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Abstract
Direct Anonymous Attestation (DAA) is a scheme that enables the remote authentication
of a Trusted Platform Module (TPM) while preserving the user’s privacy. A TPM can prove
to a remote party that it is a valid TPM without revealing its identity and without linkability.
In the DAA scheme, a TPM can be revoked only if the DAA private key in the hardware has
been extracted and published widely so that verifiers obtain the corrupted private key. If the
unlinkability requirement is relaxed, a TPM suspected of being compromised can be revoked
even if the private key is not known. However, with the full unlinkability requirement intact,
if a TPM has been compromised but its private key has not been distributed to verifiers, the
TPM cannot be revoked. Furthermore, a TPM cannot be revoked from the issuer, if the TPM is
found to be compromised after the DAA issuing has occurred. In this paper, we present a new
DAA scheme called Enhanced Privacy ID (EPID) scheme that addresses the above limitations.
While still providing unlinkability, our scheme provides a method to revoke a TPM even if the
TPM private key is unknown. This expanded revocation property makes the scheme useful for
other applications such as for driver’s license. Our EPID scheme is efficient and provably secure
in the same security model as DAA, i.e. in the random oracle model under the strong RSA
assumption and the decisional Diffie-Hellman assumption.
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Introduction

Direct Anonymous Attestation (DAA) is a scheme developed by Brickell, Camenisch, and Chen [10]
for remote authentication of a hardware module, called Trusted Platform Module (TPM), while
preserving the privacy of the user of the platform that contains the module. The DAA scheme was
adopted by the Trusted Computing Group (TCG) [38], an industry standardization body that aims
to develop and promote an open industry standard for trusted computing hardware and software
building blocks, and was included in TPM specification version 1.2 [37].
In DAA, there exists an issuer who creates a group public key. Later on, each TPM obtains
a unique membership private key from the issuer. To authenticate as a group member, the TPM
generates a signature using his membership private key such that the signature can be verified by
a verifier using the group public key. One notable feature in DAA is its revocation mechanism. If
a TPM was compromised and its membership private key has been extracted from the hardware
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device and exposed to public, the private key is placed in a revocation list. Later, when a verifier
verifies a signature from a TPM, the verifier can locally check this signature against the revocation
list. This revocation mechanism is also known as verifier-local revocation [5].
In the DAA scheme, there are two options for a balance between linkability and revocation. If
the random base option is used, i.e. a different base used every time a DAA signature is performed,
then any two signatures by a TPM are unlinkable, but revocation only works if the corrupted TPM’s
private key has been revealed to the public. If a TPM has been compromised but its private key
has not been distributed to the verifiers (e.g., the corrupted membership private key is still under
control by the adversary), the corrupted TPM cannot be revoked. If the named base option is
used, i.e., a deterministic function of the name of the verifier is used as a base, then any two
signatures produced by a TPM using the same base are linkable. Thus, if the verifier determines
that a membership private key that was used in a signature has been compromised, that verifier
can revoke that key locally, i.e., reject all future signatures generated by that key, without knowing
the compromised membership private key. However, the verifier cannot tell a different verifier that
uses a different named base to revoke that private key, because when a different name is used and
the revoked key cannot be identified. Furthermore, the privacy advocates were not fond of the
named base option, because the verifier could link the transactions.
In the DAA scheme, during the issuing of a DAA private key, the issuer obtains the identity
of the TPM, but does not learn the DAA membership private key. If sometime after issuing, the
issuer discovers that the TPM has been compromised, the issuer cannot revoke the DAA private
key that has been issued to that compromised TPM.
In this paper, we develop a new scheme called Enhanced Privacy ID (EPID) that addresses
the above limitations. EPID scheme can be seem as a new DAA scheme with enhanced revocation
capabilities. We believe that with this enhanced revocation capability, the new scheme will have
broader applicability beyond attestation and the TCG application. In an EPID scheme, there are
four types of entities: an issuer, a revocation manager, users, and verifiers. The issuer could be the
same entity as the revocation manager. An EPID scheme has the following four procedures:
Setup In this procedure, the issuer creates a group public key and a group issuing private key.
The issuer publishes the group public key.
Join This is a protocol between the issuer and a user that results in the user becoming a new
group member. At the end of this protocol, the user obtains a membership private key from
the issuer.
Proof of Membership In this protocol, a prover interacts with a verifier to convince the verifier
that he is a member of the group in good standing (i.e., without being revoked). It has the
following steps: (1) the prover sends a request to the verifier, (2) the verifier responds with a
message m, (3) the prover generates a signature on m based on his membership private key,
and (4) the verifier verifies the signature using the group public key.
Revocation The revocation manager puts a group member into the revocation list. There are
three types of revocations: (1) private-key based revocation in which the revocation manager
revokes a user based on the user’s membership private key, (2) signature based revocation
in which the revocation manager revokes a user based on the signatures created by the user,
and (3) issuer based revocation in which the revocation manager revokes a user based on the
recommendation from the issuer.
In an EPID scheme, the signatures generated in the proof of membership protocol must be
(1) unforgeable, i.e., only non-revoked group members are able to generate valid signatures, (2)
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anonymous, i.e., the verifier cannot identify the actual signer given a valid signature, and (3)
unlinkable, i.e., it is computationally infeasible to determine whether two different signatures were
computed by the same group member. We shall formalize these security properties in Section 2.
In this paper, we develop the new EPID scheme. Our EPID scheme builds on top of the
DAA scheme [10] and applies Camenisch-Lysyanskaya (CL) signature scheme [14] and the related
protocols as underlying building blocks. For private-key based revocation, we still use verifier-local
revocation [10, 5], i.e., the revocation check is done only at the verifier’s side. For the other two types
of revocation, we develop proof of knowledge protocols for proving that a user’s membership private
key is not listed in the revocation list. Essentially, we give protocols for proving the inequality of
multiple discrete logarithms. These proof of knowledge protocols may be of independent interest in
other applications as well. Our construction of EPID is efficient and provably secure in the random
oracle model under the strong RSA assumption and the decisional Diffie-Hellman assumption.
A possible alternative to handle revocation is to add traceability to the DAA scheme, as many
group signature schemes do. That is, we give the revocation manager the ability to open a signature
and identify the actual signer. To revoke a user based on his signature, the revocation manager first
finds out the user’s private key or his identity, then put the user into the revocation list. As in DAA
scheme, EPID scheme chooses not to have traceability from the revocation manager because we
want to provide maximum privacy for the users. Traceability provides the capability that a revocation manager can determine which user generates which signatures without any acknowledgement
from the user that is being traced. This is not desirable from a privacy perspective. With EPID,
if a user’s membership private key has been revoked, i.e., placed in a revocation list, the user will
know that he is revoked or being traced. If the user finds that he is not in the revocation list, then
he is assured that nobody can trace him, including the issuer and the revocation manager. Observe
that, if the revocation manager does not have traceability and the signature cannot be opened,
revocation based on signature is a much more challenging problem.

1.1
1.1.1

Application of EPID
Trusted Computing and TPM

As the DAA scheme, EPID can be used in trusted computing for remote authentication of TPM,
a hardware module integrated into a platform such as a laptop or a mobile device. Consider the
following scenario. A user of a platform communicates with a verifier who wants to be assured that
the platform of the user indeed contains a certified TPM. At the same time, the user wants his
privacy protected, i.e., the verifier only learns that the user uses a TPM but not which particular
one. Let the group be the set of all valid TPMs. To use EPID, each TPM obtains a membership
private key from the issuer. Later, a TPM can conduct a proof of membership to a verifier without
revealing its identity. As we explained, EPID has better revocation capabilities than the DAA
scheme [10]. When a verifier suspects that a TPM has been compromised, but has not obtained
the membership private key of the compromised TPM, the verifier can reject any further signatures
from the suspected TPM using our new revocation method.
1.1.2

Driver’s License and Identity Card

Various governments are considering including machine readable information on driver’s licenses
and identity cards. One proposal is to use machine readable technology on driver’s licenses, that
is, the machine readable portion (e.g., bar code or magnetic strip) of the driver’s license is readable
to anyone with a license reader. Unfortunately, such approach raises serious privacy concerns as
personal information in the licenses can be easily gathered and is often sold without the owners
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consent which could potentially lead to identity theft. Another proposal is to encrypt the machine
readable portion of the license. This poses significant key management challenges to assure that
the decryption is only available to authorized parties.
We describe how EPID can be applied to a driver’s license. Each license has an embedded smart
card chip that can store and process information. A card reader will be used to communicate with
the driver’s license. A driver’s license runs the join protocol when it is issued by the Department of
Motor Vehicles. The driver’s license could be used for various purposes without violating the users
privacy. The smart card license would be able to prove to the reader that it was a valid license
and that it was not revoked, suspended, reported lost, etc. This can be done using the proof of
membership protocol so that the identity of the license is not revealed. Each state would have
multiple license groups for the issuing of licenses. When a license is proving to a reader that it is
valid, it will reveal which license group it is in, and that it is a valid license in good standing, but
it will not reveal which license it is within that license group.
Using the EPID scheme, the proof that the license is valid and in good standing is unlinkable.
This means that if the license is used at one restaurant to prove that the license is valid and issued
to someone of legal age, and the license is used again at the same restaurant the next night, the
restaurant would not be able to tell that it was the same license that was being presented. The
restaurant would only know exactly what it is allowed to know, that the license is valid, and that
the patron was of age.
Consider the example of using of the driver’s license at an airport. The airport check has
several requirements. First, the airport agent needs to be assured that the license is valid, and
that the license was issued to the same person who is flying. Second, the agent would want to
know that the license was not on a list of compromised or lost licenses. Third, the agent would
also want to know if the license belonged to a person who was wanted by law enforcement. Here
is one option for meeting these requirements. The agent could check the picture on the front of
the license to determine if it was the person flying. The agent could compare the name printed
on the airline ticket to the name printed on the front of the license. The agent would obtain the
list of compromised or lost licenses, and also the list of persons wanted by law enforcement for the
relevant group of licenses. The agent would give these lists to the license and the license would
respond with a proof that it was valid and not on those lists. As described below, the license would
first validate the authenticity of these revocation lists before responding.

1.2

Related Work

The EPID scheme in this paper shares some properties with group signatures [1, 4, 18, 25], DAA [10],
identity escrow [30], and anonymous credential systems [12, 21]. In fact, our scheme draws on techniques that have been developed in these schemes, e.g., building blocks from the DAA scheme [10]
and the group signature schemes [1, 12, 14]. The EPID scheme differs from the DAA scheme in that
it adds additional revocation capabilities. Another work related to EPID is the pseudonym system
of Brands [7]. Brands’ system provides efficient techniques for proving relations among committed values. However, the credentials in that system are linkable for multiple display, whereas the
signatures in the EPID scheme are unlinkable.
There have been several revocation methods proposed for group signatures, such as [8, 36, 13,
2, 5]. In Bresson and Stern’s revocation method [8], when proving membership, a user proves that
his membership private key does not appear in the revocation list. This feature is similar to ours,
however, their scheme requires the traceability feature which ours does not. Song [36] proposed
an alternative approach for revocation, but her result does not work for ordinary group signature
schemes. Ateniese, Song, and Tsudik [2] modified Song’s revocation approach and applied the
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revocation method to a group signature scheme [1]. Although their solution requires only constant
computational time for the prover, their solution uses so-called double discrete logarithms and
is rather expensive (about a factor of 100 for reasonable security parameters). Camenisch and
Lysyanskaya [13] proposed a revocation mechanism using dynamic accumulators. Their scheme
takes constant time in revocation check for both the prover and the verifier. However, their scheme
requires every group member to update his membership private key each time a join or a revoke
operation takes place. The unique property that EPID has that none of the above have, is the
capability to revoke a membership private key that generated a signature, without being able to
open the signature.

1.3

Organization of This Paper

Rest of this paper is organized as follows. We first give a precise definition of security model for
the EPID scheme in Section 2. We then define our notations, present security assumptions, and
briefly review some previously known cryptographic techniques in Section 3. We describe our EPID
scheme in Section 4 and give intuition into construction of our scheme in Section 5. We prove that
our EPID scheme is secure under the decisional Diffie-Hellman assumption and the strong RSA
assumption in Section 6. In Section 7, we describe the usage of our EPID scheme with tamper
resistant hardware and how to achieve better efficiency with hardware support. We conclude this
paper in Section 8.

2

Security Model

This section provides the formal security model of EPID. As in DAA scheme [10] and anonymous
credentials scheme [12], we use an ideal-system/real-system model to prove security of EPID based
on security models for multi-party computation [19, 20] and reactive systems [32, 33].

2.1

Overview of Security Model

We summarize the basic ideas of the ideal-system/real-system model as follows. In the real system
there are a number of players who run some cryptographic protocols with each other, an adversary
A who controls a set of dishonest players, and an environment E that (1) provides the players with
inputs and (2) arbitrarily interacts with A. The environment provides the inputs to the honest
players and receives their outputs, and interacts arbitrarily with A. The dishonest players are fully
controlled by A, who monitors all the messages sent to the dishonest players and generates output
messages for them. We assume that the adversary in our model is static, i.e., the set of corrupted
players is fixed during the execution of the protocols.
In the ideal system, we have the same players. However, they do not run any cryptographic
protocols but send all their inputs to and receive all their outputs from an ideal trusted third party
T . This party computes the output of the players from their inputs, i.e., applies the functionality
that the cryptographic protocols are supposed to realize.
A cryptographic protocol is said to implement securely a functionality if for every adversary A
and every environment E there exists a simulator S controlling the same players in the ideal system
as A does in the real system such that the environment E can not distinguish whether it is run in
the real system and interacts with A or whether it is run in the ideal system and interacts with S.
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2.2

Ideal System of EPID

We now specify the functionality of EPID. We have the following types of players: an issuer, a
revocation manager, users, and verifiers. The set of users in the system may grow over time. The
issuer is the entity that grants membership certificates for the users. The revocation manager is
the entity that revokes membership certificates. Note that our model can be extended to support
multiple issuers and revocation managers.
In the ideal system, the trusted third party T supports the following operations:
Setup: Each player indicates to T whether or not it is corrupted by the adversary.
Join: A user contacts T and requests to become a group member. T asks the issuer whether the
user can become a member. If the issuer agrees and replies yes, T notifies the user that he
has become a member.
Proof of Membership: A prover interacts with a verifier to prove that he is a group member in
good standing. The prover first sends a request to T that he wants to contact the verifier.
T informs the verifier that somebody wants to perform the proof of membership without
revealing to the verifier who is the prover. The verifier chooses a message m and sends m to
T , who forwards m to the prover. If the prover is not a member, T aborts. Otherwise, T
tells the prover whether he has been revoked and asks him whether to proceed. If the prover
does not abort, T proceeds as follows.
• If the prover has been revoked, T lets the verifier know that a revoked member has
signed the message m.
• Otherwise, T informs the verifier that m has been signed by a legitimate member.
Revocation: The revocation manager tells T to revoke a user. If the user is not a group member,
T denies the request. Otherwise, T marks the user as revoked.

2.3

Discussions

Now we briefly discuss the properties of our model. Observe that the ideal system of EPID captures
both unforgeability and anonymity. For unforgeability, a user who is not a group member or is
a group member but has been revoked cannot succeed in proof of membership to any verifiers.
For anonymity, the verifier cannot identify who is the prover in a proof of membership operation.
Furthermore, for any two proof of membership operations that involve the same verifier, the verifier
cannot tell whether the operations are initiated by the same prover or two different provers.
In the ideal system, revocation has no effects on old signatures but only causes verifiers to reject
messages signed by a revoked member. In the EPID protocol, however, if a user’s private key is
exposed and the user is revoked, the signatures from this revoked user become linkable to an honest
verifier. As a result, corrupted users who reveal their private keys and are revoked deliberately lose
their privacy. As in the DAA scheme [10], for simplicity, we do not model this in the ideal system
and thus an honest verifier in the real system will not consider this information.
In the EPID protocol, a prover can check whether he has been revoked from on the revocation
list, before he signs a signature and sends it to the verifier. If the prover finds out that he has
been revoked, he can choose to not proceed. This is properly modeled in the ideal system, where
the revocation list is transparent to the users. In the ideal system, when T forwards the verifier’s
message m to the prover, T also informs the prover whether he has been revoked. The prover
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can choose to abort before T contacts the verifier again. Observe that, the proof of membership
operation can be terminated either because T aborts (i.e., the prover is not a group member) or
because the prover aborts (i.e., the prover has been revoked). The verifier cannot distinguish which
one is the case when an early termination happens.
In the DAA scheme [10], a user is revoked only if he has been corrupted and his private key has
been exposed. In other words, only users controlled by A can be revoked. Whereas in the EPID
scheme, the revocation manager is flexible in revoking any user as long as the user is a valid group
member. This is reflected in the ideal system that T only verifies the membership of the user before
revoking him.

3

Background

3.1

Notations

In the rest of this paper, we use the following notations. We use {0, 1}ℓ to denote the set of all
binary strings of length ℓ. We often switch between integers and their binary representations, e.g.,
we write {0, 1}ℓ for the set [0, 2ℓ − 1] of integers. Let (K, K −1 ) be a public-private key pair, we use
{m}K −1 to denote a message m signed by the private key K −1 .
We say that µ(k) is a negligible function, if for every polynomial p(k) and for all sufficiently
large k, µ(k) < 1/p(k). If S is a probability space, then the probability assignment x ← S means
that an element x is chosen at random according to S. If S is a finite set, then x ← S denotes
that x is chosen uniformly from S. Let A be an algorithm, we use y ← A(x) to denote that
y is obtained by running A on input x. In case A is deterministic, then y is unique; if A is
probabilistic, then y is a random variable. Let p be a predicate and A1 , A2 , . . . , An be n algorithms
then Pr [{xi ← Ai (yi )}1≤i≤n : p(x1 , · · · , xn )] denotes the probability that p(x1 , · · · , xn ) will be true
after running sequentially algorithms A1 , . . . , An on inputs y1 , . . . , yn .

3.2

Cryptographic Assumptions

The security of our EPID scheme relies on the strong RSA assumption and the decisional DiffieHellman (DDH) assumption.
Assumption 1 (Strong RSA Assumption). The strong RSA assumption states that it is computationally infeasible, on input a random RSA modulus N and a random element u ∈ Z∗N , to
compute values e > 1 and v such that v e ≡ u (mod N ). In other words, for every probabilistic
polynomial-time algorithm A,
h
i
Pr N ← G(1k ), u ← Z∗N , (v, e) ← A(n, u) : v e ≡ u (mod N ) ∧ 1 < e < N = µ(k)
where G(1k ) is an algorithm that generates a RSA modulus and µ(k) is a negligible function.
The tuple (N, u) generated as above is called an instance of the flexible RSA problem.
Assumption 2 (DDH Assumption). Let p be an ℓp -bit prime and q is an ℓq -bit prime such that
q|p − 1. Let g ∈ Z∗p be a random element of order q. Then, for sufficiently large values of ℓp
and ℓq , the distribution {(g, ga , gb , gab )} is computationally indistinguishable from the distribution
{(g, ga , gb , gc )}, where a, b, and c are random elements from Zq . It can be formally stated as, for
every probabilistic polynomial-time algorithm A,
Pr[A(p, q, g, ga , gb , gab ) = 1] − Pr[A(p, q, g, ga , gb , gc ) = 1] = µ(k)
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where µ(k) is a negligible function and the probabilities are taken over the choice of (p, q, g) according
to some generation function G(1k ) and the random choice of a, b, and c in Zq .

3.3

Protocols for Proof of Knowledge

In our scheme we will use various protocols to prove knowledge of and relations among discrete
logarithms. To describe these protocols, we use notation introduced by Camenisch and Stadler [18]
for various proofs of knowledge of discrete logarithms and proofs of the validity of statements about
discrete logarithms. For example,
PK{(a, b) : y1 = g1a hb1 ∧ y2 = g2a hb2 }
denotes a proof of knowledge of integers a and b such that y1 = g1a hb1 and y2 = g2a hb2 holds, where
y1 , g1 , h1 , y2 , g2 , h2 are elements of some groups G1 = hg1 i = hh1 i and G2 = hg2 i = hh2 i. The
variables in the parenthesis denote the values the knowledge of which is being proved, while all
other parameters are known to the verifier. Using this notation, a proof of knowledge protocol can
be described without getting into all details.
In the random oracle model, such proof of knowledge protocols can be turned into signature
schemes using the Fiat-Shamir heuristic [28, 34]. We use the notation SPK{(a) : y = z a }(m) to
denote a signature on a message m obtained in this way.
In this paper, we use the following known proof of knowledge protocols:
• Proof of knowledge of discrete logarithms. A proof of knowledge of a discrete logarithm of
an element y ∈ G with respect to a base z is denoted as PK{(a) : y = z a }. The discrete
logarithms in such proof of knowledge protocol can be modulo a prime [35] or a composite [27,
29], where the composite is a safe-prime product. A proof of knowledge of a representation of
an element y ∈ G with respect to several bases z1 , . . . , zv ∈ G [23] is denoted PK{(a1 , . . . , av ) :
y = z1a1 · . . . · zvav }.
• Proof of knowledge of equality. A proof of equality of discrete logarithms of two group elements
y1 , y2 ∈ G to the bases z1 , z2 ∈ G, respectively, [22, 24] is denoted PK{(a) : y1 = z1a ∧ y2 = z2a }.
Such protocol can also be used to prove that the discrete logarithms of two group elements
y1 ∈ G1 and y2 ∈ G2 to the bases z1 ∈ G1 and z2 ∈ G2 , respectively, in two different groups
G1 and G2 are equal [9, 16].
• Other various proofs. A proof of knowledge of a discrete logarithm of y ∈ G with respect to
g ∈ G such that logg y lies in the integer interval [a, b] is denoted by PK{(x) : y = gx ∧ x ∈
[a, b]}. Under the strong RSA assumption, this proof can be done efficiently [6]. Given two
existing proof of knowledge protocols, we can efficiently build a proof for the disjunction or
conjunction of the knowledge [26].

3.4

Direct Anonymous Attestation

The Direct Anonymous Attestation (DAA) [37, 10] is a scheme that enables remote authentication
of a TPM, while preserving the privacy of the user of the platform that contains the TPM. In
the DAA protocol, there are an issuer, a platform who has a membership certificate issued by the
issuer, and a verifier who wants to get convinced by the platform has a membership certificate.
The platform consists of two separate entities: a host and a TPM embedded into the host.
The DAA scheme [10] is constructed from the Camenisch-Lysyanskaya signature scheme [14]:
A platform chooses two secret messages f0 and f1 , obtains a CL signature (membership certificate)
8

on f0 and f1 from the issuer via a secure two-party protocol, and then can convince a verifier that
it has a membership certificate. This proof to the verifier is performed anonymously by a proof of
knowledge of a unique membership certificate. The reason for the platform to choose two messages
instead of a single secret message is that it allows the platform to keep the message space small
while having enough entropy in the secret, thus achieving better computational performance.
Let us describe the DAA protocol in more details. In the issue protocol, the platform chooses
two random ℓf -bit secret messages f0 and f1 , then interacts with the issuer, and in the end obtains
(A, e, v) from the protocol such that Ae R0f0 R1f1 S v ≡ Z (mod N ). The platform later can prove to
a verifier that it has obtained a membership certificate by proving that it got a CL-signature on
some values f0 and f1 . This can be done by a proof of knowledge of values (f0 , f1 , A, e, v) such
that Ae R0f0 R1f1 S v ≡ Z (mod N ). Let f = f0 + f1 2ℓf , the platform also computes K := B f mod p
where B is a generator of an algebra group where computing discrete logarithms is infeasible, and
proves to the verifier that the exponent f is related to f0 and f1 in the proof of knowledge. In the
DAA protocol, there are two options to choose B: the value of B can be chosen randomly by the
platform, or can be derived from the verifier’s name, e.g., using an appropriate hash function.
If a TPM was found comprised and its private key (A, e, f0 , f1 , v) was exposed, the values f0
and f1 are extracted and put on a blacklist. The verifier can then check K in the signature against
ˆ ˆ ℓf
this blacklist by comparing it with B f0 +f1 2 for all pairs (fˆ0 , fˆ1 ) on the black list. To minimize the
computation performed in the TPM in the DAA protocol, some operations for conducting the proof
of the unique membership certificate are performed by the host in which the TPM is embedded.
This is done without compromising the security of the protocol.

4

Enhanced Privacy ID Scheme

In an Enhanced Privacy ID (EPID) scheme, there are several types of entities: an issuer, a revocation manager, users, and verifiers. The issuer and revocation manager could be the same entity
or separate entities. Our EPID scheme builds on top of the DAA scheme [10] and uses the CL
signature scheme [14] as underlying building block. To simplify our presentation, we modified the
DAA scheme in the following ways: (1) each user chooses a single secret f instead of two secrets,
and (2) the signature operation is performed solely by the user, instead of split by two separate
entities (e.g., TPM and host in the DAA scheme).
We first briefly describe the basic idea of the EPID scheme before we present the full-fledged
EPID protocols. In the join protocol, a user chooses a secret f and sends the issuer a commitment
′
to f , i.e., U := Rf S v , where v ′ is a value chosen randomly by the user to “blind” the f . Also, the
user computes K := BIf mod p, where BI is a number derived from the issuer’s basename. The
user sends (K, U ) to the issuer and convinces the issuer that K and U are formed correctly. The
issuer then issues a membership certificate for the user based on U . The issuer chooses a random
′′
integer v ′′ and a random prime e, then computes A such that Ae U S v ≡ Z (mod N ), and sends the
user (A, e, v ′′ ). The issuer also proves to the user that he computed A correctly. The CL signature
on f is then (A, e, v := v ′ + v ′′ ). The user’s private key is set to be (A, e, f, v).
A user can now prove that he is a valid group member by proving that he has a CL signature on
some value f . This can be done by a zero-knowledge proof of knowledge of f , A, e, and v such that
Ae Rf S v ≡ Z (mod N ). Also, the user computes K := B f mod p where B is a random base picked
up by the user, reveals B and K, and proves that logB K is the same as the one in his private key.
The value K serves the purpose of revocation. Same as in the DAA scheme, if a user’s private
key (A, e, f, v) is compromised and gets exposed to the public, f is put in the revocation list. The
ˆ
verifier can then check K in the signature against the revocation list by comparing it with B f for
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all fˆ in the revocation list. We refer this type of revocation as private-key based revocation and
use priv-RL to denote the revocation list of this type.
As we mentioned earlier, EPID scheme supports two additional revocation methods, one is signature based revocation and the other is issuer based revocation. In signature based revocation,
suppose a verifier received a signature from a prover and then decided that the prover was compromised. The verifier reports the signature to the revocation manager who later places (B, K) of
the signature to the signature based revocation list, where logB K is the secret of the compromised
prover. To prove membership, a user with private key (A, e, f, v) now needs not only to prove the
knowledge of (A, e, f, v) such that Ae Rf S v ≡ Z (mod N ) but also to prove that f in his private
key is different from logB̂ K̂ for each (B̂, K̂) pair in the signature based revocation list. We use
sig-RL to denote the revocation list of this type.
Similarly, in issuer based revocation, the issuer obtained (K, U ) from a user when the user joined
the group and later decided to revoke this user from some reason (e.g., this user left the group).
The issuer sends (K, U ) to the revocation manager who places K to the issuer based revocation
list, where logBI K is the secret of the revoked user. To prove membership, a user needs to prove
that f in his private key is different from logBI K̂ for each K̂ in the issuer based revocation list.
We use issuer-RL to denote the revocation list of this type.

4.1

Security Parameters

We now describe the EPID scheme. We use the following security parameters ℓN , ℓf , ℓe , ℓe′ , ℓv , ℓ∅,
ℓH , ℓr , ℓp , and ℓq , where ℓN (2048) is the size of the RSA modulus, ℓf (208) is the size of the f ’s (user’s
secret, part of membership private key), ℓe (576) is the size of e’s (exponent, part of membership
private key), ℓe′ (128) is the size of the interval the e’s are chosen from, ℓv (2720) is the size of the
v’s (random value, part of membership private key), ℓ∅(80) is the security parameter controlling
the statistical zero-knowledge property, ℓH (256) is the output length of the hash function used for
Fiat-Shamir heuristic, ℓr (80) is the security parameter needed for the reduction in the proof of
security, ℓp (1632) is the size of the modulus p, and ℓq (208) is the size of the order q of the subgroup
of Z∗p that is used for revocation checking. We require that
ℓ∅ + ℓH + 2 + max{ℓf , ℓe′ } < ℓe ,

ℓN + ℓ∅ + ℓH + max{ℓf + ℓr + 3, ℓ∅ + 2} < ℓv ,

ℓf = ℓq .

The parameters ℓp and ℓq should chosen such that the discrete logarithm problem in the subgroup
of Z∗p of order q with p and q being primes such that p ∈ [2ℓp −1 , 2ℓp − 1] and q ∈ [2ℓq −1 , 2ℓq − 1], has
about the same difficulty as factoring ℓN -bit RSA modulus (e.g., see [31]).

4.2

Setup

This section describes how the issuer chooses the group public key and the group issuing private
key. The key generation program also produces a non-interactive proof (using the Fiat-Shamir
heuristic [28]) that the public key was formed correctly. The latter will guarantee the security
properties of the EPID scheme, i.e., that privacy and anonymity of signatures will hold.
′ + 1 such that
1. The issuer chooses a RSA modulus N = pN qN with pN = 2p′N + 1, qN = 2qN
′
′
pN , pN , qN , qN are all primes, pN and qN have the same length, and n has ℓN bits.

2. Furthermore, the issuer chooses a random generator g′ of QRN , the group of quadratic residues
modulo N .
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′ ] and computes
3. Next, it chooses random integers xg , xh , xs , xz , xr ∈ [1, p′N qN

g := g′

xg

xr

R := h

mod N,
mod N,

h := g′

xh

xs

S := h

mod N,
mod N,

Z := hxz mod N.

4. It produces a non-interactive proof that g, h, R, S, and Z are computed correctly, i.e., that
g, h ∈ hg′ i and S, Z, R ∈ hhi. This can be proved use the standard cut-and-choose technique.
We refer [10] for the details of this proof.
5. The issuer generates a group of prime order as follows: it chooses random primes p and q such
that p = rq +1 for some r with q ∤ r, p ∈ [2ℓp −1 , 2ℓp −1], and q ∈ [2ℓq −1 , 2ℓq −1]. It then chooses
a random u′ ← Z∗p such that such that u′(p−1)/q 6≡ 1 (mod p) and sets u := u′(p−1)/q mod p.
6. Finally, the issuer publishes the group public key (N, g′ , g, h, R, S, Z, p, q, u) and the proof,
′ ) as the group issuing private key.
and stores (p′N , qN
In addition to generating the group public key and group issuing private key, the issuer generates
also a long-term public/private key pair (KI , KI−1 ). The issuer publishes the public key KI . This
key is used for authentication between the issuer and any user who wants to become a group
−1
member. Analogously, the revocation manager has a long-term public/private key pair (KR , KR
).
The revocation manager uses its key to sign the revocation list.

4.3

Verification of the Issuer’s Public Key

Given the group public key (N, g′ , g, h, R, S, Z, p, q, u) and the proof that g, h, S, Z, R are formed
properly, any user in the system can verify the correctness of the group public key as follows:
1. Verify the proof that g, h ∈ hg′ i and R, S, Z ∈ hhi.
2. Check whether p and q are primes, q | (p − 1), q ∤

p−1
q ,

and uq ≡ 1 (mod p).

3. Check whether all public key parameters have the required length.
If g, h, R, S, Z are not formed correctly, it could potentially mean that the security properties
for the users do not hold. However, it is sufficient if the users verify the proof that g, h, R, S, Z
are computed correctly only once. Also, if u does not generate a subgroup of Z∗p , the issuer could
potentially use this to link different signatures. As argued in [10], it is not necessary to prove that
N is a product of two safe primes for the anonymity of the users. In fact, it would be very expensive
for the issuer to prove that N is a safe-prime product [15].

4.4

Join Protocol

The join protocol is a protocol runs between the issuer and a user. The public input to this protocol
is the group public key (N, g′ , g, h, R, S, Z, p, q, u) and the issuer’s long-term public key KI and the
issuer’s basename bsnI . The private input of the issuer is the group issuing private key (pN , qN ).
We assume that the user and the issuer have established an authentic channel, i.e., the user needs
to make sure that he talks to the right issuer and the issuer needs to be sure that the user is allowed
to join the group. Note that we do not require secrecy of the communication channel.
Let H(·) and Hp (·) be two collision-resistant hash functions H(·) : {0, 1}∗ → {0, 1}ℓH and
Hp (·) : {0, 1}∗ → {0, 1}ℓp +ℓ∅ . The join protocol takes the following steps:
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1. The user verifies that the group public key (N, g′ , g, h, R, S, Z, p, q, u) is authenticated by KI .
2. Both the user and issuer compute BI := Hp (bsnI )(p−1)/q mod p.
3. The user chooses at random
v ′ ← {0, 1}ℓN +ℓ∅ ,

f ← Z∗q ,
then computes
K := BIf mod p,

′

U := Rf S v mod N.

The user sends (K, U ) to the issuer.
4. The user proves to the issuer the knowledge of f and v ′ . He runs as the prover the protocol
SPK{(f, v ′ ) : U ≡ Rf S v (mod N ) ∧ K ≡ BIf (mod p) ∧
′

f ∈ {0, 1}ℓf +ℓ∅ +ℓH +1 ∧ v ′ ∈ {0, 1}ℓN +ℓ∅ +ℓH +1 }(nI )
with the issuer as the verifier. We use Σ to denote the “signature of knowledge” of the above
protocol. The issuer records (K, U, Σ) in its database, so that he has the ability to revoke
this user in the future, see Section 4.6 for detailed discussion. This protocol is implemented
as follows.
(a) The issuer chooses a random string nI ← {0, 1}ℓH and sends nI to the user.
(b) The user chooses at random
rf ← {0, 1}ℓf +ℓ∅ +ℓH ,

rv′ ← {0, 1}ℓN +2ℓ∅ +ℓH ,

and computes
r

Ũ := Rrf S rv′ mod N.

K̃ := BI f mod p,

(c) The user computes c := H(N kRkSkBI kKkU kK̃kŨ knI ).
(d) The user computes
sv′ := rv′ + c · v ′ .

sf := rf + c · f,

and sends (c, sf , sv′ ) to the issuer. The “signature of knowledge” is Σ = (c, sf , sv′ ).
(e) The issuer verifies the proof as follows. The issuer computes
s

Û := U −c Rsf S sv′ mod N,

K̂ := K −c BI f mod p,
and checks that
?

?

sf ∈ {0, 1}ℓf +ℓ∅ +ℓH +1 ,
and

sv′ ∈ {0, 1}ℓN +2ℓ∅ +ℓH +1 ,

?

c = H(N kRkSkBI kKkU kK̂kÛ knI ).
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5. The issuer chooses a random v ′′ ← [2ℓv −1 , 2ℓv − 1] and a random prime e ← [2ℓe , 2ℓe + 2ℓe′ ]
and computes

1/e
Z
A :=
mod N.
U S v′′
6. To convince the user that A was correctly computed, the issuer as prover runs the protocol
SPK{(d) : A ≡



Z
U S v′′

d

(mod N )}(nU )

with the host:
(a) The user chooses a random integer nU ← {0, 1}ℓH and sends nU to the issuer.
′ ] and computes
(b) The issuer randomly chooses re ← [0, p′N qN
r e

Z
mod N,
Ã :=
U S v′′

and
c′ := H(N kZkSkU kv ′′ kAkÃknU ),

′
se := re + c′ /e mod p′N qN
,

and sends c′ , se , and (A, e, v ′′ ) to the user.
(c) The user verifies whether e is a prime and lies in [2ℓe , 2ℓe + 2ℓe′ ], computes

s e
Z
−c′
mod N,
Â := A
U S v′′
?

and checks whether c′ = H(N kZkSkU kv ′′ kAkÂknU ).
7. The user sets v := v ′′ + v ′ and stores (A, e, f, v) as its membership private key.
Same as in the DAA scheme [10], the issuer proves to the user that A was formed correctly, i.e.,
′′
A lies in hhi. In Step 6 of the above protocol, the issuer proves that A ≡ (ZU −1 S −v )d (mod N ) for
′
some value d. In the setup program, the issuer proves that S, Z, R ∈ hhi. Since U = Rf S v mod N ,
the user can conclude that A ∈ hhi. The reason for requiring A ∈ hhi is to assure that later, in
the proof of membership protocol, A can be statistically hidden in hhi. Otherwise, an adversarial
issuer could link signatures generated by users whose A does not lie in hhi. Note that schemes such
as [1, 12, 14] have prevented this by ensuring that N is a safe-prime product and then made sure
that all elements are members of QRN . However, proving that a modulus is a safe-prime product
is rather inefficient [15] and hence the setup of these schemes is not practical as our scheme.

4.5

Proof of Membership Protocol

The proof of membership protocol is a protocol run by a prover and a verifier. It contains the
following four steps: request, challenge, sign, and verify. In the request step, the prover initializes
the interaction with the verifier by sending a request to the verifier. We shall describe rest of the
three steps in details.
As we mentioned earlier, there are three types of revocation: private-key based revocation,
signature based revocation, and issuer based revocation. Therefore, the revocation list RL contains
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three sublists, i.e., RL = {priv-RL, sig-RL, issuer-RL}. Let priv-RL be the revocation list for
private-key based revocation, in which each element is a value in hui. Let sig-RL be the revocation
list for signature based revocation, in which each element is a pair of values in hui. Let issuer-RL
be the revocation list for issuer based revocation, in which each element is a value in hui. The
revocation manager maintains the revocation list and regularly publishes the newest revocation list
to everyone in the system, signed using his private key. That is, the revocation manager publishes
{priv-RL}K −1 , {sig-RL}K −1 , and {issuer-RL}K −1 .
R

4.5.1

R

R

Challenge

In this step, the verifier first chooses a message m and a nonce nV ← {0, 1}ℓH . The verifier then
sends to the prover m, nV , {sig-RL}K −1 , and {issuer-RL}K −1 as the challenge. After the prover
R
R
receives the challenges from the verifier, the prover verifies the content of sig-RL and issuer-RL
using the revocation manager’s public key KR . Let (A, e, f, v) be the prover’s private key. For each
element (Bi , Ki ) in sig-RL, the prover checks whether Bif 6≡ Ki (mod p). If there exists some i
such that Bif ≡ Ki (mod p), it means that the prover has been revoked, the prover aborts the proof
of membership protocol. Analogously, for each item Ki in issuer-RL, the prover checks whether
BIf 6≡ Ki (mod p) where BI is the base derived from the issuer’s basename bsnI . The prover quits
the proof of membership protocol if the check fails.
Note that the prover can directly obtain RL from the revocation manager and checks whether
he has been revoked. However, it is not required for the prover to conduct such operation. Also
note that it is the verifier’s responsibility to obtain the latest revocation list from the revocation
manager. If sig-RL and issuer-RL in the verifier’s challenge are not the latest ones, then there is a
chance that some revoked users may successfully perform membership proof to the verifier without
being detected.
4.5.2

Sign

This step is run by the prover. The input to this program is the group public key (N, g′ , g, h, R, S, Z,
p, q, u), the prover’s private key (A, e, f, v), the verifier’s message m and nonce nV , the signature
based revocation list sig-RL, and the revocation based revocation list issuer-RL. The output to
this program is a signature σ produced by the prover. The sign program takes the following steps.
1. The prover picks a random B ← hui and two integers w, r ← {0, 1}ℓN +ℓ∅ and computes
T1 := Ahw mod N,

T2 := gw he (g′ )r mod N,

K := B f mod p.

2. The prover produces a “signature of knowledge” that T1 and T2 are commitments to the
prover’s private key and K was computed using the prover’s secret f . That is, the prover
computes the “signature of knowledge”
SPK{(f, v, e, w, r, ew, ee, er) : Z ≡ T1e Rf S v h−ew (mod N ) ∧
T2 ≡ gw he (g′ )r (mod N ) ∧ 1 ≡ T2−e gew hee (g′ )er (mod N ) ∧
K ≡ B f (mod p) ∧ f ∈ {0, 1}ℓf +ℓ∅ +ℓH +1 ∧ (e − 2ℓe ) ∈ {0, 1}ℓe′ +ℓ∅ +ℓH +1 }(nV km)
with the following steps.
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(a) The prover picks random integers
rv ← {0, 1}ℓv +ℓ∅ +ℓH ,

rf ← {0, 1}ℓf +ℓ∅ +ℓH

re ← {0, 1}ℓe′ +ℓ∅ +ℓH ,

ree ← {0, 1}ℓe +ℓ∅ +ℓH +1 ,

rw , rr ← {0, 1}ℓN +2ℓ∅ +ℓH ,

rew , rer ← {0, 1}2ℓe +ℓN +2ℓ∅ +ℓH +1 .

(b) The prover computes
T̃1 := T1re Rrf S rv h−rew mod N,

T̃2 := grw hre (g′ )rr mod N,

T̃3 := T2−re grew hree (g′ )rer mod N,

K̃ := B rf mod p.

(c) The prover computes
c1 := H(N kg′ kgkhkRkSkZkpkqkukBkKkT1 kT2 kT̃1 kT̃2 kT̃3 kK̃kmknV ).
(d) The prover computes (over the integers)
sv := rv + c1 · v,

sf := rf + c1 · f,

se := re + c1 · (e − 2ℓe ),

sr := rr + c1 · r,

sew := rew + c1 · w · e,

sw := rw + c1 · w,
2

see := ree + c1 · e ,

ser := rer + c1 · e · r.

(e) The prover sets σ1 := (B, K, T1 , T2 , c1 , sv , sf , se , sr , sw , sew , see , ser ).
3. The prover produces a “signature of knowledge” that his private key has not been revoked
in sig-RL. Let sig-RL = {(B1 , K1 ), . . . , (Bn2 , Kn2 )}. The prover computes the “signature of
knowledge”
SPK{(f ) : K ≡ B f (mod p) ∧ K1 6≡ B1f (mod p) ∧ . . . ∧ Kn2 6≡ Bnf 2 (mod p)}(nV km)
with the following steps.
(a) The prover chooses a random r ← Zq and computes K̃ := B r mod p.
(b) For i = 1, . . . , n2 , the prover does the following:
i. The prover chooses a random xi ← Zq .
ii. The prover computes
Ui := Bixi mod p,

Vi := Kixi mod p,

Wi := Uif mod p.

iii. The prover chooses a random integer ri ← Zq .
iv. The prover computes
Ũi := Biri mod p,

Ṽi := Kiri mod p,

W̃i := Uir mod p.

(c) The prover computes
c2 := H(pkqkukBkKkK̃kU1 kV1 kW1 kŨ1 kṼ1 kW̃1 k . . .
kUn2 kVn2 kWn2 kŨn2 kṼn2 kW̃n2 kmksig-RLknV ).
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(d) For i = 1, . . . , n2 , the prover computes si := ri + c2 · xi mod q.
(e) The prover computes s := r + c2 · f mod q.
(f) The prover sets σ2 := (B, K, c2 , s, U1 , V1 , W1 , s1 , . . . , Un2 , Vn2 , Wn2 , sn2 ).
4. The prover produces a “signature of knowledge” that his private key has not been revoked
in issuer-RL. Let issuer-RL = {BI , K1 , . . . , Kn3 }. The prover computes the “signature of
knowledge”
SPK{(f ) : K ≡ B f (mod p) ∧ K1 6≡ BIf (mod p) ∧ . . . ∧ Kn3 6≡ BIf (mod p)}(nV km)
with the following steps.
(a) The prover chooses a random x ← Zq and computes
U := BIx mod p,

W := U f mod p.

(b) For i = 1, . . . , n3 , the prover computes Vi := Kix mod p.
(c) The prover chooses rf ← Zq and rx ← Zq and computes
Ũ := U rx mod p,

W̃ := W rf mod p,

K̃ := B rf mod p.

(d) For i = 1, . . . , n3 , the prover computes Ṽi := Kirx mod p.
(e) The prover computes
c3 := H(pkqkukBkKkK̃kU kŨ kV1 kṼ1 k . . . kVn3 kṼn3 kW kW̃ kmkissuer-RLknV ).
(f) The prover computes
sx := rx + c3 · x mod q,

sf := rf + c3 · f mod q.

(g) The prover sets σ3 := (B, K, c3 , sx , sf , U, V1 , . . . , Vn3 , W ).
5. The prover outputs the signature σ := (σ1 , σ2 , σ3 ) and sends σ to the verifier.
Observe that in the sign process, the prover proves the knowledge of f such that B f ≡ K (mod p)
three times, one in each “signature of knowledge”. We could merge all three “signatures of knowledge” together such that the prover only needs to prove the knowledge of f once, thus could
improve the performance of proof of membership slightly. When we present the above sign process,
we choose to have three separate proof of knowledge protocols to make our protocol easier to read.
4.5.3

Verify

Given the group public key (N, g′ , g, h, R, S, Z, u, p, q), the message m, the nonce nV , the corresponding signature σ = (σ1 , σ2 , σ3 ), and the revocation list RL = {priv-RL, sig-RL, issuer-RL},
the verifier verifies the signature as follows.
1. The verifier verifies that m and nV are the message and the nonce he sent to the prover in
the challenge step. The verifier also verifies (B, K) in σ1 , σ2 , and σ3 all matches.
2. The verifier verifies the correctness of σ1 = (B, K, T1 , T2 , c1 , sv , sf , se , sr , sw , sew , see , ser ) as
follows:
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(a) The verifier computes s′e := se + c1 · 2ℓe and computes
s′

′

T̂1 := Z −c1 T1 e Rsf S sv h−sew mod N,
−s′e sew see

T̂3 := T2

g

h

T̂2 := T2−c1 gsw hse (g′ )sr mod N,

(g′ )ser mod N,

K̂ := K −c1 B sf mod p.

(b) The verifier verifies that
?

?

?

sf ∈ {0, 1}ℓf +ℓ∅ +ℓH +1 ,

B, K ∈ hui,

se ∈ {0, 1}ℓe′ +ℓ∅ +ℓH +1 .

(c) The verifier verifies that
?

c1 = H(N kg′ kgkhkRkSkZkpkqkukBkKkT1 kT2 kT̂1 kT̂2 kT̂3 kK̂kmknV ).
3. The verifier verifies that the prover’s private key has not been revoked in priv-RL, where
priv-RL = {f1 , . . . , fn1 }. For i = 1, . . . , n1 , the verifier verifies that
?

K 6≡ B fi (mod p).
4. The verifier verifies the correctness of σ2 = (B, K, c2 , s, U1 , V1 , W1 , s1 , . . . , Un2 , Vn2 , Wn2 , sn2 )
based on sig-RL = {(B1 , K1 ), . . . , (Bn2 , Kn2 )}. It takes the following steps:
(a) The verifier computes K̂ := K −c2 B s mod p.
(b) For i = 1, . . . , n2 , the verifier does the following:
i. The verifier verifies that
?

?

?

Ui , Vi , Wi ∈ hui,

si ∈ Zq ,

Vi 6= Wi .

ii. The verifier computes
Ûi := Ui−c2 Bisi mod p,

V̂i := Vi−c2 Kisi mod p,

Ŵi := Wi−c2 Uis mod p.

(c) The verifier verifies that
?

c2 = H(pkqkukBkKkK̂kU1 kV1 kW1 kÛ1 kV̂1 kŴ1 k . . .
kUn2 kVn2 kWn2 kÛn2 kV̂n2 kŴn2 kmksig-RLknV ).
5. The verifier verifies the correctness of σ3 = (B, K, c3 , sx , sf , U, V1 , . . . , Vn3 , W ) based on
issuer-RL = {BI , K1 , . . . , Kn3 }. It takes the following steps:
(a) The verifier verifies that
?

?

U, W ∈ hui,

sx , sf ∈ Zq .

(b) The verifier computes
K̂ := K −c3 B sf mod p,

Û := U −c3 BIsx mod p,

(c) For i = 1, . . . , n3 , the verifier does the following:
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Ŵ := W −c3 U sf mod p.

i. The verifier verifies that
?

?

Vi ∈ hui,

Vi 6= W.

ii. The verifier computes V̂i := Vi−c3 Kisx mod p.
(d) The verifier verifies that
?

c3 = H(pkqkukBkKkK̂kU kÛ kV1 kV̂1 k . . . kVn3 kV̂n3 kW kŴ kmkissuer-RLknV ).
6. If all the above verifications succeed, the verifier outputs succeed, otherwise outputs fail.
Note that the verifier can apply so called batch verification techniques [3] to obtain a considerable
speed-up of the verification in step 3.

4.6

Revocation

There are three sublists in the revocation list: priv-RL, sig-RL, and issuer-RL. Initially, priv-RL
and sig-RL are set to be empty, and issuer-RL is set to be {BI }, where BI ≡ Hp (bsnI )(p−1)/q mod
p and bsnI is the issuer’s basename. There are three ways to revoke a group member. We describe
each of these ways in detail.
1. When a user is compromised and his private key (A, e, f, v) has been exposed (e.g., on the
Internet or embedded into some software), the revocation manager verifies the correctness of
this exposed key by checking Ae Rf S v ≡ Z (mod N ), then adds f to priv-RL.
2. When a verifier interacts with some compromised prover and finds the prover suspicious, the
verifier reports the prover’s signature σ = (σ1 , σ2 , σ3 ) along with some other physical evidences
to the revocation manager. After the revocation manager verifies the physical evidences and
correctness of σ1 (see Step 2 of Section 4.5.3), he adds (B, K) in σ1 to sig-RL.
3. When the issuer wants to revoke a group member (e.g., because that user leaves the group),
the issuer sends (K, U, Σ) to the revocation manager, where the (K, U, Σ) tuple was obtained
from the “to-be-revoked” user during step 4 of the join protocol. The revocation manager
verifies that correctness of Σ and then adds K to issuer-RL.
Note that when the revocation manager revokes a user based on the signature of the user, he
needs to make sure that the signature is valid, i.e., the signature was signed by a group member.
This is to prevent a malicious verifier from adding arbitrary (B, K) pair to sig-RL. Similarly,
when the revocation manager revokes a user based on (K, U, Σ) from the issuer, he needs to make
sure that Σ is a correct “signature of knowledge”. This is to prevent the (malicious) issuer from
adding arbitrary K to issuer-RL. Observe that, the issuer can always add new members, create
new signatures, and later revoke the members that he created by herself. However, even though
the malicious issuer can choose K of his choice, he has to know logB K in order to create a valid
signature σ or know logBI K to create a valid Σ. This is a requirement in our security proof (see
Section 6 for details).
After the revocation manager publishes the revocation list RL and signs using his private key
−1
KR , everyone can verify the authenticity of this revocation list using the revocation manager’s
public key KR . In practice, we may assume that the revocation manager is trusted. Then the
verifiers trust the revocation manager to construct the revocation list in a correct manner. In the
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model where the revocation manager is not completely trusted, the revocation manager also needs
to publish a compromised private key for each item in priv-RL, a signature for each item in sig-RL,
and a (K, U, Σ) tuple for each element in issuer-RL. The verifiers have to verify the correctness of
each element in the revocation list in the same way as the revocation manager does. In Section 6,
we shall show that that even if the revocation manager or the issuer has been corrupted by the
adversary, the anonymity of the honest users is still guaranteed.

4.7

Performance and Discussion

The setup and join protocol have the same performance as in the DAA scheme [10]. The cost
of proof of membership protocol has four parts: proof of knowledge of a membership private key,
verification that the private key is not in priv-RL, proof that the private key does not appear
in sig-RL, and proof that the private key does not appear in issuer-RL. The first part of the
proof of membership protocol is the same as the DAA scheme and takes constant time for both the
prover and verifier. The second part is also the same as the DAA scheme and takes n1 modular
exponentiations for the verifier, where n1 is the size of priv-RL. The third and forth parts together
take about 6n2 + 2n3 + c modular exponentiations for both the prover and verifier, where n2 and
n3 are the lengths of sig-RL and issuer-RL, respectively, and c is a small constant.
Observe that the cost of proof of membership is linear to the size of the revocation list and could
be quite expensive if the revocation list becomes large. There are two possible ways to control the
size of the revocation list.
• Divide into smaller groups. If the group size is too big, the revocation list may become large
as well. One way is to control the size of the revocation list is to have multiple smaller groups.
If a group size was 10,000, and at most 2% of the users would get revoked, then the revocation
list would have at most 200 items. The drawback of this method is that the verifier needs to
know which group the prover is in, thus, learns more information about the prover. It is a
trade-off between privacy and performance.
• Issue a new group if the revocation list grows too big. If the size of the revocation list is
above certain threshold (e.g., 2% of the group size), then the issuer can do a “re-key” process
as follows. The issuer first creates a new group. Then each user in the old group proves to
the issuer that he is a legitimate member of the old group and has not been revoked, then
obtains a new membership private key for the new group.

5

Intuition

In the EPID scheme in the previous section, the prover needs to perform non-revoked proofs,
i.e., prove that his private key is not listed in sig-RL and issuer-RL. The non-revoked proofs
are derived, via Fiat-Shamir heuristic [28], from a new protocol for proving inequality of discrete
logarithms. We first present the inequality proof protocol, then give intuition into the construction
of the non-revoked proofs in the EPID scheme.
Loosely speaking, given B, K, Bi , Ki ∈ hui, the prover proves the knowledge of f such that
f
B = K and Bif 6= Ki . The protocol below is a proof of knowledge, which means that by rewinding
a prover it is possible to extract the secret f . The protocol itself however is not zero knowledge.
Protocol 1. Let p and q be two large primes such that p = rq + 1 for some r with q ∤ r. Let u
be a generator of the unique order-q subgroup of Z∗p . Assume all the arithmetic operations in this
section are modulo p unless specified otherwise. The prover and the verifier have common input
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B, K, Bi , Ki ∈ hui. The prover has the additional input f such that B f = K. The prover wants to
prove the knowledge of f such that f = logB K and f 6= logBi Ki , i.e.,
PK{(f ) : B f = K ∧ Bif 6= Ki }
The prover and the verifier engage in the following protocol.
1. The prover chooses x ← Zq and computes
U := Bix ,

V := Kix ;

W := U f .

The prover sends U , V , and W to the verifier.
2. The prover proves to the verifier
PK{(x, f ) : Bix = U ∧ Kix = V ∧ U f = W ∧ B f = K}
as follows:
(a) The prover chooses rx ← Zq and rf ← Zq , and computes
Ũ := Birx ,

Ṽ := Kirx ;

W̃ := U rf ,

K̃ := B rf .

(b) The prover sends Ũ , Ṽ , W̃ , and K̃ to the verifier.
(c) The verifier chooses a random challenge c ← Zq and sends c back to the prover.
(d) The prover computes
sx := rx + c · x mod q,

sf := rf + c · f mod q

The prover then sends sx and sf to the verifier.
(e) The verifier verifies that
?

Bisx = Ũ · U c ,

?

Kisx = Ṽ · V c ,

?

U sf = W̃ · W c ,

?

B sf = K̃ · K c .

(1)

3. The verifier verifies that V 6= W .
Let us use fi to denote logBi Ki . Suppose f = fi and the proof of knowledge in Step 2 of the
above protocol is correct, then we have V = Kix = Bixfi = Bixf and W = U f = Bixf for some
x and f , therefore V = W and the verifier will reject the above inequality proof. Protocol 1 is
efficient: the prover needs to perform 7 modular exponentiations and the verifier needs to perform
8 modular exponentiations. Note that Camenisch and Shoup [17] have developed a zero-knowledge
proof of knowledge protocol for proving inequality of discrete logarithms. Their protocol has similar
computational complexity as our protocol, and furthermore their protocol is zero-knowledge whereas
our protocol is not zero-knowledge. Our EPID scheme uses derived versions of Protocol 1 because
our protocol has a significant advantage in proving multiple inequality equations at a time.
Lemma 1. Given (U, V, W ), transcripts of Protocol 1 can be simulated.
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Proof. The simulator chooses the challenge c ← Zq . It selects sx ← Zq and sets Ũ := Bisx U −c and
Ṽ := Kisx V −c . Then the first two equations in (1) are satisfied. With c and x fixed, a choice of
either rx or sx determines the other, and a uniform random choice of one gives a uniform random
choice of the other. Therefore, sx , Ũ , and Ṽ are distributed as in a real transcript.
The simulator now chooses sf ← Zq and sets W̃ := U sf W −c and K̃ := B sf K −c . Then the last
two equations in (1) are satisfied. Since c and f are fixed, a choice of either rf or sf determines
the other. Therefore, sf , W̃ , and K̃ are distributed as in a real transcript.
Finally, the simulator outputs the transcript (U, V, W, Ũ , Ṽ , W̃ , K̃, c, sx , sf ). As argue above,
this transcript is distributed identically to the transcript of Protocol 1 for given (U, V, W ).
Lemma 2. There exists a knowledge extractor for Protocol 1 that can extract an f from a convincing
prover, such that B f = K and Bif 6= Ki .
Proof. Suppose that a knowledge extractor can rewind a prover in the protocol above. The prover
sends U , V , W , Ũ , Ṽ , W̃ , and K̃ to the verifier, where V 6= W . To challenge value c, the prover
responds with sx and sf . To challenge value c′ 6= c, the prover responds with s′x and s′f . If the
prover is convincing, all four verification equations in (1) holds for both (sx , sf ) and (s′x , s′f ).
For simplicity, we denote ∆c = c − c′ , ∆sx = sx − s′x , and ∆sf = sf − s′f . Consider equations
(1) in Protocol 1, dividing each equation using (c, sx , sf ) and using (c′ , s′x , s′f ), we obtain
Bi∆sx = U ∆c ,

Ki∆sx = V ∆c ,

U ∆sf = W ∆c ,

B ∆sf = K ∆c .

The exponents are in a group of prime order q, therefore we can take roots. Let
fˆ := ∆sf /∆c mod q.

x̂ := ∆sx /∆c mod q,
We have the following equations:
Bix̂ = U,

ˆ

Kix̂ = V,

ˆ

U f = W,

B f = K.

(2)

If we combine the first and third equations in (2), we get
ˆ

Bix̂·f = W,

Kix̂ = V.

After we take x̂-th root to both sides of the above equations, we obtain
ˆ

Bif = W 1/x̂ ,

Ki = V 1/x̂ .
ˆ

As V 6= W , it follows that V 1/x̂ 6= W 1/x̂ . Therefore we have Bif 6= Ki . That is, the knowledge
ˆ
ˆ
extractor obtains fˆ such that B f = K and Bif 6= Ki . Given B, K ∈ hui, there exists only one
f ∈ Zq such that B f = K. Thus the fˆ extracted by the knowledge extractor is the same as the f
known to the prover.
Note that in the EPID scheme, given sig-RL and issuer-RL, the prover wants to prove the
knowledge of f such that B f = K, Bif 6= Ki for each (Bi , Ki ) pair in sig-RL, and BIf 6= Ki for
each Ki in issuer-RL. To do this, one could repeat Protocol 1 for multiple times, once for each
item in sig-RL and issuer-RL. In the EPID scheme, we use Protocol 2 for proving that f is not
revoked in sig-RL and Protocol 3 for proving that f is not revoked in issuer-RL, the following
two protocols are derived from Protocol 1.
21

Protocol 2. Let p, q, and u be defined as in Protocol 1. The prover and the verifier have common
input B, K, B1 , K1 , . . . , Bn , Kn ∈ hui. The prover has the additional input f such that B f = K.
The prover wants to prove
PK{(f ) : B f = K ∧ B1f 6= K1 ∧ · · · ∧ Bnf 6= Kn }
The prover and the verifier engage in the following protocol.
1. For i = 1, . . . , n, the prover chooses a random xi ← Zq , computes Ui := Bixi , Vi := Kixi , and
Wi := Uif , and sends Ui , Vi , and Wi to the verifier.
2. The prover proves to the verifier
PK{(x1 , . . . , xn , f ) : B1x1 = U1 ∧ K1x1 = V1 ∧ · · · ∧ Bnxn = Un ∧ Knxn = Vn ∧
U1f = W1 ∧ · · · ∧ Unf = Wn ∧ B f = K}
3. For i = 1, . . . , n, the verifier verifies that Vi 6= Wi .
Protocol 2 requires 6n + 1 modular exponentiations for the prover and 6n + 2 modular exponentiations for the verifier. Protocol 2 saves around 20% on performance compared with executing
Protocol 1 for n times, as Protocol 2 only needs to prove B f = K once.
Protocol 3. Let p, q, and u be defined as in Protocol 1. The prover and the verifier have common
input B, K, BI , K1 , . . . , Kn ∈ hui. The prover has the additional input f such that B f = K. The
prover wants to prove
PK{(f ) : B f = K ∧ BIf 6= K1 ∧ · · · ∧ BIf 6= Kn }
The prover and the verifier engage in the following protocol.
1. The prover chooses a random x ← Zq and computes U := BIx and W := U f . For i = 1, . . . , n,
the prover computes Vi := Kix . The prover sends U, V1 , . . . , Vn , W to the verifier.
2. The prover proves to the verifier
PK{(x, f ) : BIx = U ∧ K1x = V1 ∧ · · · ∧ Knx = Vn ∧ U f = W ∧ B f = K}
3. For i = 1, . . . , n, the verifier verifies that Vi 6= W .
Protocol 3 requires 2n + 5 modular exponentiations for the prover and 2n + 6 modular exponentiations for the verifier. Protocol 3 saves around 73% on performance compared with executing
Protocol 1 for n times, as Protocol 3 chooses the same x for different K1 , . . . , Kn , thus it only needs
to compute U and W once.
Same as Protocol 1, Protocol 2 and 3 are proof of knowledge protocols; but they are not
zero-knowledge in the general case as the verifier cannot simulate the transcripts of the prover.
However, we shall show in Section 6 that the signature generated by a group member (who runs
Protocol 2 and 3 as the prover) can be simulated by the verifier under the decisional Diffie-Hellman
assumption. The underlying idea is stated in the following claim.
Claim 1. In Protocol 1, if logB K is uniformly distributed in Zq and logBi Ki is either uniformly
distributed in Zq or a value known to the verifier, then the transcripts of Protocol 1 can be simulated
under the decisional Diffie-Hellman assumption.
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Proof. Let us denote f = logB K and fi = logBi Ki . Lemma 1 states that given (U, V, W ), transcripts of Protocol 1 can be simulated. We now describe how to simulate (U, V, W ). The simulator
chooses a random a ← Zq and a random y ← hui and set U ′ = Bia , V ′ = Kia , and W ′ = y. We argue
that the verifier cannot distinguish the transcripts of Protocol 1 from the transcripts generated by
the simulator, i.e.,
c
(U ′ , V ′ , W ′ ) ≈ (U, V, W ),
c

where ≈ stands for computationally indistinguishable.
In Protocol 1, (U, V, W ) = (Bix , Kix , Bixf ) = (Bix , Bixfi , Bixf ) for a random x ∈ Zq . Observe that
the distributions of (U ′ , V ′ ) and (U, V ) are indistinguishable, as both a and x are chosen randomly
from Zq . Also observe that W = Bixf where x and f are chosen randomly in Zq , the distributions
of (U ′ , W ′ ) and (U, W ) are computational indistinguishable under the decisional Diffie-Hellman
assumption. For the same reason, if fi is randomly chosen from Zq , then no computation-bounded
adversary can distinguish (U, V ) with (U, y) where y ← hui. Now, let us consider two cases. First
case is that fi also randomly distributed in Zq . Let C be a random variable equally distributed in
hui, we have
c
c
c
(U, V, W ) ≈ (U, C, W ) ≈ (U ′ , C, W ′ ) ≈ (U ′ , V ′ , W ′ ).
The second case is that fi already known to the verifier, we have
c

(U, V, W ) = (U, U fi , W ) ≈ (U ′ , U fi , W ′ ) = (U ′ , V ′ , W ′ ).
Therefore, the verifier cannot distinguish the distributions of (U, V, W ) and (U ′ , V ′ , W ′ ).
Same reasoning holds for Protocol 2 and 3. For Protocol 2, the simulator can, for i = 1, . . . , n,
simulate (Ui , Vi , Wi ) as (Biai , Kiai , yi ) for ai ← Zq and yi ← hui. For Protocol 3, the simulator can
simulate (U, V1 , . . . , Vn , W ) as (BIa , K1a , . . . , Kna , y) for a ← Zq and y ← hui.

6

Security Proofs

Since the EPID scheme is built on top of the DAA scheme, the security proof of the EPID scheme
comes largely from the DAA scheme [11] as well. To prove the security of our EPID scheme, we
need to construct a simulator S such that the environment E cannot distinguish whether it runs in
the real system, interacting with A and the real parties, or in the ideal system, interacting with S
and the ideal parties. In this section, we first describe some assumption for the real system, then
we construct a simulator, and in the end we prove that the simulator is formed correctly.
The main differences of our proof here with the proof of the DAA scheme are as follows:
1. We show that our proof of knowledge protocol for signature and issuer based revocations
preserve the anonymity and unlinkability of the EPID scheme.
2. In the ideal model, the revocation manager can be either corrupted or uncorrupted, whereas
the revocation manager in the DAA scheme is always corrupted.
3. In our scheme, every group member can be revoked. It follows that an honest group member
can be revoked by the adversary using signature or issuer based revocation. In the DAA
scheme, only corrupted users can be revoked.
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6.1

Assumptions for Real System

To simplify the security proof of EPID, we make the following assumptions and modify the EPID
protocols accordingly.
1. For signature based revocation in Section 4.6, we do not model the check of physical evidence
when we revoke a prover based on his signature. Therefore, every group member can be
revoked based on his signature by anybody in the system. In other words, in the security
proof, the adversary can revoke an honest user based on the signature that the adversary has
obtained from the user.
2. We assume every user at any given time has an updated revocation list. We do not consider
the cases where the prover has one version of revocation list and the verifier has another. In
the challenge phase in Section 4.5.1, the verifier sends only the message m and the nonce nV .
There is no need to send sig-RL from the verifier to the prover.
3. We do not model revocation manager and do not model signed revocation list. Everyone
maintains his own priv-RL, sig-RL, and issuer-RL locally. Everybody has the ability to
revoke and can act as a revocation manager. We assume that there is a broadcast channel
so that the revocation messages are broadcast to everyone. We consider the following three
revocations:
(a) If a user finds a comprised private key (A, e, f, v), he broadcasts it to everyone. Everyone
verifies the correctness of the private key, i.e., checks whether Ae Rf S v ≡ Z (mod N ),
and adds f to priv-RL.
(b) If a user wants to revoke a group member based on the signature σ = (σ1 , σ2 , σ3 ) he
obtained from the group member, he broadcasts σ to everyone. Everyone verifies the
correctness of the signature and then adds (B, K) to sig-RL.
(c) If the issuer wants to revoke a group member, he broadcasts (K, U, Σ) to everyone
where the (K, U, Σ) tuple was obtained from the group member during the join protocol.
Everyone verifies the correctness of Σ and then adds K to issuer-RL.

6.2

Simulator in the Ideal System

We now describe how to construct the simulator S. Recall that S interacts with T on behalf of
the corrupted parties of the ideal system, and simulates the real-system adversary A towards the
environment E. The simulator S is given A as a black box. The simulator S will use A to simulate
the conversations of E with A. That is, the simulator will forward all messages from E to A and
simulates all messages from A to E. As we are in the random oracle model, the simulator has full
control of the random oracle, i.e., the simulator plays the random oracle towards A. Whenever S
gets a query from A to the random oracle, S has the ability to answer it in any way with the only
constraint that it cannot give two different answers to the same query.
We now describe how S handles the different operations of the system. These operations are
triggered either by requests from T to any of the corrupted party or by messages from A to any
of the honest parties. The simulator S needs to handle the operations differently depending on
which parties are corrupted. We name the cases as follows. A capital letter denotes that the
corresponding party is not corrupted and a small letter denotes that is it corrupted. For instance,
(Iu) denotes the case where the issuer is not corrupted, but the user is. If a party is not listed,
then the simulator handles this case independently of whether or not this party is corrupted.
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The simulator maintains three databases, a join database for recording information on each
execution of the join protocol, a signature database for recording information on each signature,
and a revocation database for recording information on each item in the revocation list. Each tuple
in the databases has two entries: one is the information recorded, second is the user information.
For example, if user Uj creates a signature σ, S inserts (σ, Uj ) to the signature database. If the
user is an unknown honest user, we use the keyword honest. Similarly, if the user is an unknonwn
user controlled by the adversary, we use the keyword corrupted.
Ideal System Setup: For all parties controlled by S, it indicates to T that they are corrupted.
Simulation of the Real System’s Setup: There are two cases depending on whether the issuer
is corrupted.
Case (i): The issuer is corrupted. A runs the setup program in the real system. S receives
the issuer’s public key (N, g′ , g, h, R, S, Z, p, q, u) from A and then verifies the correctness of
the public key. Note that in this case S does not know the factorization of N .
Case (I): The issuer is not corrupted. S runs the key generation of the issuer’s and sends the
thereby obtained public key (N, g′ , g, h, R, S, Z, p, q, u) to A as the public key of the issuer.
Note that in this case S knows the factorization of N .
Simulation of the Join Protocol: Players in this protocol are a user and the issuer.
Case (iu): Both the user and issuer are corrupted. There is nothing S has to do, i.e., it won’t
even notice as this is an internal transaction of A.
Case (IU): Both the user and issuer are not corrupted. S does not have to do anything either.
S won’t even notice as this operation does not trigger a call from T to S.
Case (Iu): The issuer is honest but the user is corrupted. In this case, S gets a request
from A as real-system user Uj to run the join protocol. S plays the issuer and runs the join
protocol with the adversary as the user as follows. S runs the join protocol until Step 6b,
before sending (A, e, v ′′ ) out. If the protocol is aborted before this step, S does not need to
do anything further for this query. Otherwise, S plays as the ideal-system user with T that
the user wants to join. S waits until T tells S whether the user is allow to join. If the answer
is positive, S finishes the join protocol with A, otherwise it abort the join protocol. If the
join protocol succeeds, S records transcript of the protocol along with Uj its join database.
Case (iU): The issuer is corrupted but not the user. In this case, S gets a request from T
that the user Uj wants to join. Thus, S has to play the ideal-system issuer towards T and, in
the same time, to simulate the real-system user towards A. That is, S runs the real-system
join protocol as the user with A as the issuer. If the join protocol finishes successfully and S
obtains (A, e, v ′′ ) from A, S stores the user’s private key (A, e, f, v) and informs T that the
user is allowed to join. S also stores transcript of the protocol along with Uj its join database.
If the protocol fails, S informs T that the user is not allowed to join.
Simulation of the Proof of Membership Protocol: Players in this protocol are a prover and
a verifier. We distinguish four cases, depending on whether or not the prover and verifier are
corrupted. We assume that both the prover and verifier have the revocation lists priv-RL =
{f1 , . . . , fn1 }, sig-RL = {(B1 , K1 ), . . . , (Bn2 , Kn2 )}, and issuer-RL = {BI , K1 , . . . , Kn3 }.
Case (pv): Both the prover and verifier are corrupted. There is nothing S has to do, i.e., it
won’t even notice as this is basically an internal transaction of A.
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Case (PV): Both the prover and verifier are not corrupted. S does not have to do anything.
Again, it won’t even notice as this operation does not trigger a call from T to S.
Case (pV): The prover is corrupted but not the verifier. In this case, S gets a request from
A as a real-system prover to initiate a proof of membership protocol with a verifier. Thus
S plays as the ideal-system prover towards T and, in the same time, to simulate the realsystem verifier toward A. First, S sends the request to T as an ideal-system prover. Later T
responds with m to S. S chooses nV at random and sends m and nV to A as the challenge.
If A aborts, S informs T to abort. If A does not abort, S receives a signature σ from A on
the message m. S first runs the verify protocol until Step 2. If the verification fails, S can
just ignore the signature.
S then checks whether the signature comes from a revoked user in priv-RL, i.e., runs Step 3
of the verify protocol. If Step 3 fails, i.e., S finds some fi in priv-RL such that B fi = K. If
fi is assigned to an honest user in S’s revocation database and if the issuer is corrupted, S
stops and outputs “failure 1”. If fi is assigned to an corrupted user Uj , S stops and informs
T that Uj wants to proceeds.
S next runs Step 4 of the verification process. If the verification fails and there exists no i
such that Vi = Wi , S simply ignores the signature. If Step 4 fails because Vi = Wi for some
i. S looks up its revocation database and finds the revocation token (Bi , Ki ) is assigned to
user Uj . If Uj is an honest user, S stops and outputs “failure 2”. If Uj is a corrupted user, S
stops and informs T that Uj wants to proceeds.
S then runs Step 5 of the verification process. If the verification fails and there exists no i
such that Vi = W , S simply ignores the signature. If Step 5 fails because Vi = W for some i.
S looks up its revocation database and finds the revocation token Ki is assigned to user Uj .
If Uj is an honest user, S stops and outputs “failure 3”. If Uj is a corrupted user, S stops
and informs T that Uj wants to proceeds.
If the above verification succeeds, i.e., the signature from A is not revoked. So S has to figure
out which user it should associate this signature. To this end, S checks whether it has already
seen the (B, K) pair in σ appeared in the signature database. We have following cases:
1. If S used (B, K) as an honest user in the simulation of a signature, i.e., the (B, K) pair
appears in the signature database and is associated with an honest user. S stops and
outputs “failure 4”.
2. If (B, K) was used by A before, S looks in its signature database to find which user Uj
it assigned to that pair previously. Then S informs T to proceeds on behalf of Uj . S
inserts (σ, Uj ) into its signature database.
3. If (B, K) is new to S, S can just randomly select any corrupted Uj (no matter whether
Uj has been selected before) such that Uj is not revoked. Then S informs T to proceed
the proof of membership process as user Uj . S records (σ, Uj ) into its signature database.
Case (Pv): The prover is not corrupted but the verifier is. In this case, S obtains a request
from T that some honest prover wants to perform a proof of membership. S plays the realsystem prover and runs the proof of membership protocol with A as the real-system verifier
as follows. S sends a request to A who responds with a message m and a nonce nV . S sends
m to T and waits until it gets a response from T . If T aborts, S also aborts. Note that we
assume that, in the ideal system, the honest prover proceeds only if the prover has not been
revoked. Therefore, when S receives a notification from T , the result must be that m has been
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signed by a non-revoked member. S proceeds as follows to simulate a signature in the real
system (without knowing who is the prover and without knowing the prover’s membership
private key) using the power over the random oracle with A as the verifier as follows.
1. S picks a random B ← hui, then picks T1 ← hhi, T2 ← hg′ i, and K ← hBi.
2. S forges σ1 with regard to B, K, T1 , and T2 as follows:
(a) S picks random integers
sv ← {0, 1}ℓv +ℓ∅ +ℓH ,

sf ← {0, 1}ℓf +ℓ∅ +ℓH

se ← {0, 1}ℓe′ +ℓ∅ +ℓH ,

see ← {0, 1}ℓe +ℓ∅ +ℓH +1 ,

sw , sr ← {0, 1}ℓN +2ℓ∅ +ℓH ,

sew , ser ← {0, 1}2ℓe +ℓN +2ℓ∅ +ℓH +1 .

(b) S picks a random c1 ← {0, 1}ℓH .
(c) S computes s′e := se + c1 · 2ℓe and
s′

T̃1 := Z −c1 T1 e Rsf S sv h−sew mod N,
−s′e sew see

T̃3 := T2

g

h

(g′ )ser mod N,

′

T̃2 := T2−c1 gsw hse (g′ )sr mod N,
K̃ := K −c1 B sf mod p.

(d) S patches the random oracle such that
c1 = H(N kg′ kgkhkRkSkZkpkqkukBkKkT1 kT2 kT̃1 kT̃2 kT̃3 kK̃kmknV ).
(e) S sets σ1 := (B, K, T1 , T2 , c1 , sv , sf , se , sr , sw , sew , see , ser ).
3. S now forges σ2 with regard to B and K as follows.
(a) S chooses a random s ← Zq .
(b) For i = 1, . . . , n2 , S chooses
xi ← Zq ,

si ← Zq ,

Wi ← hui.

and computes
Ui := Bixi mod p,

Vi := Kixi mod p.

(c) S picks a random c2 ← {0, 1}ℓH .
(d) S computes K̃ := K −c2 B s mod p.
(e) For i = 1, . . . , n2 , S computes
Ũi := Ui−c2 Bisi mod p,

Ṽi := Vi−c2 Kisi mod p,

W̃i := Wi−c2 Uis mod p.

(f) S patches the random oracle such that
c2 = H(pkqkukBkKkK̃kU1 kV1 kW1 kŨ1 kṼ1 kW̃1 k . . .
kUn2 kVn2 kWn2 kŨn2 kṼn2 kW̃n2 kmksig-RLknV ).
(g) S sets σ2 := (B, K, c2 , s, U1 , V1 , W1 , s1 , . . . , Un2 , Vn2 , Wn2 , sn2 ).
4. S now forges σ3 with regard to B and K as follows.
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(a) S first chooses
sx ← Zq ,
(b)
(c)
(d)
(e)

sf ← Zq ,

x ← Zq ,

W ← hui.

S computes U := BIx mod p.
For i = 1, . . . , n3 , S computes Vi := Kix mod p.
S picks a random c3 ← {0, 1}ℓH .
S computes
K̃ := K −c3 B sf mod p,

Ũ := U −c3 BIsx mod p,

W̃ := W −c3 U sf mod p.

(f) For i = 1, . . . , n3 , S computes Ṽi := Vi−c3 Kisx mod p.
(g) S patches the random oracle such that
c3 := H(pkqkukBkKkK̃kU kŨ kV1 kṼ1 k . . . kVn3 kṼn3 kW kW̃ kmkissuer-RLknV ).
(h) S sets σ3 := (B, K, c3 , sx , sf , U, V1 , . . . , Vn3 , W ).
5. S sends σ := (σ1 , σ2 , σ3 ) as signature on m to A, then inserts (σ, honest) into its signature
database.
Simulation of Revocation: As we explained in Section 6.1, everyone can act as a revocation
manager. We consider the following three revocations:
1. Private-key based Revocation. We consider the following two cases depending on whether
the user is corrupted or not.
Case (U). The user is not corrupted. If the issuer is corrupted, S cannot do anything
here, as S does not know the factorization of N . If the issuer is not corrupted, S chooses
a random (A, e, f, v) tuple such that Ae Rf S v ≡ Z (mod N ), and sends (A, e, f, v) to
A. Note that the honest user cannot revoke any corrupted user using this method. S
randomly picks up an uncorrupted user Uj and stores (f, Uj ) in its revocation database.
Case (u). The user is corrupted. S obtains (A, e, f, v) from A. If Ae Rf S v is not equal
to Z, S just ignores the values. Next, S checks whether f corresponds to a (B, K) pair
that S used with an honest user during the simulation of signatures, i.e., whether there
exists a (B, K) pair in the signature database such that f = logB K. If this is the case,
A computed the discrete logarithm of K based on B, so S stops and outputs “failure
5”. Next, we have the following two cases:
• Let us first consider the case where the issuer is uncorrupted. S looks up its join
database and checks whether there exists K in the database such that f = logBI K.
If S does not find any matching K, the adversary must forged a private key, S stops
and outputs “failure 6”. If S finds a K in its join database and associated with user
Uj , S stores (f, Uj ) in its revocation database. Note that Uj must be a corrupted
user, as in this case the issuer is uncorrupted and the join database only contains
corrupted users.
• The issuer is corrupted in this case. If there exists a K in S’s join database such
that f = logBI K, S stops and outputs “failure 7”. Otherwise, S picks a corrupted
user Uj that has not been revoked and stores (f, Uj ) in its revocation database. S
also marks Uj as a revoked user.
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2. Signature based revocation. We consider the following two cases depending on whether
or not the user is corrupted.
Case (U). The user is not corrupted. S chooses a signature from its signature database,
i.e., either from the signatures it has simulated or from the signatures generated by A. S
sends the chosen signature to A. S also inserts (B, K) in the signature to sig-RL. If the
signature is simulated by S, S randomly picks an honest (revoked or unrevoked) user Uj ,
extracts (B, K) from the signature, and stores (B, K, Uj ) in its revocation database. If
the signature was generated by A before, S looks up its signature database and identify
the signer Uj , S extracts (B, K) from the signature and stores (B, K, Uj ) in its revocation
database. Note that whenever S adds a signature from A to its signature database, S
is always able to associate the signature with a corrupted user.
Case (u). The user is corrupted. S obtains a signature σ from A. If the signature is
not valid, S ignores the signatures. If (B, K) in σ already appears in the revocation
list, S ignores the signatures. Otherwise, S adds (B, K) to sig-RL. S checks whether
it has seen this signature before in its signature database. If not, S randomly picks a
corrupted user Uj and stores (B, K, Uj ) in its revocation database. If σ already exists in
the signature database and is tagged with honest, i.e., the signature was simulated by
S, S randomly picks an honest user Uj and stores (B, K, Uj ) in its revocation database.
If σ exists in the signature database and is associated with a corrupted user Uj , S stores
(B, K, Uj ) in its revocation database.
3. Issuer based revocation based. We consider the following two cases depending on whether
or not the issuer is corrupted.
Case (I). The issuer is not corrupted. S either chooses a (K, U, Σ) tuple from its join
database or creates a new (K, U, Σ) tuple. If the (K, U, Σ) tuple comes from S’s join
database, S identifies the user Uj associated with that tuple. Note that in this case Uj
must be a corrupted user. S inserts (K, Uj ) into its revocation database. Otherwise, S
randomly chooses an uncorrupted user Uj , runs the join protocol locally, and obtains
the tuple (K, U, Σ) from the transcript of the join protocol. S then inserts (K, Uj ) into
its revocation database. In the end, S adds K to issuer-RL and sends (K, U, Σ) to A.
Case (i). The issuer is corrupted. S obtains a (K, U, Σ) tuple from A. If the proof of
knowledge Σ is not valid, S ignores this tuple. If K already appears in the issuer based
revocation list, S ignores the tuple. Otherwise, S adds K to issuer-RL. S looks up its
join database and check whether (K, U, Σ) exists in the database. If (K, U, Σ) exists in
the join database and corresponds to honest user Uj , S inserts (K, Uj ) in its revocation
database. Otherwise, S randomly picks a corrupted user that has not been revoked in
priv-RL, and adds (K, Uj ) in its revocation database.
This concludes the description of the simulator S. What remains to argue is that the environment cannot distinguish whether it runs in the ideal system or in the real system.

6.3

Correctness of the Simulator

We now argue that the simulator described above works. That is, under the decisional DiffieHellman assumption and the strong RSA assumption, the simulator will not stop and output
“failure” and that the environment cannot distinguish whether or not it is run in the real system
or the ideal system. We next discuss each failure case in details.
• Failure 1: This failure only occurs if the issuer is not corrupted. If this failure occurs, the
adversary has forged a revoked signature with respect to fi that the simulator chosen. Using
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the rewinding techniques, we can extract (A, e, fi , v) from this signature. We shall show in
Lemma 4 that this is not possible under the strong RSA assumption.
• Failure 2: If this failure occurs, the adversary has forged a signature with respect to (B, K)
such that logB K = logBi Ki where (Bi , Ki ) comes from an honest user, i.e., is chosen by
the simulator. Since the signature is based on a proof of knowledge of the discrete logarithm
of K, we can extract logB K and logBi Ki using rewinding techniques on the adversary and
using the power over the random oracle. Thus, we can reduce an adversary that produce a
failure to this type to one that computes discrete logarithms. Note that such a reduction
would loose a factor because of the oracle calls.
• Failure 3: If this failure occurs, the adversary has forged a signature with respect to (B, K)
such that logB K = logBI Ki where Ki comes from an honest user during the join protocol,
i.e., is chosen by the simulator. Since the signature is based on a proof of knowledge of the
discrete logarithm of K, we can extract logB K and logBI Ki using rewinding techniques on
the adversary and using the power over the random oracle. Also observe that the simulator
can choose any BI he wants as he controls the random orale. Thus, we can reduce an adversary
that produce a failure to this type to one that computes discrete logarithms. Same as failure
2, such a reduction would loose a factor because of the oracle calls.
• Failure 4: If this failure occurs, the adversary has forged a signature respect to (B, K), which
appeared in a signature simulated by S. Similar to failure 1, we can extract logB K using
rewinding on the adversary and using the power over the random oracle. Thus, we can reduce
an adversary that produce a failure to this type to one that computes discrete logarithms.
• Failure 5: The adversary has produced an f such that B f equals K for some (B, K). However,
the simulator choose all the K randomly without even knowing logB K. It is straightforward
to show that the adversary could be used to solve the discrete logarithm problem in Z∗p .
• Failure 6: This is a similar failure as failure 1 and can only occur if the issuer is honest. The
adversary has forged a private key (A, e, f, v) such that f does not correspond any K in the
simulator’s join database. In other words, the adversary did not obtain a private key with
respect to f from the issuer, but forged a valid membership private key. We shall show in
Lemma 4 that this is not possible under the strong RSA assumption.
• Failure 7: This failure only occurs if the issuer is corrupted. The simulator ran the join
protocol with the adversary as the real-system issuer. The simulator has chosen a random f
and revealed (B, K) to the adversary such that B f equals K. Later, the adversary outputs
(A, e, f, v) such that f is equal to logB K. Using the power over the random oracle, given
a (B, K) pair, the adversary can compute f such that B f = K. Thus, we can reduce an
adversary that produce a failure to this type to one that computes discrete logarithms.
It remains to argue that the environment and adversary cannot distinguish whether they run
in the real system or in the ideal system. Observe that, except for the join protocol, the simulator
behaves exactly the same as the honest players in the real system. In Lemma 3, we shall show that
signatures generated by an honest user can be simulated by the simulator. Therefore, our EPID
scheme is secure.
Lemma 3. Under the decisional Diffie-Hellman assumption, there exists no adversary can distinguish a signature produced by an honest user in the real system from a signature generated by the
simulator in the ideal system.
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Proof. To simulate a signature from an honest user, the simulator first simulates the first part of
the signature σ1 = (B, K, T1 , T2 , c1 , sv , sf , se , sr , sw , sew , see , ser ), then simulates the second part
of the signature σ2 = (B, K, c2 , s, U1 , V1 , W1 , s1 , . . . , Un2 , Vn2 , Wn2 , sn2 ), finally simulates the third
part of the signature σ3 = (B, K, c3 , sx , sf , U, V1 , . . . , Vn3 , W ).
As in the DAA scheme [11], σ1 is correctly simulated. As the simulator controls the random
oracle and patches the random oracle such that its outputs are uniformly random, the distribution
of c1 is the same in both the real system and the ideal system. It is easy to see that se , sr , sw ,
sew , see , and ser are distributed statistically chose in both the real system and the ideal system
if ℓ∅ is sufficiently large. For value B, both the user and simulator choose B at random. Next
consider the the value K, the simulator chooses K at random whereas in the real system logB K
is always the same for a given user. Under the decisional Diffie-Hellman assumption, no adversary
can distinguish two distributions. Next consider the values T1 and T2 . The simulator chooses them
randomly from hhi and hg′ i, respectively. An honest user on the other hand computes T1 as Ahw
and T2 as gw he (g′ )r . Observe that if A ∈ hhi and g, h ∈ hg′ i, T1 and T2 are distributed statistically
close to random elements of hhi and hg′ i. The issuer already proves that A ∈ hhi in the join protocol
and g, h ∈ hg′ i in the setup process.
We now show that σ2 is correctly simulated. Note that the values of B and K are the same as
in σ1 . Since the simulator controls the random oracle, c2 is randomly distributed in both the ideal
and real system. It is also easy to see that s, s1 , . . . , sn2 are distributed exactly the same in both
cases. We now need to consider the distributions of (Ui , Vi , Wi ) for i = 1, . . . , n2 . Note that for each
(Bi , Ki ) pair in sig-RL, if it is from an honest user, then fi is randomly chosen by the simulator.
If it is from the adversary, then fi is chosen arbitrarily by the adversary. Based on Claim 1, the
adversary cannot distinguish the distributions of (Ui , Vi , Wi ) generated by the simulator in the ideal
system from the distributions generated by an honest user in the real system.
We now show that σ3 is correctly simulated. Note that the values of B and K are the same as
in σ1 . Again, since the simulator controls the random oracle, c3 is randomly distributed in both the
ideal and real system. It is also easy to see that sx and sf are distributed exactly the same in both
cases. We now need to consider the distributions of (U, V1 , . . . , Vn3 , W ). Note that for each Ki in
sig-RL, if it is from an honest user, then fi = logBI Ki is randomly chosen by the simulator and is
equally distributed over Zq . If it is from the adversary, then fi is chosen arbitrarily by the adversary.
Based on the similar argument as in Claim 1, the adversary cannot distinguish the distributions of
(U, V1 , . . . , Vn3 , W ) generated by the simulator in the ideal system from the distributions generated
by an honest user in the real system under the decisional Diffie-Hellman assumption.
Lemma 4. Under the strong RSA assumption, there exists no adversary who does not control the
issuer but can make the simulator output failure 1 or failure 6 in the above simulation, providing
that the join protocol is executed sequentially.
Proof. (sketch) This proof is essentially same as the proof of Lemma 3 in [11]. If there exists an
adversary that makes the simulator output failure 1 or 6, then this adversary can forge a new
membership private key (A, e, f, v) that has not been issued. Since all the protocols in the EPID
scheme are proof of knowledge protocols, we can rewind the adversary to output a CL signature
on f . Given that the CL signature scheme [14] is secure under the strong RSA assumption; i.e., no
adversary can forge a CL signature, this Lemma holds.
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7

Using EPID with Tamper Resistant Hardware

As in many group signature schemes (e.g., [1, 4, 18, 25], to list a few), the EPID scheme can be
used without any hardware support, i.e., all the protocols in EPID are run on software. However, if
the EPID scheme is used in combine with tamper resistant hardware such as TPM and smartcard,
we could have the following benefits: (1) less computational work for trusted hardware device, and
(2) more efficient revocation mechanism.
Suppose the EPID scheme is used with support of trusted tamper resistant hardware, we can
use the trusted hardware for storing the user’s membership private key and for performing proof
of membership protocol. As in the DAA scheme [10], the computation of the proof of membership
protocol can be partially outsourced to the host in which the hardware device is embedded. We omit
the details on how to do such outsourcing and refer the readers to [10]. The main design principle
is that the host and the hardware joinly perform the proof of membership as the prover. The host,
if corrupted, could break the anonymity of the user but cannot learn the user’s membership private
key. Because in any case, the host can pad some identifier to each message sent by the hardware
device.
Another advantage of using trusted hardware device for EPID is to have more efficient revocation. In EPID scheme, we could have the following five cases where we want to revoke a user.
1. The user’s membership private key was removed from the trusted hardware device, and was
published widely so that everyone knows this compromised private key.
2. The user’s membership private key was extracted from the trusted hardware device by the
adversary. The issuer suspects that the user’s hardware device was compromised, but has not
obtained the user’s private key.
3. The user’s membership private key was extracted form the hardware device by the adversary.
The revocation manager suspects that the hardware device was corrupted. The revocation
manager obtains a signature from the corrupted device but has not obtained the private key.
4. The issuer revokes the user for some management reason, e.g., the user left the group or the
user’s group membership expired.
5. The user is revoked from transactions. More specifically, the user abuses his group privilege
and is revoked by the revocation manager after the user conducted a proof of membership.
To handle the above revocations using the EPID scheme in Section 4, we can use private-key
based revocation to revoke users of case 1, issuer based revocation to revoke users of cases 2 and 4,
and signature based revocation to revoke users of cases 3 and 5. Note that, we can categorize the
above revocations into two types:
• The hardware device that contains the membership private key was compromised or suspected
to be compromised by the adversary. This type corresponds to cases 1-3 in the above list.
• The user of the hardware device needs to be revoked while the hardware device held by the
user is not suspected of being compromised. In other words, the hardware device remains
uncontrolled by the adversary. This type corresponds to cases 4 and 5 in the above list.
We can modify our EPID scheme to have more efficient revocation as follows. For each of
the above five cases, the revocation manager maintains a revocation list. For case 1, we still use
private-key based revocation, i.e., the verifier checks against the revocation list locally. For case
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2, we use issuer based revocation, i.e., the user needs to prove that his private key is not in the
revocation list of this case. For case 3, we use signature based revocation, i.e., the user needs to
prove that his private key is not in the revocation list of this type. For cases 4 and 5, instead of
conducting expensive proof of knowledge, the hardware device can check its private key against the
corresponding revocation lists. If the hardware device determines that it has not been revoked, it
produces an EPID signature, stating that it was not in the revocation lists of cases 4 and 5. This
new revocation method is correct because we assume that the hardware device in cases 4 and 5
is not compromised, even though the user of the device has been revoked or compromised. If the
device indeed contained the private key that has been revoked in the revocation lists for cases 4
and 5, then the device would not sign any such statement.
More specifically, let {K1 , . . . , Kn4 } be the revocation list of case 4. The hardware device
only needs one modulo exponentiation, i.e., it computes K := BIf mod p. The hardware device
then compares K against the revocation list to make sure K 6∈ {K1 , . . . , Kn4 }. Similiarly, let
{(B1 , K1 ), . . . , (Bn5 , Kn5 )} be the revocation list of case 5. For each item (Bi , Ki ) the revocation
list of case 5, the hardware device only needs one modulo exponentiation. It simply computes
K := Bif mod p and verifies that K 6= Ki .
In practice, we believe that most of revocations belong to case 4. Take the driver’s license
example, most of revocations happen because the Department of Motor Vehicles wants to revoke
a user or because a license has been expired, but not because a tamper resistant device used for
driver’s license has been broken. Consider that the revocation method is very efficient for case 4,
using EPID with tamper resistant hardware becomes an atttractive solution.

8

Conclusion

We described the notion of EPID and gave an efficient construction to the EPID scheme based
the strong RSA assumption and the decisional Diffie-Hellman assumption. To prove membership,
both the prover and verifier need to perform computations linear to the size of the revocation list.
One future direction is to develop more efficient revocation methods, i.e., revocation requires only
sub-linear work for the prover or the verifier. Another possible extension to the EPID scheme is
to improve the join protocol in such a way that the issuer could run the join protocol concurrently
with different users.
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