MODULAR POLYNOMIALS FOR GENUS 2

Reinier Br eker, Kristin Lauter

Abstract. Modular polynomials are an important tool in many algorithms in volv-
ing elliptic curves. In this article we generalize this concept to the genus 2 case.
We give the theoretical framework describing the genus 2 modular  polynomials and
discuss how to explicitly compute them.

1. Introduction

The “classical' modular polynomial N 2 Z[X;Y ] was introduced by Kronecker

more than 100 years ago. The polynomial y is a model for the modular curve

Yo(N) parametrizing cyclic N -isogenies between elliptic curves. As is shown in the
examples below, the explicit computation of § has led to various speed ups in
algorithms using elliptic curves.

Examples. 1. Schoof's original algorithm [27] to count the number of pants on an
elliptic curve E=F, was rather impractical as one had to compute with thecomplete
I-torsion of E for various small primes| 6 p. The key to the improvements made by
Atkin and Elkies [26, Sections 6{8] is to work with a one-dimensional eigenspace of
E[l]= Z=1Z Z=IZ. Instead of using division polynomials of degreelf 1)=2 one
can now use the modular polynomial | of degreel + 1. The “Schoof-Elkies-Atkin'-
algorithm behaves very well in practice, and primes of seved thousand digits are
now feasible [15].

2. Both the primality proving algorithm ECPP [11, Section 14 D] and e cient
constructions of cryptographically secure elliptic curves [9, Chapter 18] rely on the
computation of the Hilbert class polynomial Hp for a certain imaginary quadratic
order O. Recent algorithms to computeH o work p-adically [10, 7] or modulo several
primes [1, 4]. If we know one root ofHp in Qp or Fp, then we can compute the
other roots by exploiting the modular polynomials | for small primes| generating
the class group ofO. This observation is crucial to the practical behaviour of the
algorithms.

The algorithms in the examples above have analogues for gesw2, see [16, 14].
Whereas the situation in well understood in genus 1 and algathms are fast, the
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computations are still in their infancies in genus 2. Typicdly, algorithms only ter-
minate in a reasonable amount of time for very small examplesinspired by the
speed ups modular polynomials give in the genus 1 case, we @stigate modular
polynomials for genus 2 in this paper.

In [18], Gaudry and Schost examine a tailor-made variant of  in genus 2 to
improve point counting. The polynomial they construct has factorization properties
similar to y, and this enables them to speed up point counting in genus 2 ithe
spirit of the improvements made by Atkin and Elkies in the genus 1 case.

In this paper we give a “direct' generalization of § to genus 2. We believe
that our polynomials can be used for point counting as well. kirthermore, knowing
modular polynomials will signi cantly speed up the "CRT-al gorithm' [14] to com-
pute class elds of degree 4 CM- elds. This in turn will lead to faster algorithms
to construct cryptographically secure Jacobians of hyperiiptic curves. This paper
solely focuses on the de nitions and properties of modular plynomials for genus 2
however.

In Section 2 we recall some classical facts of polarized ahlah varieties. We
consider level structures in Section 3, and for primep we de ne the 2-dimensional
analogueYo(Z) (p) of the curve Yy(p). In Section 4 we consider functions onYo(Z) (p)
and this leads naturally to the de nition of the genus 2 modular polynomials.
Whereas we have one polynomial , in the genus 1 case, we now get 3 polynomials
Pp; Qp; Rp for every prime p. We explain the moduli interpretation behind these
polynomials, and we give some elementary properties d®,; Qp; Rp.

By studying the Fourier coe cients of the Igusa | -functions, we show in Section 5
that the genus 2 modular polynomials haverational coe cients. Section 6 focuses
on the computation of the modular polynomials.

In the special casep = 2, the modular polynomials are closely linked to the
Richelot isogeny. We explain the precise relation in Section 7.

2. Polarized abelian varieties

We recall some classical facts about complex abelian variets. For modular poly-
nomials we are only interested in the 2-dimensional case, s much of the theory
generalizes, we work in arbitrary dimensiong 1 in this section.

Let A=C be ag-dimension abelian variety, and write A- = Pic °(A) for its dual.
It is well known that every abelian variety admits a polarization, i.e., an isogeny
" TAl A-.If ' is an isomorphism, we callA principally polarized. The Jacobian
of a curve is the classical example of a principally polarizeé abelian variety: the
choice of a base point on the curve determines the polarizatn.

The complex points A(C) have the natural structure of a g-dimensional complex
torus C9=L. Here,L  C9 is a full lattice. In order to characterize those complex
tori C9=L that arise as abelian varieties, we de ne the polarization & a torus.
We follow the classical approach via Riemann forms. A skewysnmetric form E :
L L! ZcanbeextendedtoaformgE :C?¢ C9! R, andwe callE aRiemann
form if
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1. E(x;y)= E(ix;iy ) for all x;y 2 C¢
2. the Hermitian form H(x;y) = E(ix;y) + iE (X;y) is positive de nite.
A torus C9=L is called polarizible if it admits a Riemann form. The link with the

de nition from the previous paragraph is that the Hermitian form H from condition
2 de nes a map

‘g (CY9=L) ! (CY9=L)-

sendingx to H(x; ). If ' g is an isomorphism, we say that the torusC9=L is prin-
cipally polarized. The following theorem describes the preise connection between
complex abelian varieties and polarizabe tori.

Theorem 2.1. The category of complex abelian varieties is equivalent tché cat-
egory of polarizable tori via the functorA! A(C).

Proof. See [5, Chapter 4].

Let L be a full lattice in C9 such that the torus C9=L is principally polarizable.
One can choose a basis df such that L is given by Z9 + Z9 with a complex
g g-matrix. The fact that the lattice admits a Riemann form now t ranslates into
the fact that is an element of theg-dimensional Siegel upper half plane

Hg=1f 2 Maty(C) ] T = :Im( ) positive de nite g:

Conversely, for 2 Hg the torus C9=(Z9 + Z9 ) is principally polarizable. The
Hermitian form given by H (x;y) = xIm( ) y' is by construction positive de nite,
and the Riemann form is given by E (x;y) = Im( H(X;y)).

Next we consider what happens if we change a basis for thegalimensional
polarized lattice L. By the “elementary divisor theorem', we can choose a basi®f
L such that the Hermitian form H : L L ! Z is given by the matrix

0 1
1, 0

where 1y denotes theg g identity matrix. The general linear group GL(2 g;Z)
stabilizes the lattice L, and the subgroup

Sp(29:2) = fM 2 GL(29;Z)jMIM T = Jg GL(29:2)

that respects the Hermitian form is called the symplectic group Explicitly, a matrix
M = i‘ 3 2 GL(2g;2)is symplectic if and only if the g g matricesa; b; c; dsatisfy
the relations ab’™ = b'a, cd” = d"candad™ bc =14.

For 2 3 2 Sp(29;Z)and 2 Hg4,theg g-matrix ¢ + dis invertible. Indeed, if
¢ + d had determinant zero, there would be an elemeny 2 C9 with yim( )y" =0,
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contradicting that Im( ) is positive de nite. We de ne an action of the symplectic
group Sp(29;Z) on the Siegel upper half planeH 4 by

ab a +b
cd c +d’

(2:1)

where dividing by ¢ + d means multiplying on the right with the multiplicative
inverse of theg g-matrix ¢ + d. An explicit check shows that the right hand side
of (2.1) indeed lies inH 4.
The map
7VA = CY9=(Z9+ Z9):

induces a canonical bijection between the quotient spacéy = Sp(29;Z)nH 4 and
the set of isomorphism classes of principally polarizedy-dimensional abelian vari-
eties. In fact, the spaceA 4 is a coarse moduli space for principally polarized abelian
varieties of dimensiong.

We close this section by zooming in on the 1-dimensional casee., the case of
elliptic curves. An elliptic curve is isomorphic to its dual, so polarizations do not
play a real role here. Indeed, every complex torus is polarable, and the Siegel space
H 1 equals the Poincae upper half planeH . The symplectic group Sp(2 Z) equals
the special linear group Slp(Z) in this case. The space Sp(Z)nH is in canonical
bijection with the set of isomorphism classes of elliptic cuves.

3. Isogenies

Let A=C be a 2-dimensional principally polarized abelian variety,and let N 1
be a positive integer. The N -torsion A[N] of A is, non-canonically, isomorphic to
(Z=NZ)*. The polarization on A induces a symplectic formv on the rank 4 (Z=N2Z)-
module A[N ]. We choose a basis foA[N ] such that v is given by the matrix

0 1,
1, 0

and we let Sp(4 Z=NZ) be the subgroup of the matrix group GL(4;Z=NZ) that
respectsv. A subspaceG A[N] is calledisotropic if v restricts to the zero-form
on G G, and we say that A and A° are (N; N )-isogenous if there is an isogeny
Al A%whose kernel is isotropic of ordem 2.

The full congruence subgroup @ (N) of level N is de ned as the kernel of the
reduction map Sp(42Z) ! Sp(4Z=NZz). Explicitly, a matrix 2 3 is contained
in @ (N) if and only if we have a;b 1, modN and ¢c;d 0, modN. The

congruence subgroup @ (N) ts in an exact sequence
11 @(N) ! Sp(4Z)! Sp(4z=Nz)! 1

The surjectivity proof is analogous to the dimension 1 cased2, Section 6.1] and is
not completely trivial.
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The 2-dimensional analogue of the subgroup o(N)  SLy(Z) occuring in the
equality Yo(N) = o(N)nH of Riemann surfaces is the group

ab
cd

From now on, we restrict to the caseN = p prime. The reason for this restriction
is that the nite symplectic geometry we need in the remainde of this section is
much easier for vector spaces over nite elds than for moduks over arbitrary nite
rings. The following lemma gives the link between the group gz) (p) and isotropic
subspaces of thep-torsion.

D (N) = 2Sp(4Z)jc 0, modN

Lemma 3.1. The index [Sp(4;Z) : E,z)(p)] equals the number of2-dimensional
isotropic subspaces of thé-,-vector spacng.

Proof. We map §’(p) to a subgroup H  F3. The inclusion @ (p) ¥ (p)

shows that we have [Sp(4Z) : E,z) (p)] = [Sp(4;Fp) : H]. The group H is parabolic,
and occurs as stabilizer of the 2-dimensional isotropic sudpaceF, F, 0 O.
The group Sp(4 F) permutes the 2-dimensional isotropic subspaces transiely by
Witt's extension theorem [2, Theorem 3.9], and the lemma fdbws.

Let S(p) be the set of equivalence classes of pair\(G), with A a 2-dimensional
principally polarized abelian variety and G A[p] a 2-dimensional isotropic sub-
space. Here, two pairs A; G) and (A% GY are said to be isomorphic if there exists
an isomorphism of abelian varieties : A! A%with ' (G) = G°.

Theorem 3.2. The quotient space gz) (p)nH 7 is in canonical bijection with the set
S(p) via P (p) 7! (A ;K1=p;0;0;0); (0; 1=p;0; 0)i whereA = C2=(Z2+ 272 ) is
the variety associated to .

Proof. The group 82) (p) stabilizes the subspaceG = h1=p;0;0; 0); (0; 1=p;0; 0)i
of A[p], and the image (A ;G) therefore does not depend on the choice of a repre-
sentative

If A and A o are isomorphic, then there exists 2 Sp(4; Z) with = OJfan
isomorphismA 1° A o maps the groupG to G°= h1=p:0; 0; 0); (0; 1=p;0; O)i
A o[N], then liesin E,z) (p). Hence, our map is injective.

To prove surjectivity, we rst note that every 2-dimensiona | principally polarized
abelian variety occurs as somé& by Theorem 2.1. The theorem now follows directly
from Lemma 3.1.

As a quotient space, the 2-dimensional analogue of the curv¥y(p) is

def

Y@ E @ (p)nH

We close this section by showing how to giveYO(Z)(p) the structure of a quasi-
projective variety. Siegel de ned a metric on H,, a generalization of the Poincae
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metric in dimension 1, that respects the action of the sympletic group. With this
metric, YO(Z) (p) becomes a topological space. Just as in the 1-dimensionaseYq(p),
it is not compact. There are several ways to compactify it, ore of which is the Satake
compacti cation

YPM® =YPMI Yo [ PYQ):

By the Baily-Borel theorem [3], the spaceYO(Z)(p) has a natural structure as a

projective variety V, and the spaceYo(Z) (p) V is therefore naturally a quasi-
projective variety.

4. Functions

The left-action of Sp(4;Z) on the Siegel upper half planeH, induces a natural
right-action on the set of functions from H, to P(C) via (fM )( )= f(M ). The
xed points under this action are called rational Siegel modular functions. Igusa
de ned [19, Theorem 3] three algebraically independent raibnal Siegel modular
functions H, ! P1(C) that generate the function eld K of A, = YO(Z) (1). The
functions j 1;j2; ] 3 that most people use nowadays are slightly di erent from Igusa's
and we recall theg de nition rst.
Let Ex( ) = (C;d)(c + d) K be the 2-dimensional Eisenstein series. Here,

the sum ranges over all co-prime symmetric 2 2-integer matrices that are non-
associated with respect to left-multiplication by GL(2;Z). We de ne

10= 438672 1 3° 52 7153 YEEs Eyp)
and
12=131 593 2 8 37 53 72 337 432 72E3+2 5°E{ 691E;,);
where the constants in 19 and 3, should be regarded as "normalization factors'.

We then de ne

; 5 iz ; 3 3E4 ?2 ; 5 Es %2 3 2E4 %2
j1=2 355 J2=2 37—, j]3=2 3—5—=+2 3 —
10 10 10 10

We have K = C(ji1;j2;j3) and via the moduli interpretation for A,, the Igusa
functions are functions on the set of principally polarized 2-dimensional abelian
varieties. The functions j1;j2;]j3 have poles at 2 H, corresponding to products
of elliptic curves with the product polarization.

For a xed prime p, we de ne three functions

jip :H2! PYC) (4:1)

by jip ( )= ji(p ). These functions arise naturally in the study of (p; p)-isogenous
abelian varieties as we have

jip (A =h(1=p;0;0;0); (0; 1=p;0;0)i) = ji(Ap ) = jip ( ):



MODULAR POLYNOMIALS FOR GENUS 2 7

Lemma 4.1. The functions ji, dened in (4.1) above are invariant under the
action of f)z)(p).

Proof. Let M = 2% be an element of @ (p), and write ¢ = pd with  a

2 2-matrix with integer coe cients. We compute
Jip(M ) =ji(p(M )= jil(pa +ph=(c +d))=ji(B p);

with B = & %b . It is clear that B is again symplectic, so we havg;(B p ) =
Jip ()

The functions j;;, have poles at 2 H, corresponding to (o; p)-split principally
polarized abelian varieties, i.e., varieties that are p; p)-isogenous to a product of
elliptic curves with the product polarization.

Lemma 4.2. For a prime p, the function eld of Yo(z)(p):C equalsK (jip) for
everyi =1;2;3.

Proof. The function eld of A, = YO(Z) (1) equalsK = C(j1;]2;]3) and the function

eld C(YO(Z) (p)) is an extension ofK of degree [Sp(4Z) : E)Z) (p)]. The functions j i,

are contained inC(YO(Z) (p)) by Lemma 4.1. It su ces to show that, for xed i, the

functions fjip ()9 , @ (pynsp(a;z) A€ distinct. If two of these functions are equal,

then the stabilizer S Sp(4; Z) of ji,, inside Sp(4 Z) strictly contains E,Z) (p). The

images ofS and E,Z) (p) under the reduction map : Sp(4;2) Sp(4, Fp) then
satisfy

(S)) ( 2):

The group ( E)Z) (p)) is the stabilizer of an isotropic subspace of Sp(4F,) and is
therefore maximal by [20, Theorem 4.2]. Hence, (S) equals the full group Sp(4 F;)
and S has to equal Sp(4Z). This is absurd.

The pth modular polynomial P, for j; is de ned as the minimal polynomial of
j1p over K = C(j1j2;ja). It has degree [Sp(4Z) : ¥ (p)] and its coe cients
are rational functions in j1;j2;js with complex coe cients. The evaluation map
" 1C(j1;i2;03) ! C sendingj; to ji( ) maps Py, to a polynomial Py, 2 C[X].
The roots of P,. are thej i-invariants of principally polarized abelian varieties that
are (p; p)-isogenous to a variety with j -invariants j1( );j2( );js( )-

The functions j 2.5, j 3;p are contained inK (j1,p) = K [j1;,p] and we de ne R,; Qp 2
C(j1;J2;J3)[X] to be the monic polynomials of degree less than de§y) satisfying

J2ip = Rp(j1p) J3p = Qp(iwp): (4:2)
The evaluation map' maps Qp; Rp to polynomials Qp: ;Rp. 2 Clj1p]. f X2 C
is a root of Py, , then
(% Qp; (X);Rp; (X))
are j -invariants of a principally polarized abelian variety that is (p; p)-isogenous to
a variety with invariants j1( );j2( );js( ).
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5. Field of definition

A holomorphic map :H,;! C is called aSiegel modular formof degreew O if
it satis es the functional equation
ab
( cd
for all matrices ig 2 Sp(4;2). The Eisenstein seriesk,, are Siegel modular

forms of degreew. Any Siegel modular form is invariant under the transformation
7! + band therefore admit&aFourier expansion

= a(T)exp(2i Tr(T ));
T
where the summation ranges over all 2 2 symmetric "half-integer' matrices, i.e.,
symmetric matrices with integer entries on the diagonal ando -diagonal entries
in %Z. The coe cients a(T) are called the Fourier coe cients of . As discovered
by Koecher [21], they are zero unles§ is positive semi-de nite. For T = 2 P2

b=2 ¢
and = ; 2 we have

)=det(c +d) * ()

(T )=a+b,+cCg3:

writing g = exp(2i i), we see that we can express a modular form as =
ktm Ckibm ka0 . By Koecher's result, the summation ranges over non-negatie
k;l and m satisfying 4m kIl 0.
A Siegel modular form is called acusp form if the Fourier coe cients a(T) are
zero for all T that are semi-de nite but not de nite. One of the classical examples
of a cusp form is

10= 438672 1 3° 52 7153 YEEs Ey);

which appears in the denominator of the Igusgj -functions. If we express iq in its
‘g -expansion’, every term is divisible by s qpgz. The “normalization factor' ensures
that the ¢y pz-term has coe cient 1.

Lemma 5.1. The Igusa functionsj; have a Laurent series expansion iy, ¢,
with rational coe cients.

Proof. The denominator of all three Igusa functions is a constant mitiple of a
power of the cusp form 1. The product (qucps) * 10 has anon-zero constant
term and is therefore invertible in the ring C[[or; &; s]]. This shows that the Igusa
functions have a Laurent series expansion.

As the Fourier coe cients of the Eisenstein series are ratimal [13, Corollary 2
to Theorem 6.3], the coe cients of the Laurent expansion ofj; are rational.

In genus 1, it is not hard to prove that the Fourier coe cients of the j -function are
rational. A deeper result is that they are integral. This is no longer true in genus 2:
the coe cients of the expansion of the Igusa functions have frue' denominators.
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Theorem 5.2. For any prime p, the modular polynomials Py; Qp; Ry lie in the
ring Q(j1;j2;j3)[X]

Proof. We only give the proof for P,, the proof for Q, and Ry, is highly similar.
We can write

szx Dabccmabclllzlsx : (5:1)
dmabc]lJZJS

m O

and we have to prove that the coe cients Cy.ap.c and dm.apc are rational. We
substitute the Laurent series expansion of 1;j2;]3;]j1,p into the equation P, = 0.
By equating powers of g chcS, we get a set of linear equations for thecy.ap.c and
dm;a;b;c .

Over the complex numbers, this system of equations has a unige solution. As
the coe cients of the equations are rational by Lemma 5.1, this solution must be
rational.

Remark 5.3. We can reduce the polynomialsP,; Qp; R, modulo a prime I. A
natural question is if these reduced polynomials still satsfy a moduli interpretation
as in (4.2). Whereas reduction of modular curves is relativly well understood, the
situation is more complicated for general Siegel modular vaeties. In our situation,
the answer is given by a theorem of Chai and Norman [8, Corolley 6.1.1]. They Iook
at the algebraic stackA2 @ (p) and prove that the structural morphism A2 @ (p)

SpecZ is faithfully at, Cohen- Macaulay and smooth outsidep. Concretely, this
means that the moduli interpretation (4.2) remains valid modulo primes| 6 p.

6. Explicit computations

In this Section we give a method to compute the modular polynanials Py; Qp; Rp 2
Q(j1;]2;)3) and indicate what the computational di culties are. We beg in with
the degree ofPp.

Lemma 6.1. For a prime p, we have[Sp(4; Z) : 82) (MI=(p* D=(p 1).

Proof. By Lemma 3.1, we have to count the number of 2-dimensional idoopic
subspaces of the symplectic spac¥ = Fg.

Any two-dimensional isotropic subspace ofV contains (p>° 1)=(p 1)= p+1
lines. Conversely, aline V is contained in (p+1) isotropic subspaces. To see this,
we note that we can need to select a second linen such that H; mi is isotropic of
dimension 2. The complement ofl is 3-dimensional, and out of the > 1)=(p 1)
lines, only (p> 1)=(p 1) = p+1 yield an isotropic subspace.

We see that the number of 2-dimensional isotropic subspacesquals the number
of lines in V. This yields the lemma.
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Remark. It is easy to give coset representatives forS = Sp(4;2Z)= E)z)(p). In
genus 1, we can take the set
0 1
i1 10
as a set of coset representatives for SL(Z)= o(p). Inspired by the set in (6.1) we
write down

ji2F, [ (6:1)

1, 0 . 0 1, .
ab 1 jasb;c2 Fp [ L ab jac= K2 F, ; (6:2)
bc -2 2 pec
a set of cardinality p® + p?. WeI are missingp + 1 matrices. Onle can check that
( 10 0 0° ) 1 1 1 1’
8 00 01 al jaz Fp [ 00 00 01 1 (6:3)
al 00 10 0 1

is a set ofp+ 1 matrices that is independent of the set in (6.2). We note that this
is the same set of matrices that Dupont found in his thesis [1R

To compute R, and Q,, we have to write j,,, and j3,, as rational functions in
j1;j2:)3 andjq,p. For M ranging over the cosetsS = Sp(4;Z)= E)Z) (p), the functions
jip (M ) are distinct by Lemma 4.2. Inspired by the formulas in [17, Sction 7.1]
we note that, by Lagrange interpolation, the polynomialsI

X Y X j1p(B )
M2S B2S jip(M ) j1p(B )

B&M

Fip (X) = j2p(M )

satisfy Fip (j1p(C )) = j2p(C ) for k=2;3 and all C 2 S. As the coe cients of
Frp are, by construction, invariant under the action of Sp(4; Z) the polynomials
Frp are containe(binQ(j 1,)2:13)[X]. We haveRp = F2.p(j1;p) and Qp = F3:p(j 1:p)-
We haveP, = =, ,5(X  j1,p(M )) and with
!

X Y

Fip = X Jup(B ) j2p(M )2 Q(j1;j2;j3)[X]
M2S gda

derivative of P,. We deduce that it su ces to compute the 3 polynomials Py; .,

and ;. In Lemma 6.2 below we prove that the denominators of the coe cients
of these polynomials are closely related to; p)-split Jacobians.

We say that a principally polarized abelian variety A=C is (p; p)-split if there
exists an isogeny of degreg?® between A and the product E  EP° of two elliptic
curves with the product polarization. The locus of suchA is denoted byL,. It is
well known that L, is a 2-dimensional algebraic subvariety of the 3-dimensical
moduli spaceA . We have chosen coordinateg;;j»;js for A,, and L, can be given
by an equation L, = 0 for a polynomial L, 2 Q[j1;]j2;])3]-
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Lemma 6.2. The denominators of the coe cients of Py, ., and s, are all
divisible by the polynomialL , describing the moduli space ofp; p)-split Jacobians.

Proof. Let 2 H, correspond to a {; p)-split Jacobian, and let ¢ be a coe cient

of Pp,. For someM 2 Sp(4Z)= 82)(p), the value j1.,(M ) is in nite because the
functions j; have poles at products of elliptic curves. The evaluation oft at is a
symmetric expression in thej1.,(M )'s. Generically, there is no algebraic relation
between these values, and the evaluation of at is thereforein nite .

Sinceji( ) is nite, the numerator of cis nite. We conclude that the denomi-
nator of ¢ must vanish at , i.e., c is divisible by L,. The proof for [%,., and s,
proceeds similarly.

Remark. Points on the variety L, are in bijection with points on the Humbert
surface Hy, see [25]. It is a traditionally hard problem to compute equdions for
Humbert surfaces. Up to now, this has only been done fop = 2; 3; 5, see [28], [29]
and [23]. As computing modular polynomials is an even hardeproblem, it seems
unlikely that we will be able to compute many examples in the rear future.

In the casep = 2 it is relatively straightforward to compute the polynomi al L,
describing (2 2)-split Jacobians. We refer to [28] for its construction. We have

L,=2361967 9737j3+5832j7j,j3+1924560Q7j, 87487%j3
1049760097 3 + 1259712000007 + j3j3 123j3js 7743633
+54j3j2)2+870912 3j2j3 50738400072 10§3j,j3 30909603j,j3
+20995200003j j 3 + 81j3j 4 +3499200 3j3 + 78j%j5 1333%j3js
+592272%)4 +8910j2j3j3 4743360%j3js 2937633 + 93312003
+47952 {joj5  31104fj5 1594j3 +1728j1j3js 414734j3
60491j7]5 +6912)1j3j3 +80j] 3845js:
In the remainder in this section we describe the explicit conputation of the en-
tire polynomial P,. Our idea is to use aninterpolation technique, i.e., compute
P2(j1( );j2( );i3( ) 2 C[X] for su ciently many 2 H, and use that informa-
tion to reconstruct the coe cients of P,. Unfortunately, we need to know the full
denominators of the coe cients of P, for this approach to work. At the time that
this paper was almost nished, we learned that Dupont had investigated this inter-
polation problem in his thesis [12]. Without knowing Lemma 6.2, he succeeded in
computing P». The approach outlined below is inspired by Dupont's ideas.
Let c(j1;]2;]3) be a coe cient of P,. The rst step is to compute the degree in

J1:]2;]3 of its numerator n(c) and its denominator d(c). We x y;z 2 Q(i) and for
a collection of valuesxy 2 Q(i) we compute a value ¢ 2 H, with

(20 k)si20K);is( k) = (Xk;Y:2)

by rst using Mestre's algorithm [24] to nd a genus 2 curve C whose Igusa in-
variants are (Xx;Y;z) and then nding ¢ 2 H, corresponding to JacC). We can
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therefore evaluate the univariate rational function c(xy;y;z). It is now an easy
matter to determine the degree inj; of n(c) and d(c). Indeed, we check for which
values ofm; n the matrix

1::0: XD c(Xq1;y;2) i c(X1;Y; 2)x}

M (m;n) = % '

10 Xmansz  CXmens2:Y52) 110 C(Xm+n+23Y;2)Xmen+2

has non-zero solution-space for arbitraryxy 2 Q(i). The smallest m;n for which
this is the case are the degrees afi(c) and d(c). We nd for instance that the
constant term of P, has a numerator of degree 60 and a denominator of degree 51
in j1. Likewise, we can nd the degrees inj, and j3. The degree inj, of the
denominators is 42 for all coe cients and we nd 30 for the degree inj 3.

As L, has degree 7 in, and degree 5 inj3, we guessthat L$ divides d(c). We
are still missing a polynomial inj; of degree> 1 for the denominator. To nd this
polynomial, a natural idea is to try j, with  the dierence between the degree
of d(c) and 6 5 = 30. One heuristic reason for this is the following: if 2 H,
corresponds to the product of elliptic curves, then the numeator of c is in nite
at . Combined with the vanishing of L§ at , this would mean that ¢ has a pole
of very high order at such . To ‘compensate’ for this, we multiply LS by j,. One
can verify that the denominator is indeedj, L$ by taking x;y;z 2 Z[i] and looking
at the denominator of c(x;y;z) 2 Q(i).

Having computed the denominator ofc, it is an easy matter to compute the nu-
merator. Indeed, we can evaluatel(c)c at any point 2 H, and apply interpolation
techniques to nd n(c). As the degrees inj, j» and j3 of n(c) are relatively large,
this does take a large amount of time. The constant term ofP, contains 16795
monomials for instance, with coe cients up to 200 decimal digits. It takes more
than 50 megabytes to storeP,; Q,; R».

7. Richelot isogeny

In this Section we zoom in on the special casp = 2, and explain the link between
our modular polynomials P,; Q»; R, and the classical "Richelot isogeny'. The Rich-
elot isogeny is typically used as a tool for computing the Modell-Weil group of a
Jacobian of a genus 2 curve, and we rst explain the construdon.

Fix a non-singular curve C=C of genus 2, and pick an equation

Y2=f(X)

for C, wheref 2 C[X]is monic of degree 6. We pick a factorizationf = ABC of f
into three monic polynomials, each of degree 2. Writing A;B]= A%B  AB 9 with
Al the derivative of A, we de ne the curve C° by the equation

Y?=[A;B][A;C][B;Cl: (7:1)
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Here, is the determinant of A;B;C with respect to the basis 1 X; X 2. A simple
check shows that the right hand side is again a monic polynonal of degree 6. It is
separable if and only if is non-zero.

Lemma 7.1. The Jacobians of the curvesC and C° de ned above are (2;2)-
isogenous. Furthermore, every(2; 2)-isogeny from Jac(C) into some principally po-
larized abelian variety A arises via this construction.

Proof. The fact that Jac(C) and Jac(C9 are (2; 2)-isogenous can be found in [6].
To show that every (2;2)-isogeny is a "Richelot isogeny', we look at the generic
case that Jac(C) is not (2; 2)-split. It then su ces to prove that there are [Sp 4(Z) :

E,z) (2)] = 15 di erent equations for the curve CC° This is simple combinatorics: we
have a priori 6 5=2 = 15 choices for the polynomialA, and then 6 choices for the
polynomial B. As the right hand side of (7.1) is invariant under a permutation of
A;B; C, we get 15 di erent equations.

The connection with the modular polynomial P, de ned in this paper is as follows.
Assume that Jac(C) is not (2; 2)-split. The discriminant is then non-zero for every

choice of factorizationf = ABC . We let' be the map sending an Igusa invariant
to ji(Jac(C)) 2 C. Lemma 7.1 tells us that the 15 roots of (P;) 2 C[X]are exactly
the rst Igusa invariants of the curves CP%in (7.1). There are similar relations for

' (R2) and ' (Q2).
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