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Abstract

We prove that the binomials XP*+!  x P**P**° define perfect nonlinear
mappings in GF (p?*) for appropriate choices of the integer sand 2 GF (p*¥).
We show that these binomials are inequivalent to known perfect nonlinear
monomials. As a consequence we obtain new commutative semifields forp 5

and odd K.
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1 Intro duction

Let p bea prime andf : GF(p") ! GF(p"). Denote by N(a;b) the number
of solutionsx 2 GF(p") of f(x + a) f(x) = bwherea;b 2 GF(p"), and let

¢ = maxtN(a;bja;b2 GF(p");a 6 0g. In [17] a mapping f is called di eren-
tially k-uniform if ¢ = k. To resistthe di erential cryptanalysisthe mapping f
usedin the S-box of a DES-like cryptosystemmust have a small di erential unifor-
mity. A di erentially 2-uniform function is called almost perfect nonlinear (APN).
Sincef(x+a)+f(x)=f(x+a+a+f(x+a)foranyf : GF(2") ! GF(2")

and a 2 GF(2"), the APN mappingsprovide the minimal uniformity over GF (2").
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The di erentially 1-uniform functions are called perfect nonlinear (PN). They exist
for any odd prime p. In geometry PN mappings are known as planar mappings.
Planar mappingswere introducedin [10] to descrile projective planeswith certain
properties. In recen papers[7, 8] planar mappingsare usedto descrike new nite

commutative semi elds of odd order. In [13, 18] it is shovn that a planar map-
ping yields either a skew Hadamard di erence set or a Paley type partial di erence
set depending on p” (mod 4). In [12, 11] planar and APN mappings are usedto
construct optimal constart-composition codesand signal sets.

Until recenly all known examplesof APN mappingsin elds of even order were
derived from an APN power mapping x 7! x¢ for someintegerd. In [14]it is shavn
that the APN mappingsx?® + ux3¢ in GF (2!1°) and x3 + ux®® in GF (2'?), whereu is
a suitable eld elemen, cannotbe obtained from a power onewith presenly known
equivalencetransformations. Thesewere the rst sud examples. The example of
GF (2'?) is shovn to be a menber of an in nite family [1, 4].

In this paper we show that the binomials introducedin [4] de ne PN mappings
over elds of an odd order. In Section4 we shawv that thesePN binomials are almost
always inequivalert to the known PN monomials. The conceptof equivalenceof two
polynomialsis introducedin Section2. In Section5 we brie y survey the connection
between PN mappingsand nite comrmutative presemi elds and concludethat the
founded PN binomials yield new commutative presemi elds of order p* for p 5
and odd k.

2 Preliminaries

Let p be a prime. The p-weight of a nonnegative integer m is the sum of the
digits in its p-adic represemation, i.e. if m= . hp then the p-ary weigh of m is

b 2 Z. Recall, that any mapping of GF (p") canbe represeted by a polynomial
over GF(p") of degreelessthan p". Moreover, di erent sud polynomials de ne
di erent mappings. This allows us to idertify the set of mappingsof GF (p") with
the set of polynomials over GF (p") with degreelessthan p". The algebraicdegree
of a polynomial over GF (p") is the maximal p-weigh of the exponerts in its nonzero
terms.



The GF (p)-linear mappingsL : GF(p") ! GF(p") arerepreseted by the poly-
nomials of the algebraic degreel and with zero constart term, that is L(x) =
quxpi, G 2 GF(p"). Sud polynomials are called linearized or p-polynomials.
'Ir:k?e sum of a linear mapping and a constart from GF (p") is called an a ne map-

ping.

Two mappingsF; G : GF(p") ! GF(p") are called extendeda ne equivalert
(EA-equivalent), if G= A; F A, + A for someane permutations A;;A; and
ane mapping A. EA-equivalert nonconstart mappings have the samealgebraic
degree.

Let (1; ) beabasisof GF (p*") over GF (p"). An ane mappingA : GF (p*") !
GF (p?") is uniquely described by the linear mappingsL;L, : GF(p™") ! GF(p")
and c 2 GF (p*™) satisfying

A(z) = Li(2) + Lo(2) + c forany z2 GF(p™):

A linear mapping L : GF(p™) ! GF(p") is given by a linearized polynomial
"lazl + " lazf 7 with a 2 GF (p?). Further notethat if f : GF (p") !
GF(p") and x 2 GF (p"), then

Xil i Xil i p"
p p
Lx+f(x)) = a x+f(x) ~+ a X+ f(x)
i=0 i=0
Xil n i Xil i i n i
= (@+a )X+ g PH(a )l ()P (1)
i=0 i=0
1 X! i
= hx? + df (x)P;
i=0 i=0

wherely;d; 2 GF (p"):

Two mappingsF; G : GF(p") ! GF(p") are called Carlet-Charpin-Zinoviev
equivalert (CCZ-equivalent) if the set x+ G(x) jx 2 GF(p") GF (p*™) is the
imageof the set x+ F(x) jx2 GF(p") GF (p*") underan a ne permutation
of GF (p*). In other words, two mapping of GF (p") are CCZ-equiwalert if their
graphsin GF (p*") areane equivalert. Thus F and G are CCZ-equivalert if and
only if there exits ana ne permutation A(z) = L,(z) + Ly(z) + ¢+ ¢, sud that

y=FX () Lax+y)+c=0G(Li(x+y)+c):
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Then L,(x + F(x) ) is a permutation of GF (p") and using (1) it must hold

X1 X , X1 X! ,
bx” +  dF()P+c=G  ex’+ hF(X)P +c ;
i=0 i=0 i=0 i=0
whereall coe cients h;c;d; e;h; arefrom GF (p").

In [6], it is shavn that CCZ-equivalent mappings have equal di erential uni-
formity and that the EA-equivalenceis a particular caseof the CCZ-equiwalence.
Over elds of ewven order there are CCZ-equivalent APN mappings which are not
EA-equivalert [5]. To our knowledge, there are not sud examplesknown for PN
mappings. Soit is not clear whether the CCZ-equivalencedoes not coincide with
the EA-equivalencefor PN mappings.

Let p be odd. Currently known EA-inequivalert PN mappingsare
(@) x?in GF(p") (folklore)
(b) xP+1 in GF(p"), k n=2and n=(k;n) is odd ([10, 9])
(c) x1+ x5 x2?in GF(3"), n 5isodd ([9])
(d) x1°+ x®+ x2in GF(3"), n 5isodd ([13])
(e) xB+D=2jn GF(3"), k 3isodd and (k;n) = 1 ([9, 15]).
Note that the mappingsin (a)-(d) are of shape

X1 o
aij X" 5 ay 2 GF(p"):

i5j =0

The polynomials of this type are called Dembowski-Ostrom polynomials.

3 A Family of PN binomials in GF(p%)

In this sectionwe generalizethe results from [1, 4] to the elds of odd order and
obtain a new family of PN binomials over GF (p®¢). Our proof is inspired by the
technique from [2, 3] and yields a new simple proof for the APN binomials in the
elds of even order.

In the following claim we collect somewell known facts that are usedin the
proofs.



Claim 1. Let p be a prime.

(a) Letl1 | p" 1anda benonzeo elementfrom GF(p"). Then x' = a hasa
solution in GF (p") if and only if a is a |-th powerin GF (p").

(b) Let u be a primitive elementof GF(p") and1 | p" 1 be a divisor of
p" 1. Then a nonzeo elementa of GF (p") is a |I-th powerin GF(p") if and only
if a= u" with r divisible by I.

(c) Letpbeoddand1l s n 1. Then the equationx”~' = 1 hasa solution
in GF(p") if and only if n=(n; s) is even.

Proof. Statemeris (a) and (b) are clearly true. To prove (c) recallthat (p* 1;p"

1) = p¢ 1 wheret = (s;n). Since 1= u® Y32 then by (a)-(b) the equation
xP*~1' = 1 hasasolutionif andonly if p* 1isadivisor of (p" 1)=2. Letn=1 v.
Thenp” 1= (p* D(E D+ :::+p+ 1). Thuspt 1divides(p” 1)=2if and
only if pt=b + :::4 p'+ 1is evenor equivalertly it haseven number of summands.

O

Theorem 1. Letp bea prime, n = 3k with (3; k) = 1 andu be a primitive elementof
GF (p"). Choosea positive integer s suchthatk s 0 (mod 3) and set(s;n) = t.

Then the mapping
F(x) = P+ iyt

PN if p and n=t are odd,
APN if p= 2andt = 1.

Proof. Givena nonzeroa 2 GF(p"), setD,(x) = F(x+ a) F(x) F(a). Then
it holds

Da(X) = ax”’ + a”x  uP 1@ xP T+ @ “xP): (2)

Obsene that D,(x) is linear, and thus the uniformity of F (x) is determinedby the
maximal dimension of the kernel of D,(x); a 2 GF(p")*. Solet us considerthe
equation

k k k+ k+ k
ax” +ax uP @ xP T+ A xP) =0



Substituting ax for x in the above equation we get

k+s

x+x° (xP T+ xP) =0 3)

where
= P lgP KR el o P 1P K1)

Obsenethat isa(p¢ 1)-th powerandthus +P“+P* = 1,

Givenanonzero 2 GF (p*), considerthe linearized polynomial
L (X)= X + XP'+ Prixr™,

Supposethat isa(p* 1)-th power,thenL (y  y") = Ofor any y 2 GF (p%).
In particular, L ( y+ yP) = 0. Thus for any solution x of (3) we get

k+s

L (x* xP“)=L ( x+ x*)=0

which implies

k+s

O R N G GRS P R ¢ 4)

Taking equation (4) to the p—5-th power we obtain

k

PP " =0 (5)

(1 pk s+ps)x+(ps 1)ka+(pk s+ps
Clearly " is a (p¢ 1)-th power as well. Direct calculations shav that any
y 2 GF (p*¥) satis es

k+

L pk( yp s+yps): 0.

Thusif x is a solution of (3) we getL (X ka) = 0. Consequetly,

k

@ Px+ (P (X =0 (6)

s k_

Notethat 1 6 0. Indeed,otherwiseu? ! = a® -1
elemen u is a (p°k 1)-th power, a cortradiction to the choice of s assuring
(% 1p" 1) 6 1. Further, PP P = P 1) ° shaws that

P *+p * P ° g 0. Combining equations(5) and (6) we get

. Thus a primitiv e

(@ Ha Y@ TR P )X

@ Ha PHY+( YT R = 0 (7)
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Note that

@ )a FTPy+@ )Rt oed

=@ )@ P+ YT ety
Henceequation (7) can be reducedto

@ Ha Forysa P Ph)x xP)=0 (8)

Obsene that

(L e PP+ Tt ) eo: (©)
Indeed otherwise

I (I R I T A

Slnce pk S+p s — -p (k+s)

. This implies that is a (p*~° 1)-th power. Since

= uP 1P =D then uP~lisa (ps  1)-th power. Now the assumptions
k s 0 (mod 3)and (3;k) = 1yield that u must be a (p> + p+ 1)-th power in
GF (p"), a cortradiction.

Hence(8) and (9) shaw that x = xP*. Then equation (3) is reducedto
1 )(x+x")=0: (10)

Remenber that 1 6 0 and thereforex + x? = 0. The nonzerosolutions of the
last equation satisfy x°~! = 1. The rest of the proof follows from Claim 1.

O

There is another family of PN binomials over GF (p*) which can be obtained

from the binomials descrited in Theorem 1 via EA-equivalence. Note that this

binomials correspnd to the onesfrom [1].

Theorem 2. Let p be an odd prime, n = 3k with (3;k) = 1 and u be a primitive
elementof GF (p"). Chaoses to be a positive integer suchthat k+ s 0 (mod 3)
and set (s;n) = t. Then the mapping G(x) = xP°+1  uP*~1xP “+P"* js PN over
GF (p") if n=t is odd.

Proof. Firstly notethat k+ s 0 (mod 3)if andonly if k (2k+s) 0 (mod 3)
and then (s;n) = (2k + s;n). Thusif n=t is odd then by Theorem 1 the binomial
F(x) = xP™" 5+ =" =Dxp*+0""* js PN, Remark that G(x) = uP*~1F(xP “).



4 On the equivalence with monomials

In this section we considerthe EA- and CCZ-equivalenceof PN binomials from
Theorem1 with PN monomials.
Firstly we prove an auxiliary result on the certain multisets in Z=3kZ.

Claim 2. Lets 2 Z=3kZ be suchthat s 6 k;2k; 2s;4s6 0; 2s;3s;4s 6 k, thenthe
multiset f0; s+ k; j; j + sg; | 2 Z=3kZ, doesnot coincide with

(a) the multisetfa; a+ s; b; b+ sg for any a;b2 Z=3kZ,
(b) themultisetfa; a+ s+k; b; b+ sgfor anya;b2 Z=3kZ suchthat (a;b) 6 (0;]j),
(c) the multisetfa; a+ s+ k; b; b+ s+ kg for any a;b2 Z=3KZ.

Proof. (a) Let fO; s+ k; j; j+sg= fa; a+ s; b; b+ sg. There are four cases
depending on the value of a.

Casea= 0: Notea+ s= s6 s+ k. Supposea+ s=s=j thenj +s= 252
fb;b+ sg. If j + s= 2s = b, then b+ s= 3s must be s+ k. This isimpossiblesince
k6 2s. Letj+s= 2s= bt+s,thenb= sandb= s+ k, acortradiction. Hencea+ s
must bej + s, and consequetly a=j = 0. ThenfO0; s+k; j; j +sg= f0%s+Kk;sg
andfa; a+s; b; b+ sg= f0; s;b; b+ sg. Sofb; b+ sg must be equalto f0; s+ kg.
If b= 0,thenb+ s=s6& s+ k. Finally, if b= s+ k, thenb+ s= 2s+ k6 s+ k.
Thusaé 0.

Casea= s+ k: Notea+ s= 2s+ k 6 0. Supposea+ s = 2s+ k = j then
j+s=3+k2fbb+sg Ifj+s=3+k=Db thenb+ s = 4s+ k must
be 0, this cortradicts the assumptionon k;s. Soletj + s= 3s+ k = b+ s, then
b= 2s+ k , which again cannot be equalto 0. In the casea+ s= 2s+ k= + s,
we havej = s+ k= a. ThenfQ; s+ k; j; j +sg= f0;(s+ k)%,2s+ kg and
fa,a+s; b; b+ sg=fs+ k; 2s+ k;b; b+ sg. Sofb; b+ sg must be equal to
f0; s+ kg, which is impossible.Hencea 6 s+ k.

Note that if a = j, then b must be in fO;s + kg. This is impossibleby the
previousargumerns. Solet a=j + s. But then b= j is alsonot possible.

The proof of (b) and (c) is analogous. n



Theorem 3. Let p be an odd prime, n = 3k and0 r < n. Let s satisfy the
condition of Claim 2. Then the mappingf (x) = xP**1  uP*~1xP*+P “"* with nonzeo
u 2 GF(p") is not CCZ-equivalentto any Demlowski-Ostom monomial g(x) =
xP' 1 over GF (p").

Proof. Supposethe mappingsf (x) and g(x) are CCZ-equiwvalert. Then there are

polynomials
X1 X! ,
Li;y)=a+ ax’+ by’
i=0 i=0
and
X-1 X! .
Lagy)=c+ cx”+ gy’
i=0 i=0

wherea;c;a;h;c;e 2 GF(p"), sud that Lo(x; f (X)) is a permutation and it holds
X1 X i X1 X L opTHl
a+ axP + hf (x)P = c+ cxP + ef (x)P ; (11)

i=0 i=0 i=0 i=0

Let = uP-l. Then (11) is equivalert to

1 1 —1
X pi X pi+p5+i X pi pk+iJrp k+ s+i
a+ axP + b x h Px
i=0 i=0 i=0
1 —1 —1
14p° Pt X p' VCEE A
= ¢ +c PxP o+ axP +  6g x (12)
i=0 i=0 i=0
1 —1 —1
N Cpr X QXPUFPSH Cpr X a pika+iJrp k+ s+i + CX el'prxpr+i+pr+s+i
i=0 i=0 i=0
1 —1 —1
CX d3r pr+ixpk+r+i_i_p K+r+s+i + X Ciq)rxpi+pr+j+pr+s+j + X ac:][)rxpi+ps+i+pr+j
i=0 ijj =0 i;j =0
1 —1
X .epr pj+rXpi+pk+r+j+p K+r+s+]j X r pika+i+pf+J+pi k+s
G€ aqo
i =0 ij =0
—1
X r i+s+i+r+j+r+s+j i k+i+s k+i+r+j+r+s+j
+ aqj (Xp p p p P xP p p p
i;j =0

pj+rxpi+ps+i+pk+r+j+p k+r+s+]j + pi+pj+rxpk+i+ps k+i+pk+r+j+p k+r+s+j)



We modify the last part of (12) to

X1 X1
qur Xpi +ps+i+pj +p5+j Q qor pi kXpi +p5+ k+i+pj +p5+j
. k€ _,
i =0 ij =0
1 —1
X epr pj k pi+ps+i+pj +pj+k+s X r pi k+pj k pi+p5+k+i+pj +ps+k+j_
€€ ks X + & k€ X ;
i =0 ij =0

The last sumis equalto

X-1 . . . X1 . o . o
P P (1+pS+p +pStT) pr phokqplt1 Ky p! (14ps* Kqpl 4pi*stk)
a ‘H*I’X + afk J+|7k7r X

ij =0 ij =0
XL o o
(a*kejp-s-i—r + Q‘Heio—k—r) p' Xp'(1+PS +p +p S):

i;j =0
Claim 2impliesthat the coe cien t of the monomialxP (1+P°*+P'+9"*) s (g _, &, +
g€, ) P “foranyi;j. Notethat the p-weigh of 1+ pt%+ p + p* is 4 because
of the assumptionson s and k. The lefthand side of (12) has no term with sud
exponerts, which forces

a_kelPiH_r + Q-H%Drfkfr =0 (13)
Choosingj = k in (13) we get that e.,kei"r_k_r = Ofor all i. Supposee ¢ 6 0
for some xed i, then g_; = 0. Then from (13), we can get g ,;_, = O for any
O j n 1 acortradiction. Thus,e = Oforany0 i n 1.

Now equation (12) is reducedto

—1 —1 —1
X pi X pi+ps+i X pi pk+i+p k+ s+i
a+ ax” + b x h Px (24)
i=0 i=0 i=0
1 1 1
r r i+r r X i X r i j+r
14p p p p'+p!
= ¢ +c IxP o+ cx? + qq” X ;
i=0 i=0 i=0

Note that the lefthand side of (14) cortains only exponerts of type (p° + 1)p
and (pkts+ 1)p' and (p°+ 1)p' 6 (p**S+ 1)p) (mod p") by choice of s;k.

Supposethat b, 6 0 for somem, then the coe cien ts of the terms xP™ " *+P" and
xP" " P " are nonzeroon the lefthand side of (14). Henceon the righthand side
of (14) it must hold

Cmcﬁ:-i-s—r 6 Cm+SCr3‘r|—r (15)
10



and
Cfﬂ+k¢:7k+sfr 6 Cfﬂ—k+5¢:+kfr: (16)

Further obsene that there are no terms of the type xP" +P" " and xP™ " “+P""* on the
lefthand sideof (14) sinces 6 k; 2k;3k=2 and k 6 3s. Then from the righthand side
of (14) we get the following conditions

CnGrkr = kG (17)

and
CerkCﬁ:-i-s—r = Cm+scﬁ:+k_r: (18)

Supposecm . k_r = 0, then (16) impliescy, .« 6 0. Then from (17) and (18) it follows
Cn_r = O0and ¢y s+ = 0, a cortradiction to (15). Solet ¢,k 6 0. Note that
lefthand side of (14) has no term of type x2” , thereforefrom the righthand side of
(14) we get Cy kCmik_r = 0. Sincecy «k_r 6 0then ¢y« = 0. Using (17) and (18)
we get ¢, = 0 and ¢y, s = 0, which cortradicts to (15).

Hencewe must have b = O for all i. In that casethe lefthand side of (14) has
no terms with exponerts of p-weight 2. Thus on the righthand side of (14) it must
hold

6 = G, (19)

Takingi = j + r, we get (‘,,-+ch!Dr = 0 and thus at leastoneof ¢, or ¢, must be 0

for any j. Assumec; 6 O for somej, and thus ¢, = 0. Then (19) impliesci = 0

forall 0 i n 1, acortradiction. Hencec, = Oforewery0O | n 1, and

consequetty L,(x;f (X)) = c, a cortradiction to the assumptionL,(x;f (X)) = cis
a permutation on GF (p").

O

Obsene if anintegers 6 k in Theorem1 leadsto a PN binomial then s satis es
the assumptionsof Theorem3. In the cases = k the binomial de ned in Theorem1
isof shapexP +1 uP*~1xP+1 = (1 uP*~1)xP**+1, which is obviously EA-equivalert to
xP“+1. Recallthat EA-equivalenceis a particular caseof CCZ-equivalence,and thus
Theorem 3 shawvs that the mapping f (x) = xP**+1  uP*~IxP “+9"*: u 2 GF (p")*; is
not EA-equivalert to x” *1:0 r n 1 over GF(p").

11



Theorem 4. Letp 5 be prime and s 6 k. Then the PN binomials descriked in
Theorem 1 are not CCZ-gquivalentto the known PN mappings.

Proof. The only known PN mappingsin GF (p") with p 5 arethoseobtained from
the monomial PN mappingsvia CCZ-equivalence. Theorem 3 completesthe proof.
O

Theorem 5. Let p= 3; k be evenand s 6 k. Then the PN binomials descriled in
Theorem 1 are not EA-equivalentto the known PN mappings.

Proof. From Theorem 3 it follows that the PN binomials are not EA-equivalert to
both x*'*! and x2. There is one more family of PN mappingsin GF (3"), n ewen,
namely x>5*. But since % is not a Dembowski-Ostrom polynomial, it is not

EA-equivalert to the binomials consideredin Theorem 1.

5 Semields of PN mappings

A nite presemield isa nite setS with two binary operations+ and satisfying

the following axioms:
(S;+) is an Abelian group with idertity O.
a (b+cp=a b+a cand(a+t+h c=a c+b cforall a;b;c2 S.
If a b= 0,thenaorbisO.

If, in addition to this, we also have

there existsan elemen 16 Osudhthat 1 a=a=a 1lforalla2 S,

then the presemi eld is called a semi eld. Presemi elds are comnutativeif a b=
b aforall a;b2 S.

The additive group of a nite presemi eld is elememary Abelian. Consequetly,
any nite presemield can be represeted by (GF(p");+; ), where + is the ad-
dition in GF(p") and : GF(p") GF(p")! GF(p"). Two nite presemields
(GF(p"); +; ) and (GF (p"); +;?) arecalledisotopicif there exist linearized permu-
tation polynomialsL; M;N over GF (p") sud that

M(x) ?N(y) = L(x vy) forany x;y 2 GF(p"):
12



Any presemield S = (GF(p");+; ) is isotopic to a semield. Indeed, x any
nonzeroa 2 GF(p") anddene ?: GF(p") GF(p")! GF(p") asfollows

X y=(x a?@ vy

Then the elemen a a is the idertity elemen of (GF(p");+;?). Note that if is
commutativ e then sois also?.
The following is the list of known classe®f unisotopic nite commutative semi-

elds of odd order:

nite eld of order p" for any n

Albert's commnutativ e twisted elds of order p” for any n

Dickson semi elds of order p" for evenn

Coulter-Matthews semi elds of order 3" for odd n

Ding-Yuan semi elds of order 3" for odd n

Ganley semi elds of order 3* for odd r

Cohen-Ganleysemi elds of order 3*

Coulter-Henderson-Kosik semi eld of order 3

Perttila-Williams semi eld of order 3'°.

If f isaPN Dembowski-Ostrompolynomial over GF(p") then S; = (GF (p"); +; )
is a comnutativ e presemi eld with the multiplication  de ned by

X y= %(f (x+y) () f(y): (20)

Conversely any comnmnutative presemield S = (GF (p"); +; ) yieldsa PN mapping
fs : GF(p") ' GF(p") by fs : x 7! x x. Moreover, the mapping fs has a
polynomial represetation given by a sum of a PN Dembowski-Ostrom polynomial
and an ane polynomial [7]. Hencethe classi cation of nite presemi elds of odd
order and the one of PN Dembowski-Ostrom polynomials are equivalert. In [7] it is
shavn that in certain caseshe PN Dembowski-Ostrom polynomials de ne isotopic
presemi eldsif and only if they are EA-equivalert:

Theorem 6 ([7]). Letf;g 2 GF(p") be PN Demtowski-Ostom polynomials and

the presemi elds S; and Sy be de ned by (20).
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(a) Letn beodd. Then the presemi eldsS; and Sy are isotopic if and only if f and
g are EA-equivalent.

(b) S is isotopic to GF (p") if and only if f is EA-equivalentto x2.

(c) S is isotopic to a commutative twisted eld of Albert if and only if f is EA-
equivalentto xP ! with n=(n; r) odd.

The above discussionand Theorems1,4 imply the following result.

Theorem 7. Let p be an odd prime, n = 3k with (3;k) = 1 and u be a primitive
elementof GF (p"). Chaose0< s< 3k suchthatk s 0 (mod 3) and n=(s;n) is
odd. If :GF(p") GF(p")! GF(p") is de ned as follows

2k+s + Xp2k+s pk

yP):

X y = Xpsy + Xyps upkfl(xpkyp
Then S = (GF(p"); +; ) is a commutative presemi eld. Moreover this presemi eld
is not isotopic to any other knownoneif p 5, kis oddands 6 k.

Acknowlegments

Recertly it wasshown that two PN mappingsare CCZ-equinalert exactly when
they are EA-equivalert, seg[16). JurgenBierbrauerinformedusthat APN binomials
over GF (2%¢) may be usedto obtain PN mappingsas well.

References

[1] J. Bierbrauer, A family of crooked functions, preprint (2007).

[2] C. Braken, E. Byrne, N. Markin and G. McGuire, New families of quadatic

almost perfect nonlinear trinomials and multinomials, Preprint.

. Braken, E. Byrne, N. Markin and G. McGuire, An in nite family of quadiatic
[3] C.Braken,E.B N. Marki d G. McGuire, An in nite family of dati
guadrinomial APN functions, arXiv:0707.1223vl.

[4] L. Budaghyan, C. Carlet and G. Leander, A class of quadatic
APN binomials inequivalent to power functions, submitted; available at
http://eprin t.iacr.org/2006/445.pdf.

14



[5] L. Budaghyan, C. Carlet, and A. Pott, New classesof almost bent and al-
most perfect nonlinear polynomials IEEE Trans. Inform. Theory, 52 (2006),
pp. 1141{1152.

[6] C. Carlet, P. Charpin and V. Zinoviev, Codes, bent functions and permutations
suitable for DES-like cryptosystems Des. Codes Cryptogr. 15 (1998) pp. 125-
156.

[7] R. S. Coulter and M. Henderson,Commutative presemi elds and semi elds,
Adv. Math. 217 (2008) pp. 282-304.

[8] R. S.Coulter, M. Hendersorand P. Kosid, Planar polynomialsfor commutative
semi elds with speci e d nuclei, Des. Codes Cryptogr. 44 (2007) pp. 275-286.

[9] R. S.Coulter and R. W. Matthews, Planar functions and planesof Lenz-Barlotti
classll, Des.CodesCryptogr. 10 (1997) pp. 167-184.

[10] P. Dembowski and T. Ostrom, Planes of order n with collineation groups of
order n?, Math. Z. 103 (1968) pp. 239-258.

[11] C. Ding andJ. Yin, Signalsetsfrom functions with optimum nonlinearity, IEEE
Trans. Communications, 55 (2007), 936{940.

[12] C. Ding and J. Yuan, A family of optimal constant-composition codeslEEE
Trans. Inform. Theory, 51 (2005), 3668{3671.

[13] C. Ding and J. Yuan, A new family of skewPaley-Hadamad di er ence sets J.
Comb. Theory Ser.A 113(2006) pp. 1526-1535.

[14] Y. Edel, G. Kyureghyan, and A. Pott, A newAPN function whichis not equiv-
alentto a powermapping IEEE Trans.Inform. Theory, 52 (2006),pp. 744{747.

[15] T. Hellesethand D. Sandkerg, Somepower mappingswith low di er ential uni-
formity, Applicable Algebra in Engineering, Comnmunications and Computing,
8 (1997), pp. 363{370.

[16] G. Kyureghyan, and A. Pott, Sometheoremson planar mappings to appearin

Proceedingsof WAIFI 2008,LNCS.
15



[17] K. Nyberg, Di er entially uniform mappingsfor cryptography, in Advancesin
Cryptology-EUROCRYPT 93, Lecture Notes in Computer Science,vol.765.
New York: Springer-\erlag, 1994,pp. 134-144.

[18] G. Weng, W. Qiu, Z. Wang and Q. Xiang, Pseudo-Paleygraphs and skew
Hadamad setsfrom presemi elds Des. CodesCryptogr. 44 (2007) pp. 49-62.

16



