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Abstract

We prove that the binomials xps+1 � �x pk +p2k + s
define perfect nonlinear

mappings in GF (p3k ) for appropriate choices of the integer s and � 2 GF (p3k ).
We show that these binomials are inequivalent to known perfect nonlinear
monomials. As a consequence we obtain new commutative semifields for p � 5
and odd k.
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1 In tro duction

Let p be a prime and f : GF (pn) ! GF (pn ). Denote by N (a;b) the number

of solutions x 2 GF (pn ) of f (x + a) � f (x) = b where a;b 2 GF (pn), and let

� f = maxf N (a;b)ja;b 2 GF (pn ); a 6= 0g. In [17] a mapping f is called di�eren-

tially k-uniform if � f = k. To resist the di�erential cryptanalysis the mapping f

usedin the S-box of a DES-like cryptosystemmust have a small di�erential unifor-

mity. A di�erentially 2-uniform function is called almost perfect nonlinear (APN).

Sincef (x + a) + f (x) = f ((x + a) + a) + f (x + a) for any f : GF (2n) ! GF (2n)

and a 2 GF (2n ), the APN mappingsprovide the minimal uniformit y over GF (2n).
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The di�erentially 1-uniform functions are called perfect nonlinear (PN). They exist

for any odd prime p. In geometry PN mappings are known as planar mappings.

Planar mappingswere introduced in [10] to describe projective planeswith certain

properties. In recent papers [7, 8] planar mappingsare usedto describe new �nite

commutativ e semi�elds of odd order. In [13, 18] it is shown that a planar map-

ping yields either a skew Hadamarddi�erence set or a Paley type partial di�erence

set depending on pn (mod 4). In [12, 11] planar and APN mappings are used to

construct optimal constant-composition codesand signal sets.

Until recently all known examplesof APN mappingsin �elds of even order were

derived from an APN power mapping x 7! xd for someinteger d. In [14] it is shown

that the APN mappingsx3 + ux36 in GF (210) and x3 + ux528 in GF (212), whereu is

a suitable �eld element, cannot be obtained from a power onewith presently known

equivalencetransformations. Thesewere the �rst such examples. The exampleof

GF (212) is shown to be a member of an in�nite family [1, 4].

In this paper we show that the binomials introducedin [4] de�ne PN mappings

over �elds of an odd order. In Section4 we show that thesePN binomialsarealmost

always inequivalent to the known PN monomials. The conceptof equivalenceof two

polynomialsis introducedin Section2. In Section5 we brie
y survey the connection

betweenPN mappingsand �nite commutativ e presemi�elds and concludethat the

founded PN binomials yield new commutativ e presemi�elds of order p3k for p � 5

and odd k.

2 Preliminaries

Let p be a prime. The p-weight of a nonnegative integer m is the sum of the

digits in its p-adic representation, i.e. if m =
P

i bi pi then the p-ary weight of m is
P

i bi 2 Z. Recall, that any mapping of GF (pn) can be represented by a polynomial

over GF (pn) of degreeless than pn . Moreover, di�erent such polynomials de�ne

di�erent mappings. This allows us to identify the set of mappingsof GF (pn ) with

the set of polynomials over GF (pn ) with degreelessthan pn . The algebraicdegree

of a polynomial over GF (pn) is the maximal p-weight of the exponents in its nonzero

terms.
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The GF (p)-linear mappingsL : GF (pn ) ! GF (pn) are represented by the poly-

nomials of the algebraic degree1 and with zero constant term, that is L(x) =
n−1P

i=0

ci xpi
, ci 2 GF (pn). Such polynomials are called linearized or p-polynomials.

The sum of a linear mapping and a constant from GF (pn) is called an a�ne map-

ping.

Two mappings F; G : GF (pn) ! GF (pn) are called extendeda�ne equivalent

(EA-equivalent), if G = A1 � F � A2 + A for somea�ne permutations A1; A2 and

a�ne mapping A. EA-equivalent nonconstant mappings have the samealgebraic

degree.

Let (1; � ) be a basisof GF (p2n) over GF (pn). An a�ne mappingA : GF (p2n ) !

GF (p2n ) is uniquely described by the linear mappingsL 1; L 2 : GF (p2n ) ! GF (pn)

and c 2 GF (p2n ) satisfying

A(z) = L 1(z) + L 2(z)� + c for any z 2 GF (p2n ):

A linear mapping L : GF (p2n ) ! GF (pn ) is given by a linearized polynomial
P n−1

i=0 ai zpi
+

� P n−1
i=0 ai zpi � pn

with ai 2 GF (p2n ). Further note that if f : GF (pn) !

GF (pn ) and x 2 GF (pn), then

L(x + f (x)� ) =
n−1X

i=0

ai

�
x + f (x)�

� pi

+
� n−1X

i=0

ai

�
x + f (x)�

� pi
� pn

=
n−1X

i=0

(ai + apn

i )xpi
+

n−1X

i=0

�
ai � pi

+ (ai � pi
)pn �

f (x)pi
(1)

=
n−1X

i=0

bi xpi
+

n−1X

i=0

di f (x)pi
;

wherebi ; di 2 GF (pn):

Two mappings F; G : GF (pn ) ! GF (pn ) are called Carlet-Charpin-Zinoviev

equivalent (CCZ-equivalent) if the set
�

x + G(x)� j x 2 GF (pn)
	

� GF (p2n ) is the

imageof the set
�

x + F (x)� j x 2 GF (pn )
	

� GF (p2n) under an a�ne permutation

of GF (p2n ). In other words, two mapping of GF (pn ) are CCZ-equivalent if their

graphs in GF (p2n) are a�ne equivalent. Thus F and G are CCZ-equivalent if and

only if there exits an a�ne permutation A(z) = L 1(z) + L 2(z)� + c1 + c2� such that

y = F (x) ( ) L 2(x + y� ) + c2 = G(L 1(x + y� ) + c1):
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Then L 1(x + F (x)� ) is a permutation of GF (pn) and using (1) it must hold

n−1X

i=0

bi xpi
+

n−1X

i=0

di F (x)pi
+ c2 = G

� n−1X

i=0

ei xpi
+

n−1X

i=0

hi F (x)pi
+ c1

�
;

whereall coe�cien ts bi ; ci ; di ; ei ; hi are from GF (pn).

In [6], it is shown that CCZ-equivalent mappings have equal di�erential uni-

formity and that the EA-equivalenceis a particular caseof the CCZ-equivalence.

Over �elds of even order there are CCZ-equivalent APN mappings which are not

EA-equivalent [5]. To our knowledge, there are not such examplesknown for PN

mappings. So it is not clear whether the CCZ-equivalencedoes not coincide with

the EA-equivalencefor PN mappings.

Let p be odd. Currently known EA-inequivalent PN mappingsare

(a) x2 in GF (pn ) (folklore)

(b) xpk +1 in GF (pn), k � n=2 and n=(k; n) is odd ([10, 9])

(c) x10 + x6 � x2 in GF (3n), n � 5 is odd ([9])

(d) x10 + x6 + x2 in GF (3n ), n � 5 is odd ([13])

(e) x(3k +1)=2 in GF (3n), k � 3 is odd and (k; n) = 1 ([9, 15]).

Note that the mappingsin (a)-(d) are of shape

n−1X

i;j =0

ai;j xpi +pj
; ai;j 2 GF (pn ):

The polynomials of this type are called Dembowski-Ostrom polynomials.

3 A Family of PN binomials in GF (p3k)

In this section we generalizethe results from [1, 4] to the �elds of odd order and

obtain a new family of PN binomials over GF (p3k). Our proof is inspired by the

technique from [2, 3] and yields a new simple proof for the APN binomials in the

�elds of even order.

In the following claim we collect somewell known facts that are used in the

proofs.
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Claim 1. Let p be a prime.

(a) Let 1 � l � pn � 1 and a be nonzero elementfrom GF (pn ). Then x l = a has a

solution in GF (pn ) if and only if a is a l-th power in GF (pn ).

(b) Let u be a primitive element of GF (pn) and 1 � l � pn � 1 be a divisor of

pn � 1. Then a nonzero elementa of GF (pn ) is a l-th power in GF (pn) if and only

if a = ur with r divisible by l.

(c) Let p be odd and 1 � s � n � 1. Then the equation xps−1 = � 1 has a solution

in GF (pn) if and only if n=(n; s) is even.

Proof. Statements (a) and (b) are clearly true. To prove (c) recall that (ps � 1; pn �

1) = pt � 1 where t = (s;n). Since � 1 = u(pn−1)=2, then by (a)-(b) the equation

xps−1 = � 1 hasa solution if and only if pt � 1 is a divisor of (pn � 1)=2. Let n = t � v.

Then pn � 1 = (pt � 1)(pt(v−1) + : : : + pt + 1). Thus pt � 1 divides (pn � 1)=2 if and

only if pt(v−1) + : : : + pt + 1 is even or equivalently it haseven number of summands.

Theorem 1. Let p be a prime, n = 3k with (3; k) = 1 andu be a primitive elementof

GF (pn ). Choosea positive integer s suchthat k � s � 0 (mod 3) and set (s;n) = t.

Then the mapping

F (x) = xps +1 � upk−1xpk +p2k + s

is

� PN if p and n=t are odd,

� APN if p = 2 and t = 1.

Proof. Given a nonzeroa 2 GF (pn ), set Da(x) = F (x + a) � F (x) � F (a). Then

it holds

Da(x) = axps
+ aps

x � upk−1(apk
xp� k + s

+ ap� k + s
xpk

): (2)

Observe that Da(x) is linear, and thus the uniformit y of F (x) is determinedby the

maximal dimension of the kernel of Da(x); a 2 GF (pn )∗. So let us consider the

equation

axps
+ aps

x � upk−1(apk
xp� k + s

+ ap� k + s
xpk

) = 0:
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Substituting ax for x in the above equation we get

x + xps
� � (xp� k + s

+ xpk
) = 0 (3)

where

� = upk−1ap� k + s+pk−ps−1 = upk−1a(1−pk )(ps� k−1):

Observe that � is a (pk � 1)-th power and thus � 1+pk +p2k
= 1.

Given a nonzero� 2 GF (p3k), considerthe linearizedpolynomial

L � (X ) = X + � X pk
+ � pk +1X p2k

:

Supposethat � is a (pk � 1)-th power, then L � (y � � ypk
) = 0 for any y 2 GF (p3k).

In particular, L � (� y + � ypk
) = 0. Thus for any solution x of (3) we get

L � (xps
� � xp� k + s

) = L � (� x + � xpk
) = 0;

which implies

(1 � � pk +1)xps
+ (� � 1)xpk + s

+ (� pk +1 � � )xp� k + s
= 0: (4)

Taking equation (4) to the p−s-th power we obtain

(1 � � pk � s+p� s
)x + (� p� s

� 1)xpk
+ (� pk � s+p� s

� � p� s
)xp� k

= 0: (5)

Clearly � −pk
is a (pk � 1)-th power as well. Direct calculations show that any

y 2 GF (p3k) satis�es

L � � pk (� � yp� k + s
+ yps

) = 0:

Thus if x is a solution of (3) we get L � � pk (x � � xpk
) = 0. Consequently,

(1 � � −pk
)x + (� −pk

� � )xpk
+ (� � 1)xp� k

= 0: (6)

Note that 1 � � 6= 0. Indeed,otherwiseupk−1 = a(pk−1)(ps� k−1). Thus a primitiv e

element u is a (ps−k � 1)-th power, a contradiction to the choice of s assuring

(ps−k � 1; pn � 1) 6= 1. Further, � pk � s+p� s
� � p� s

= � p� s
(� � 1)pk � s

shows that

� pk � s+p� s
� � p� s

6= 0. Combining equations(5) and (6) we get

((1 � � )(1 � � pk � s+p� s
) + (1 � � −pk

)( � pk � s+p� s
� � p� s

))x

� ((1 � � )(1 � � p� s
) + (� � � −pk

)( � pk � s+p� s
� � p� s

))xpk
= 0: (7)
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Note that

(1 � � )(1 � � pk � s+p� s
) + (1 � � −pk

)( � pk � s+p� s
� � p� s

)

= (1 � � )(1 � � p� s
) + (� � � −pk

)( � pk � s+p� s
� � p� s

) :

Henceequation (7) can be reducedto

((1 � � )(1 � � pk � s+p� s
) + (1 � � −pk

)( � pk � s+p� s
� � p� s

))( x � xpk
) = 0: (8)

Observe that

((1 � � )(1 � � pk � s+p� s
) + (1 � � −pk

)( � pk � s+p� s
� � p� s

)) 6= 0: (9)

Indeedotherwise

� p� s
= (1 � � −1)pk (pk � s−1)(1 � � )−(pk � s−1)

since � pk � s+p� s
= � −p� ( k + s)

. This implies that � is a (pk−s � 1)-th power. Since

� = upk−1a(1−pk )(ps� k−1), then upk−1 is a (pk−s � 1)-th power. Now the assumptions

k � s � 0 (mod 3) and (3; k) = 1 yield that u must be a (p2 + p + 1)-th power in

GF (pn ), a contradiction.

Hence(8) and (9) show that x = xpk
. Then equation (3) is reducedto

(1 � � )(x + xps
) = 0: (10)

Remember that 1 � � 6= 0 and thereforex + xps
= 0. The nonzerosolutions of the

last equation satisfy xps−1 = � 1. The rest of the proof follows from Claim 1.

There is another family of PN binomials over GF (p3k) which can be obtained

from the binomials described in Theorem 1 via EA-equivalence. Note that this

binomials correspond to the onesfrom [1].

Theorem 2. Let p be an odd prime, n = 3k with (3; k) = 1 and u be a primitive

elementof GF (pn). Chooses to be a positive integer such that k + s � 0 (mod 3)

and set (s;n) = t. Then the mapping G(x) = xps+1 � upk−1xp� k +pk + s
is PN over

GF (pn ) if n=t is odd.

Proof. Firstly note that k + s � 0 (mod 3) if and only if k � (2k + s) � 0 (mod 3)

and then (s;n) = (2k + s;n). Thus if n=t is odd then by Theorem 1 the binomial

F (x) = xp2k + s+1 � u−(pk−1)xpk +pk + s
is PN. Remark that G(x) = � upk−1F (xp� k

).
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4 On the equiv alence with monomials

In this section we consider the EA- and CCZ-equivalenceof PN binomials from

Theorem1 with PN monomials.

Firstly we prove an auxiliary result on the certain multisets in Z=3kZ.

Claim 2. Let s 2 Z=3kZ be suchthat s 6= k; 2k; 2s;4s 6= 0; 2s;3s;4s 6= k, then the

multiset f 0; s + k; j; j + sg; j 2 Z=3kZ, doesnot coincide with

(a) the multiset f a; a + s; b; b+ sg for any a;b2 Z=3kZ,

(b) the multiset f a; a+ s+ k; b; b+ sg for any a;b2 Z=3kZ suchthat (a;b) 6= (0; j ),

(c) the multiset f a; a + s + k; b; b+ s + kg for any a;b2 Z=3kZ.

Proof. (a) Let f 0; s + k; j; j + sg = f a; a + s; b; b+ sg. There are four cases

depending on the value of a.

Casea = 0: Note a + s = s 6= s + k. Supposea + s = s = j then j + s = 2s 2

f b;b+ sg. If j + s = 2s = b, then b+ s = 3s must be s + k. This is impossiblesince

k 6= 2s. Let j + s = 2s = b+ s, then b= s and b= s+ k, a contradiction. Hencea+ s

must be j + s, and consequently a = j = 0. Then f 0; s+ k; j; j + sg = f 02; s+ k; sg

and f a; a+ s; b; b+ sg = f 0; s;b; b+ sg. Sof b; b+ sg must be equalto f 0; s+ kg.

If b = 0, then b+ s = s 6= s + k. Finally, if b = s + k, then b+ s = 2s + k 6= s + k.

Thus a 6= 0.

Casea = s + k: Note a + s = 2s + k 6= 0. Supposea + s = 2s + k = j then

j + s = 3s + k 2 f b;b + sg. If j + s = 3s + k = b, then b + s = 4s + k must

be 0, this contradicts the assumptionon k; s. So let j + s = 3s + k = b+ s, then

b = 2s + k , which again cannot be equal to 0. In the casea + s = 2s + k = j + s,

we have j = s + k = a. Then f 0; s + k; j; j + sg = f 0; (s + k)2; 2s + kg and

f a; a + s; b; b+ sg = f s + k; 2s + k; b; b+ sg. So f b; b+ sg must be equal to

f 0; s + kg, which is impossible.Hencea 6= s + k.

Note that if a = j , then b must be in f 0; s + kg. This is impossibleby the

previousarguments. So let a = j + s. But then b= j is alsonot possible.

The proof of (b) and (c) is analogous.
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Theorem 3. Let p be an odd prime, n = 3k and 0 � r < n. Let s satisfy the

condition of Claim 2. Then the mappingf (x) = xps +1 � upk−1xpk +p� k + s
with nonzero

u 2 GF (pn ) is not CCZ-equivalent to any Dembowski-Ostrom monomial g(x) =

xpr +1 over GF (pn ).

Proof. Supposethe mappings f (x) and g(x) are CCZ-equivalent. Then there are

polynomials

L 1(x; y) = a +
n−1X

i=0

ai xpi
+

n−1X

i=0

bi ypi

and

L 2(x; y) = c +
n−1X

i=0

ci xpi
+

n−1X

i=0

ei ypi

wherea;c;ai ; bi ; ci ; ei 2 GF (pn), such that L 2(x; f (x)) is a permutation and it holds

a +
n−1X

i=0

ai xpi
+

n−1X

i=0

bi f (x)pi
=

�
c +

n−1X

i=0

ci xpi
+

n−1X

i=0

ei f (x)pi
� pr +1

: (11)

Let � = upk−1. Then (11) is equivalent to

a +
n−1X

i=0

ai xpi
+

n−1X

i=0

bi xpi +ps+ i
�

n−1X

i=0

bi � pi
xpk + i +p� k + s+ i

= c1+pr
+ c

n−1X

i=0

cpr

i xpi + r
+ cpr

n−1X

i=0

ci xpi
+

n−1X

i=0

ci c
pr

j xpi +pj + r
(12)

+ cpr
n−1X

i=0

ei xpi +ps+ i
� cpr

n−1X

i=0

ei � pi
xpk + i +p� k + s+ i

+ c
n−1X

i=0

epr

i xpr + i +pr + s+ i

� c
n−1X

i=0

epr

i � pr + i
xpk + r + i +p� k + r + s+ i

+
n−1X

i;j =0

ci e
pr

j xpi +pr + j +pr + s+ j
+

n−1X

i;j =0

ei c
pr

j xpi +ps+ i +pr + j

�
n−1X

i;j =0

ci e
pr

j � pj + r
xpi +pk + r + j +p� k + r + s+ j

�
n−1X

i;j =0

ei c
pr

j � pi
xpk + i +pr + j +pi � k + s

+
n−1X

i;j =0

ei e
pr

j (xpi +ps+ i +pr + j +pr + s+ j
� � pi

xpk + i +ps� k + i +pr + j +pr + s+ j

� � pj + r
xpi +ps+ i +pk + r + j +p� k + r + s+ j

+ � pi +pj + r
xpk + i +ps� k + i +pk + r + j +p� k + r + s+ j

):
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We modify the last part of (12) to

n−1X

i;j =0

ei e
pr

j −r x
pi +ps+ i +pj +ps+ j

�
n−1X

i;j =0

ei−kepr

j −r �
pi � k

xpi +ps+ k + i +pj +ps+ j

�
n−1X

i;j =0

ei e
pr

j −k−r �
pj � k

xpi +ps+ i +pj +pj + k + s
+

n−1X

i;j =0

ei−kepr

j −k−r �
pi � k +pj � k

xpi +ps+ k + i +pj +ps+ k + j
:

The last sum is equal to

n−1X

i;j =0

ei e
pr

j +i−r x
pi (1+ps+pj +ps+ j ) +

n−1X

i;j =0

ei−kepr

j +i−k−r �
pi � k +pj + i � k

xpi (1+ps+ k +pj +pj + s+ k )

�
n−1X

i;j =0

(ei−kepr

j +i−r + ej +i e
pr

i−k−r )�
pi � k

xpi (1+ps+ k +pj +pj + s):

Claim 2 impliesthat the coe�cien t of the monomialxpi (1+ps+ k +pj +pj + s) is (ei−kepr

j +i−r +

ej +i e
pr

i−k−r )�
pi � k

for any i; j . Note that the p-weight of 1+ ps+k + pj + pj +s is 4 because

of the assumptionson s and k. The lefthand side of (12) has no term with such

exponents, which forces

ei−kepr

j +i−r + ej +i e
pr

i−k−r = 0: (13)

Choosing j = � k in (13) we get that ei−kepr

i−k−r = 0 for all i . Supposeei−k 6= 0

for some�xed i , then ei−r = 0. Then from (13), we can get ej +i−r = 0 for any

0 � j � n � 1, a contradiction. Thus, ei = 0 for any 0 � i � n � 1.

Now equation (12) is reducedto

a +
n−1X

i=0

ai xpi
+

n−1X

i=0

bi xpi +ps+ i
�

n−1X

i=0

bi � pi
xpk + i +p� k + s+ i

(14)

= c1+pr
+ c

n−1X

i=0

cpr

i xpi + r
+ cpr

n−1X

i=0

ci xpi
+

n−1X

i=0

ci c
pr

j xpi +pj + r
:

Note that the lefthand side of (14) contains only exponents of type (ps + 1)pi

and (pk+s + 1)pj and (ps + 1)pi 6= (pk+s + 1)pj (mod pn ) by choiceof s;k.

Supposethat bm 6= 0 for somem, then the coe�cien ts of the terms xpm + s+pm
and

xpm + k +pm � k + s
are nonzeroon the lefthand sideof (14). Henceon the righthand side

of (14) it must hold

cm cpr

m+s−r 6= � cm+sc
pr

m−r (15)
10



and

cm+kcpr

m−k+s−r 6= � cm−k+sc
pr

m+k−r : (16)

Further observe that there are no terms of the type xpm +pm + k
and xpm + k +pm + s

on the

lefthand sideof (14) sinces 6= k; 2k; 3k=2 and k 6= 3s. Then from the righthand side

of (14) we get the following conditions

cm cpr

m+k−r = � cm+kcpr

m−r (17)

and

cm+kcpr

m+s−r = � cm+sc
pr

m+k−r : (18)

Supposecm+k−r = 0, then (16) implies cm+k 6= 0. Then from (17) and (18) it follows

cm−r = 0 and cm+s−r = 0, a contradiction to (15). So let cm+k−r 6= 0. Note that

lefthand side of (14) has no term of type x2pi
, therefore from the righthand side of

(14) we get cm+kcm+k−r = 0. Sincecm+k−r 6= 0 then cm+k = 0. Using (17) and (18)

we get cm = 0 and cm+s = 0, which contradicts to (15).

Hencewe must have bi = 0 for all i . In that casethe lefthand side of (14) has

no terms with exponents of p-weight 2. Thus on the righthand sideof (14) it must

hold

ci c
pr

j = � cj +r c
pr

i−r : (19)

Taking i = j + r , we get cj +r c
pr

j = 0 and thus at least one of cj or cj +r must be 0

for any j . Assumecj 6= 0 for somej , and thus cj +r = 0. Then (19) implies ci = 0

for all 0 � i � n � 1, a contradiction. Hencecj = 0 for every 0 � j � n � 1, and

consequently L 2(x; f (x)) = c, a contradiction to the assumptionL 2(x; f (x)) = c is

a permutation on GF (pn).

Observe if an integers 6= k in Theorem1 leadsto a PN binomial then s satis�es

the assumptionsof Theorem3. In the cases = k the binomial de�ned in Theorem1

is of shapexpk +1 � upk−1xpk +1 = (1� upk−1)xpk +1, which is obviously EA-equivalent to

xpk +1. Recall that EA-equivalenceis a particular caseof CCZ-equivalence,and thus

Theorem3 shows that the mapping f (x) = xps+1 � upk−1xp� k +pk + s
; u 2 GF (pn )∗; is

not EA-equivalent to xpr +1; 0 � r � n � 1 over GF (pn).
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Theorem 4. Let p � 5 be prime and s 6= k. Then the PN binomials described in

Theorem 1 are not CCZ-equivalent to the known PN mappings.

Proof. The only known PN mappingsin GF (pn) with p � 5 are thoseobtained from

the monomial PN mappingsvia CCZ-equivalence.Theorem3 completesthe proof.

Theorem 5. Let p = 3; k be evenand s 6= k. Then the PN binomials described in

Theorem 1 are not EA-equivalent to the known PN mappings.

Proof. From Theorem 3 it follows that the PN binomials are not EA-equivalent to

both x3r +1 and x2. There is one more family of PN mappings in GF (3n), n even,

namely x
3e+1

2 . But since 3e+1
2

is not a Dembowski-Ostrom polynomial, it is not

EA-equivalent to the binomials consideredin Theorem1.

5 Semi�elds of PN mappings

A �nite presemi�eld is a �nite set S with two binary operations+ and � satisfying

the following axioms:

� (S;+) is an Abelian group with identit y 0.

� a � (b+ c) = a � b+ a � c and (a + b) � c = a � c + b� c for all a;b;c 2 S.

� If a � b= 0, then a or b is 0.

If, in addition to this, we alsohave

� there exists an element 1 6= 0 such that 1 � a = a = a � 1 for all a 2 S,

then the presemi�eld is called a semi�eld. Presemi�elds are commutativ e if a � b =

b� a for all a;b2 S.

The additive group of a �nite presemi�eld is elementary Abelian. Consequently,

any �nite presemi�eld can be represented by (GF (pn); + ; � ), where + is the ad-

dition in GF (pn ) and � : GF (pn) � GF (pn ) ! GF (pn ). Two �nite presemi�elds

(GF (pn); + ; � ) and (GF (pn); + ; ?) are calledisotopic if there exist linearizedpermu-

tation polynomials L; M ; N over GF (pn) such that

M (x) ? N (y) = L(x � y) for any x; y 2 GF (pn):
12



Any presemi�eld S = (GF (pn); + ; � ) is isotopic to a semi�eld. Indeed, �x any

nonzeroa 2 GF (pn ) and de�ne ? : GF (pn) � GF (pn) ! GF (pn ) as follows

x � y = (x � a) ? (a � y):

Then the element a � a is the identit y element of (GF (pn); + ; ?). Note that if � is

commutativ e then so is also?.

The following is the list of known classesof unisotopic �nite commutativ e semi-

�elds of odd order:

� �nite �eld of order pn for any n

� Albert's commutativ e twisted �elds of order pn for any n

� Dickson semi�elds of order pn for even n

� Coulter-Matthews semi�elds of order 3n for odd n

� Ding-Yuan semi�elds of order 3n for odd n

� Ganley semi�elds of order 32r for odd r

� Cohen-Ganleysemi�elds of order 32r

� Coulter-Henderson-Kosick semi�eld of order 38

� Penttila-Williams semi�eld of order 310.

If f is a PN Dembowski-Ostrompolynomial over GF(pn ) then Sf = (GF (pn ); + ; � )

is a commutativ e presemi�eld with the multiplication � de�ned by

x � y =
1
2

(f (x + y) � f (x) � f (y)) : (20)

Conversely, any commutativ e presemi�eld S = (GF (pn ); + ; � ) yields a PN mapping

f S : GF (pn) ! GF (pn ) by f S : x 7! x � x. Moreover, the mapping f S has a

polynomial representation given by a sum of a PN Dembowski-Ostrom polynomial

and an a�ne polynomial [7]. Hencethe classi�cation of �nite presemi�elds of odd

order and the oneof PN Dembowski-Ostrom polynomialsare equivalent. In [7] it is

shown that in certain casesthe PN Dembowski-Ostrom polynomials de�ne isotopic

presemi�elds if and only if they are EA-equivalent:

Theorem 6 ([7]). Let f ; g 2 GF (pn) be PN Dembowski-Ostrom polynomials and

the presemi�elds Sf and Sg be de�ned by (20).
13



(a) Let n be odd. Then the presemi�eldsSf and Sg are isotopic if and only if f and

g are EA-equivalent.

(b) Sf is isotopic to GF (pn ) if and only if f is EA-equivalent to x2.

(c) Sf is isotopic to a commutative twisted �eld of Albert if and only if f is EA-

equivalent to xpr +1 with n=(n; r ) odd.

The above discussionand Theorems1,4 imply the following result.

Theorem 7. Let p be an odd prime, n = 3k with (3; k) = 1 and u be a primitive

elementof GF (pn). Choose0 < s < 3k suchthat k � s � 0 (mod 3) and n=(s;n) is

odd. If � : GF (pn) � GF (pn) ! GF (pn ) is de�ned as follows

x � y = xps
y + xyps

� upk−1(xpk
yp2k + s

+ xp2k + s
ypk

):

Then S = (GF (pn ); + ; � ) is a commutativepresemi�eld. Moreover this presemi�eld

is not isotopic to any other known one if p � 5, k is odd and s 6= k.
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