≈
.
(7)
2δ
c+s+λ
c+s
δ
δ
To see why it is the case, choose the minimum S possible, i.e: S := b w−log
q + 1c(≈ w ). Let ∆ := d w e(≈ w ).
Moreover, assume that M := S − ∆ + 1(≈ c+s−δ
w ). Hence (3) is satisfied, and therefore, by Theorem 5.7 we get that
0
is
a
(c,
s,
m,
q,
δ
,
,
T
)-one-time
computable PRF, for m ≈ c + s − δ, and δ 0 ≈ δ and a negligible
COMP H
∆,S,M,T,w
.

6

Arrowhead functions

In this section we define a class of DAGs that we call the arrowhead graphs. For every M ∈ N let Arr M be a
graph consisting of defined previously M -pyramid with one additional vertex (0, 0) and additional edge from (0, 0)
to (1, x) for x ∈ 1, . . . M . More precisely, Arr M = (VM , EM ), where V = {(0, 0)} ∪ {(i, j) : 1 ≤ i ≤ j ≤ M (cf.
Figure 2, Appendix A). A graph Arr M consists of one input vertex (0, 0) and one output vertex (M, M ):
Lemma 6.1. There exists a strategy that pebbles Arr M using M + 1 pebbles.
Proof. The strategy works as follows.
pebble the bottom row For j = 1, . . . , M put a pebble on (1, j).
pebble the rest of the graph For i = 2, . . . , M do the following:
for every j = i, . . . , M put a pebble on (j, i) and then remove a pebble from (j − 1, i − 1).
It is easy to see that this pebbling strategy is correct, and uses M + 1 pebbles.
Hence, using Remark 4.1, we get the following.
Corollary 6.2. For any a and R = (R1 , . . . , RM ) the value of Eval (Arr M , H, R) can be computed by an algorithm
that has access to a random oracle H and has (M + 1) · w-bounded storage.

6.1

Impossibility of pebbling

We now show the optimality of the strategy given in Lemma 6.1. The proof of the following lemma is essentially
very similar to the proof of Lemma 10.2.1 appearing in the book of John Savage ([38]). For the lack of space we
move it to Appendix C.
Lemma 6.3. Every strategy that pebbles the output of Arr M , and does not use the red pebbles, must use at least
M − 1 black pebbles.
Combining Lemma 6.3 with Corollary 4.3 we get the following.
s+λ
Corollary 6.4. For any s, λ and q, such that w−log(q)
< M + 1, and any adversary A that has s-bounded storage
and 0-bounded communication, and makes at most q queries to the oracle, the probability that A labels the output
of Arr M is at most q · 2−w + 2−λ .
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The corollaries and the lemma above imply the following.
Theorem 6.5. The hash function that takes as input R and outputs Eval (Arr M , H, R) is ((M +1)·w, w, q, log(q)(M +
1) + λ, q · 2−w + 2−λ )-uncomputable.

7

Open problems

It would be very interesting to show any non-trivial schemes for one-time computable and uncomputable functions
without the need of the random oracle assumption. Another interesting research direction is to find more applications
for the notions introduced in this paper.
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Figure 3: Illustration of the proof of Lemma 6.3. Double arrows indicate the path π, and the disjoint paths starting
from other vertices from first row and connected to path π are indicated with the wave arrows.

B

Proof of Theorem 4.2

As a precursor to the proof of Theorem 4.2, we will need the following Lemma.
Lemma B.1. Let B = b1 , . . . , bu be random bits. Let P be a randomized procedure which gets a hint h ∈ H, and
can adaptively query any of the bits of B by submitting an index i and receiving bi . At the end of the execution P
outputs a subset S ⊂ {1, . . . , u} of |S| = k indices which were not previously queried, along with guesses for all of
the bits {bi |i ∈ S}. Then the probability (over the choice of B and randomness of P) that there exists some h ∈ H
.
for which P(h) outputs all correct guesses is at most |H|
2k
Proof. Fix any h ∈ H a-priori and independently of B. Then the probability that P(h) outputs all correct guesses
is 1/2k . By the union-bound, the probability that there exists some h (a-posteriori, depending on B) is therefore
at most |H|
.
2k
Proof of Theorem 4.2. First, let us show part 1 of the theorem, that the ex-post-facto pebbling is legal with
probability at least 1 − 2qw . Assume otherwise. The only way that our pebbling could be illegal is if, during the
processing of a correct oracle call (made by Abig or Asmall ), one of the input-vertices v of the call does not have a
pebble of the correct color (resp. red or any) on it. Since such a pebble would never have been deleted, this can
only happen if it was never placed. That is, there must be a vertex v, which is not an input-vertex of G, such
that the execution-transcript of A contains a correct oracle call (made by either Abig or Asmall ) with v as an input
vertex, which precedes all correct oracle calls made with v as an output-vertex. Therefore, the above must happen
with probability greater than 2qw . But then, we can define a predictor P for the values of B = (R, H) which:
Gets as hint: The index i ∈ {1, . . . , q} of the oracle-call made by AH(·) (R) that satisfies the requirement.
Runs: Runs AH(·) (R). Answers all queries of A honestly (using access to H, R) until the ith oracle query made by
A, which is of the form H(label1 , . . . , labeld , v). By assumption, for at least one of the parents vi of v, the
oracle was never queried at the point preLabel(vi ), yet labeli = label(vi ). Moreover, it is easy to figure out
i, by computing preLabel(vj ) for each parent vj of v, without querying the oracle on input preLabel(vi ).
Outputs: The bits of H corresponding to label(vi ) at “position” preLabel(vi ).
But, by Lemma B.1, the probability of the above succeeding is at most
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q
2w ,

leading to a contradiction.

Next let us show part 2 of the theorem. Again, assume otherwise, that there is some λ ≥ 0 for which the
c+λ
red-pebble complexity of the ex-post-facto pebbling is r ≥ w−log(q)
with probability (strictly) greater than 2−λ .
The only way that the red-pebble complexity could be r is if there are r distinct red-necessary vertices v. Recall
that a vertex is red-necessary if the transcript includes correct oracle call made by Abig with v as one of the inputvertices, which precedes all correct oracle calls made by Abig with v as an output-vertex. We call the corresponding
oracle-calls red-necessary, and there are r0 ≤ r of them (one oracle-call can make many of its input-vertices rednecessary). The intuition is that the algorithm Abig must then somehow predict the labels of these red-necessary
vertices without querying the appropriate input to the oracle, given the communication from Asmall as a hint. That
is, we define a predictor P for the bits of B = (R, H), which works as follows:
Gets as hint: The value hcom ∈ {0, 1}c of all communication from Asmall to Abig made during the execution
0
H(·)
AH(·) (R). The indices (i1 , . . . , ir0 ) ⊆ {1, . . . , q}r of the r0 red-necessary oracle-calls made by Abig during the
execution.
H(·)

Runs: Runs Abig and feeds it the correct communication on behalf of Asmall (without running Asmall at all)
using the hint. For the random-oracle queries corresponding to the indices (i1 , . . . , ir0 ), record the labels of
all the input-vertices of such calls (we do not yet know which ones are red-necessary). To answer any oracle
calls of Abig , with output-vertex v:
• Determine if the call is correct. A call is correct iff (1) it corresponds to one of the stored indices ij , or (2)
correct oracle calls were previously made by Abig on all parents of v (having them as an output-vertex)
and the provided input to the current call matches the output of all these previous calls. Note that
correctness can therefore be checked recursively without making any new oracle calls.
• If the call is correct and the label of v is one of the recoded labels, output it. Otherwise query H to
answer the call.
At the end, use the transcript of all oracle calls made by Abig to determine which r vertices v1 , . . . , vr are rednecessary. The labels label(v1 ), . . . , label(vr ) are among the recorded labels. Compute preLabel(v1 ), . . . , preLabel(vr ),
which can be done without querying H with these as inputs.
Outputs: The bits of H corresponding to label(v1 ), . . . , label(vr ), at positions
preLabel(v1 ), . . . , preLabel(vr ).
It is easy to check that, in the above process, H is never queried on the inputs preLabel(vi ) for the red-necessary
r c
2
≤ 2−(r(w−log(q))−c) ≤
vertices vi . Therefore, by Lemma B.1, the probability of the above succeeding is at most q2rw
−λ
2 , leading to a contradiction.
Lastly, let us turn to part 3 of the theorem. Again, assume otherwise, that there is some λ ≥ 0 for which the
c+s+λ
sum of the red-pebble and black-pebble complexities of the ex-post-facto pebbling is z ≥ w−log(q)
with probability
−λ
(strictly) greater than 2 . The only way that this could happen is if r of the vertices are red-necessary and if
at at some point there are there are b black-necessary vertices (note that these sets are disjoint by definition). As
the hint, we will store the value hstate which encodes the entire state of Asmall corresponding to that point in the
transcript and hcom which encodes all of the communication from Asmall to Abig :
0

Gets as hint: The values hcom ∈ {0, 1}c , hstate ∈ {0, 1}s . The indices (i1 , . . . , iz0 ) ⊆ {1, . . . , q}z of the z 0 ≤ z
H(·)
H(·)
distinct oracle-calls made by Abig and Asmall which make some vertex red-necessary or black-necessary.
H(·)

Runs: First, run Abig from the beginning by feeding it the correct communication on behalf of Asmall (without
running Asmall ) using the hint. Answer oracle queries as before. Once this is done, run Asmall starting in
the state encoded by hstate and pass it the communication on behalf of Abig that was produced by the earlier
run. We can use the same strategy as in the last case to determine if oracle calls made by Asmall are correct,
and how to respond to them. At the end, we will have recorded the labels of all of the red-necessary and
black-necessary vertices v1 , . . . , vz , and can compute preLabel(vi ) as before.
Outputs: The bits of H corresponding to label(v1 ), . . . , label(vr ), at positions
preLabel(v1 ), . . . , preLabel(vz ).
By Lemma B.1, the probability of the above succeeding is at most
contradiction.

q z 2c 2s
2zw

≤ 2−(r(w−log(q))−c−s) ≤ 2−λ , leading to a
2
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C

Proof of Lemma 6.3

Proof. We consider all paths from (M, M ) to the first row (i.e. the set of vertices {(1, 1), . . . , (1, M )}). We say that
a path carries a pebble if at least one vertex of the path has some pebble on it. If a path is not carrying a pebble
we say it is empty.
Initially all paths are empty. At the end of a game, all paths must carry a pebble (because there is a pebble
in (M, M ), and (M, M ) is a vertex in every path). Therefore, there must be a first moment t in time when all
paths are carrying a pebble. Putting a pebble into graph can increase number of paths carrying a pebble only when
putting pebble on the first row. So moment t must happen when a pebble p is put on the first row of some path π
and π is empty except of the pebble p at the bottom (cf. Figure 3, Appendix A). Let us look at the disjoint paths
starting from other vertices from first row (there are M − 1 of them) and connected to path π. It is always possible
to find such disjoint paths (cf. Figure 3). Each of this M − 1 disjoint paths must carry a pebble. Additionally, we
need to count a pebble p, and a pebble on (0, 0) (it is impossible to put a pebble on any vertex of the first row,
without having a pebble on (0, 0)). Altogether we have M + 1 pebbles. This finishes the proof.
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