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Abstract

Nonlinear complexity is an important measure for assessing the randomness of
sequences. In this paper we investigate how circular shifts affect the nonlinear com-
plexities of finite-length binary sequences and then reveal a more explicit relation
between nonlinear complexities of finite-length binary sequences and their corre-
sponding periodic sequences. Based on the relation, we propose two algorithms that
can generate all periodic binary sequences with any prescribed nonlinear complexity.

Index Terms: Periodic sequence, nonlinear complexity, randomness

1 Introduction

Pseudorandom sequences have applications in various digital systems and commu-
nication technologies, such as radio communications, distance ranging, simulation, game
theory, and cryptography [1]. The quality of randomness is a crucial factor for pseudoran-
dom sequences in many of these applications, particularly for cryptographic applications.

For assessing the randomness of pseudorandom sequences, different complexity measures
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were proposed in the literature [2-5] and the most well-understood one is probably the
linear complexity. The linear complexity of a sequence is defined as the length of the
shortest linear feedback shift registers (LFSRs) that can generate the sequence [6, 7].
Suppose a sequence s of length n has linear complexity [ < n/2. Given any of its 2[-
length subsequences, namely, (s;, Sit1, ..., Si+o—1) for any ¢ > 0, the Berlekamp-Massey
algorithm [8] can efficiently produce the linear recurrence of length [ and thereby the
whole sequence s. Hence pseudorandom sequences for cryptographic applications must
not have low linear complexity. Rueppel [9] conjectured that n-periodic binary sequences
have expected linear complexity close to n. Meidl and Niederreiter [10] confirmed this
conjecture for arbitrary finite fields; in particular, they showed that n-periodic binary
sequences have expected linear complexity at least 3”4—_1. Research has been done on the
linear complexity of special sequences, for instance, Lempel-Cohn-Eastman sequences [11],
Legendre sequences [12|. Meanwhile, variants and extensions of linear complexity, e.g.,
linear complexity profile [7], k-error linear complexity [7,10], quadratic span [13] and non-
linear complexity [14] have been studied. Interested readers may refer to [15, 16] for more

discussions on these complexity measures.

As an additional figure of merit to judge the randomness of a sequence, nonlinear
complexity (also referred to as maximum-order complexity) was introduced by Jansen
and Boekee in 1989 [14,17], where they defined it as the length of the shortest FSRs that
generate a given sequence. Their work showed that the expected nonlinear complexity
of random n-length g-ary sequences is approximately 2log,(n). Significant progress has
been made on the derivation of the shortest feedback functions for a given sequence and
the construction of sequences with high nonlinear complexity. Jansen and Boekee [14]
initially related nonlinear complexity to the maximum depth of a directed acyclic word
graph, which can be employed to determine the nonlinear complexity (profile) of a given
sequence. Rizomiliotis and Kalouptsidis [18] in 2005 proposed an efficient algorithm,
which exploited the special structure of associated linear equations, for finding the shortest
feedback functions for a given sequence. Later Limniotis et al. [19] studied the relation
between nonlinear complexity and Lempel-Ziv complexity, thereby presenting a recursive
algorithm which has a similar procedure to the Berlekamp-Massey algorithm. As for the
construction of sequences with high nonlinear complexity, researchers mainly exploited
some algebraic tools and explored the structure of those constructed sequences [20-28].
Niederreiter et al. [20], Luo et al. [21] and Castellanos et al. [22] constructed sequences

with high nonlinear complexity from function fields with many rational places. Based on



detailed investigations of internal structures of sequences, all g-ary sequences of length
n and high nonlinear complexities n — 7,7 = 1,2,3,4, were completely characterized
in [23,24]. Very recently Liang et al. [25] completely determined n-length binary sequences

with nonlinear complexity > %.

Let s7° be an n-periodic sequence over certain alphabet A. Its nonlinear complexity is
closely related to nonlinear complexities of its n-length subsequences, namely, nlc(sX) =
nlc(a?) > nlc(a,), where nlc denotes the nonlinear complexity of a given sequence, a,, is
any n-length subsequence of s> and a? = a,a,, denotes the concatenation of two identical
a,. As a, can be chosen as any n-length subsequence of s7°, this inequality is relatively
vague and does not reveal further insights into the relation between nlc(s;°) and nlc(a,,).
Only a few results have been reported on nonlinear complexity of periodic sequences so
far. Rizomiliotis [26] exploited the power series representation of binary sequences and
proposed two constructions of binary sequences of period 2™ — 1 with maximum nonlinear
complexity for given linear complexity. In 2017 Sun et al. completely characterized the
structure of periodic sequences s° of maximum nonlinear complexity n—1 and proposed a
recursive algorithm to generate all such sequences [27]. Later Xiao et al. [28] determined
all binary sequences of period n having nonlinear complexity n — 2 in a similar way.
Motivated by recent work on nonlinear complexities of binary n-length sequences [25],
this paper aims to reveal more explicit relations between nlc(sS®) and nlc(a,,), where a,, is
a certain cyclic shift of s,,. To this end, we are concerned with a particular set B(n,c) (in
Def. 2) of sequences with a specific structure. We start with investigating how circular
shift operators affect the nonlinear complexity of binary sequences s,, in B(n, c¢). Then we
study the relation between the companion pairs of s,, and the companion pairs of s2°, which
enables us to establish a one-to-one correspondence between periodic sequences s;° with
given nonlinear complexities and certain sequences s, in B(n,c) (see Thm. 1 and Thm.
2). Based on the correspondence, all periodic binary sequences s° with any prescribed
nonlinear complexity w can be completely generated (in Thm. 3). The generation process
is summarized in two algorithms (Alg.1 and Alg.3), depending on the relation between
w = nlc(sy?) and 5. To the best of our knowledge, this is the first report of theoretical
results on the subject that can be used to efficiently generate all periodic binary sequences

with any prescribed nonlinear complexity.

The remainder of this paper is organized as follows. In Section 2, we introduce some
basics of nonlinear complexity. Section 3 presents notations, definitions, and auxiliary

results for the nonlinear complexity of n-length binary sequences. Section 4 is dedicated



to revealing more explicit relations between nlc(s) and nlc(a,), where a, is a certain
cyclic shift of s,,. In Section 5, we propose two algorithms to generate periodic binary
sequences with any prescribed nonlinear complexity. Finally, Section 6 concludes the work

of this paper.

2 Preliminaries

In Section 2 and Section 3, we will introduce basic notations, definitions and auxiliary
lemmas. For readers’ convenience we summarise important notations in Table 1 at the

end of Section 3.

For a positive integer m, an m-stage feedback shift register (FSR) is a clock-controlled
circuit consisting of m consecutive storage units and a feedback function f as displayed
in Figure 1. Starting with an initial state s, = (so, $1,--.,Sm_1), the states in the FSR

will be updated by a clock-controlled transformation as follows:
F : §7, - (Sia Sit1y .- - 7Si+m—1) — §7j+1 - (Si+17 e Sibm—1, Si+m)7 l Z O;

where s;1,, = f(Si,Six1,---,Sitm—1), and the leftmost symbol for each state s, will be
output. In this way an FSR produces a sequence s = (s, $1, Sg, . . . ) based on each initial
state s, and its feedback function f. The shift register sequence can be equivalently
expressed as a sequence of states, (sg,81,8,...), with the relation s, = F(s;,_;) = -+ =
F'(sy) for i > 0. When s, = FP(sy) = s, for the least integer p > 1, we obtain a cycle of

states s;,...s

S,_1, Or equivalently a sequence (50;---38p—1,...) of period p.

~— Si [+ Sitl [+ =—Sitm—2 Sitm—1

feedback function f

Figure 1: An m-stage FSR with feedback function f

In his influential book [1], Golomb intensively studied the relation between the feed-
back function of an FSR and its output sequences/cycles. He showed that an FSR gen-

erates disjoint cycles if and only if it uses nonsingular feedback functions of the form



f(zo, 21, ..., Tm_1) = xo + g(z1,...,2m_1). Nonsingular FSRs are of practical interest
as their output sequences have simpler structure and often exhibit desirable randomness
properties [1]. For an m-stage nonsingular binary FSR, when its feedback function f is
linear, the output sequence can have the longest period 2™ — 1, which contains all nonze-
ro m-tuples exactly once and is known as a mazimum-length sequence (m-sequence for
short); when f is nonlinear, its output sequence can have the longest period 2™, con-
taining all binary m-tuples exactly once, and is known as a binary de Bruiyn sequence
of order m [29]. Both m-sequences and de Bruijn sequences exhibit the span proper-
ty [30,31]. They are of significant interest in research and applications [32,33]. While
the theory of m-sequences is well explored, many problems about de Bruijn sequences
remain unsolved, for instance, the necessary or sufficient properties of feedback functions
for generating de Bruijn sequences, more explicit combinatorial structure of de Bruijn

sequences and efficient generations of all de Bruijn sequences of modest lengths, etc.

2.1 Nonlinear complexity

Linear complexity profile has been an important measure of randomness of sequences
for cryptography [9]. As an additional figure of merit to judge the randomness of se-
quences, Jansen and Boekee proposed the maximum-order complexity, later known as

nonlinear complexity, of sequences |14, 17].

Definition 1. ( [17]) The nonlinear complexity of a sequence s over an alphabet A,
denoted by nlc(s), is the length of the shortest feedback shift registers that can generate

the sequence 8.

For a sequence s = (sg, s1, ... ) over A, the term s, is deemed as the successor of the
subsequence Sy = (S, .-, Sivk—1) for certain positive integers 7 and k. Some properties

of the nonlinear complexity of sequences are recalled below.

Lemma 1. ([17]) The nonlinear complexity of a sequence s equals one plus the length of

its longest identical subsequences that occur at least twice with different successors.

The metric of nonlinear complexity is well defined for both finite-length sequences
and infinite-length periodic sequences, which exhibit apparent difference in spite of the
close connection. Below we recall some basics for finite-length sequences and periodic

sequences, respectively.



Lemma 2. ([17]) For a finite-length sequence (o, $1, ..., Sn—1) over an alphabet A,
(1) its nonlinear complezity takes values ranging from 0 to n — 1;

(ii) if its nonlinear complexity ¢ > %, then the sequence (so, 81 ..., 8n—1,5,) for any new

symbol s, in A has the same nonlinear complexity c;

(iii) if its nonlinear complexity c > | 5], then it cannot be written as (so, 51, . .., Sp—1)¢ for

any proper divisor k of n.

Throughout what follows, we will use s, to denote a sequence (s, s1,...,S,_1) that
is not a repetition of any shorter subsequence and deem it as an aperiodic finite-length
sequence. Given a sequence s, = (So,...,S, 1), the left circular shift operators Li(s,)
on s, are defined as L°(s,) = s,, L(s,) = (s1,...,80_1,50) and Li(s,) = L(L"!(s,)) =
(SiySit1y--sSn—1,80---,8;—1) for i« > 1. The right circular shift operators are defined
by Ri(s,) = L"(s,). Under circular shift operators, we can derive from s, a shift
equivalence class {sp, L(s,), ..., L" (s,)}. Notice that the nonlinear complexity of s,, is
usually not an invariant under circular shift operators. For instance, while the sequence
s, = (1,0,...,0) has nonlinear complexity 1, its shift sequence L(s,) = (0,...,0,1) has

maximum nonlinear complexity n — 1.

Shift operators can be similarly defined for periodic sequences. The shift equivalence
class of a periodic sequence s is given by {8, (L(s,))>, ..., (L™ (s,))>*}. As recalled
in the following lemma, the nonlinear complexity of a periodic sequence is an invariant

under circular shift operators.
Lemma 3. ([17]) Let s° be a sequence of period n over an alphabet A of size q. Then,

(i) the nonlinear complexity of s;° satisfies [log,(n)] < nlc(sy’) <n —1;

e}

(i) all sequences in {8, (L(8,))>, ..., (L"(s,))>} have the same nonlinear complezity.

For finite-length sequences s, and periodic sequences s;°, despite their close con-
nection, they can behave differently in some aspects. As indicated in Lemma 2 and
Lemma 3, the nonlinear complexities of s, and s° take values from different ranges,
and they behave differently under circular shift operators. For a finite-length sequence
Sn, since its corresponding periodic sequence s;° contains all shift equivalent sequences
Sp, L(sp), ..., L"!(s,), it is clear that s°° has nonlinear complexity nlc(sS®) > nlc(Li(s,))
for any 0 <i < mn, i.e.,

nlc(s®) > max nle(L'(s,)).

" 0<i<n

6



While for some sequences s, the equality of the above inequality can be achieved, the

equality can not be reached for many other sequences s,, i.e., nlc(s) > max nle(Li(sy)).

For instance, for the sequence s19 = (0010010010), we have

(nle(L(s1)) : i=0,1,2,...,9) =(2,2,7,6,5,4,6,5,4,3) and nlc(sfy) = 9.

In this paper we will further investigate the varying behaviour of nonlinear complexity
of binary sequences s,, under circular shift operators, thereby characterizing periodic bi-
nary sequences s> with a prescribed nonlinear complexity. As a result, we are enabled to
reveal more explicit relations between nlc(s2®) and nic(a,), where a,, is a certain n-length
subsequence of s;°. Throughout this paper, we will denote ¢ = nlc(s,) and w = nlc(sP°)

for a finite-length sequence s,, and the corresponding periodic sequence s.°, respectively.

Suppose ay° is a binary sequence with period n and nonlinear complexity w generated

by an w-stage FSR. Recall from Figure 1 that a> = (ag, a1, as,...) can be equivalently

expressed as a cycle of states (a,,a,,...,a,_;), where a, = F'(a,) for t > 0. Given a
state a;, its companion state is defined by a, = (a;, ..., G102, Girw_1) With G 1 =
ditw—1 ® 1. A companion pair (a;,a;) = (a;,a;,4) for certain d > 1 can be denoted

as (a;, F%(a;)). The structure of (a;, F(a,)) will be frequently used in our discussion.

Without loss of generality, we assume d < L%J since for the case that d > |5] we can
consider the companion pair (a,, ,, F" %(a;4))). We shall consider its left shift sequence
s = (L'(a,))>, which has a companion pair (sy, F%(sy)) with d < |%]. Here we consider

s;° instead of a2° for simplifying the notation in subsequent sections.

3 Characterizations of finite-length sequences

In this section, we consider finite-length sequences with certain structure and discuss

the change of nonlinear complexities of those sequences under circular shift operators.

We first recall recent results on the nonlinear complexity of binary sequences.

Lemma 4. ([25]) For a binary finite-length sequence (Sq, S1, - - -, Sn_1), if it has nonlinear
complexity ¢ > 5, then there exists exactly one pair of identical subsequences of length c—1

with different successors in (So, S1,- -, Sn)-

Lemma 5. ( [25]) Let ¢ and d be two positive integers with ¢ +d > 3, and a binary



sequence given by

q repetitions
7\

7~ ™~

Sc+rd = (S[), ey Sd—l) N (S[), ey Sd_l)(So, ey Sr—lagr) = 83 (So, ce 7ST—la§7”) (1)

q repetitions
where ¢ = |[9=L] 0 <r = (c+d—1) —qd < d, sq is aperiodic and s} = 5;...sq , and
when r =0, (So, ..., S—1,5.) is deemed as Syg. Then when ¢ > d, the sequence S..q in (1)

has nonlinear complexity c.

The binary sequences of the form in (1) will be heavily used in subsequent discussions.

Note that s..4 can be equivalently expressed as

(50,815 -15c—2) = (8d: Sd41, -+ - » Setd—2) and Sc_1 7# Seid—1-
Given a sequence Sciq = (80,51, --Scrd—1), its two subsequences sp.q and Sigcq are
overlapped at components sq4,...,S..1 when ¢ > d and are exactly next to each other

when ¢ = d. Liang et al. [25] showed that when ¢ > d the sequence s.;4 has nonlinear
complexity ¢ and spacing d between its companion pair (s,, F%(s,)) if and only if it has
the form as in (1). When ¢ < d, the statement is neither true for sufficiency nor for
necessity. The result in Lemma 5 helps us calculate the nonlinear complexity of a binary

sequence s, starting with s.,4 in a direct way.

Corollary 1. Suppose a binary sequence s, = (So, ..., Sn—1) has its subsequence Sqiq of
the form in (1) for certain positive integers ¢ and d with 1 < d < min{n —c, |5|}. Then

we have nlc(s,) > c, where the equality is achieved when ¢ > |%].

Proof. When ¢ > d, it follows from Lemma 5 that nlc(s.;q) = ¢. Then nlc(s,) >

nlc(serq) = ¢. When ¢ < d, the subsequence s, is of the form

Sct+d = (SO7 vy Se—2ySc—1y - - - 7Sd—1)<807 R 86—27§c—1>7
where the subsequences (so, ..., S._2) have different successors. By Lemma 1 we have
nle(Sera) > c. So it is clear that nlc(s,) > c.

If ¢ > [ %], then by Lemma 2 (ii) recursively, we have nlc(s,) = nlc(s.1q). Note that
nlc(Seq) = ¢ since ¢ > | §] > d. Thus nle(s,) =cif ¢ > |5]. O

Below we define a set B(n,c) that helps us establish a connection between nonlinear

complexities of s°° and s,,.



Definition 2. For 1 <c <n and 1 <d < min{n — ¢, |5]}, we denote by B(n,c,d) the

set of aperiodic binary sequences s, starting with s.,q in (1), namely,

B(n, C, d) - { Sn = Sc+d S[c—l—d:n] - E(S()a ceey Sd—l)q (807 SR 78r—1’§r2 S[C—&-d:n}) } (2)

length=c+d

where 84 is aperiodic, s, = s, ® 1, and the subsequence Si.;q.n) 15 chosen from ZS’C’d such
that s, is aperiodic. We call the parameter d the spacing of s,, denoted by spac(s,), and
define

min{n—c, I_%J }

Bn,e)= | J B(ncad). (3)

d=1

By Corollary 1, for the case of ¢ > | %], any s,, € B(n,c) has nonlinear complexity c.
When ¢ > 7, Lemma 4 shows that s.,4 actually contains the unique companion pair in
Sp; moreover, Lemma 2 (ii) indicates that the subsequence S[c+d:n) I S, can be arbitrarily
chosen. It is to be noted that for each given n,c and d, the set B(n,c,d) is non-empty.
As a matter of fact, as the subsequence s.,4 is aperiodic and Sj44., can be arbitrarily

chosen. The existence of aperiodic sequences in B(n, ¢, d) can be easily confirmed.

The following lemma characterizes the change of nonlinear complexities of sequences

in B(n, c) under the left circular shift operators.

Lemma 6. For s, € B(n,c,d) and a positive integer t < c, its left shift sequence L'(s,)
belongs to B(n,c —t,d). In particular, when ¢ —t > | 3], we have

nlc(L'(s,)) = nle(s,) —t =c —t.

Proof. According to Definition 2, the sequence s,, € B(n, ¢, d) has the form

Sn = Sc+ds[c+d:n] - £807 cee 78d—1>q(307 B 7sr—17§r2 S[c+d:n]7 (4)

lengtﬁr:c—l-d
which implies (sg, S1,...,Sc—2) = (Sd,Sds1,---Scrd—2) and S._1 # Serq_1. Let a, =
L(s,). Then (ag,...,ac-3) = (S1,..,5¢c2) = (Sat1s---sScrd—2) = (@d, ..., 0c+q—3) and

(o9 = Se_1 7 Serd—1 = Uerqg—2- Thus we can write a,, as

L<Sn) = Ap = Ac4d—1Q[c+d—1:n] — Sa(b cee ;adfl)ql (CLO; cee 7ar171767"12 Act+d—1:n]> (5)

~
length=c+d—1




where ag = (ag,a1,...,a4-1) = (51,82,---,84-1,50), @1 = L%J = L#J, =
(c+d—2) — qd and (ag,...,ar,_1,ar) reduces to @, when r; = 0. It is clear that
ay = L(s,) is aperiodic. Thus we have L(s,,) € B(n,c—1,d). Furthermore, it follows from
Corollary 1 that L(s,) has nonlinear complexity ¢ — 1 when ¢ — 1 > |%]. By repeatedly

applying the above process, the desired statement follows. O

Lemma 6 can be interpreted alternatively: given a sequence a,, € B(n,c — 1,d) in (5)
with d <n —candc—12> |3/, if a,_1 = a4_1, then its right cyclic shift sequence R(a,)
has the form in (4), implying that s, = R(a,) belongs to B(n,c,d) and has nonlinear
complexity nlc(a,) + 1. With this observation, we introduce the following parameter of

a sequence in B(n,c,d) with ¢ > |%], which indicates the potential increment of the

nonlinear complexity of sequences under the right circular shift operators.

Definition 3. Given a certain positive integer t, if a sequence s, in B(n,c,d) satisfies

Sp—1—i = S(d—1-i)ymodd JOor 0 <@ <1, and Sp_1_¢ # S(d—1—t) mod d>

then we call s,_4, ..., 8,1 the added terms of s, and denote by add(s,) the number t of
the added terms of s,.

Definition 3 indicates that (sp—¢,...,80-1) = (S(@—t)mod ds - - - » S(d—1)mod a)- As shown
in Figure 2, for the case that ¢ < d, the subsequences sjq_¢.q and Sj,_;., in gray are
identical and sg_1_; # S$,_1_4. In this case s, _4,...,S,_1 in gray are the added terms of

sn. For some sequences s,, we may have add(s,) =t > d. In such a case, it follows that

(snfta e 3 Sn—d—1sSn—ds - - - Snfl) = (Sn—(t—d)a 3 Sn—1,80y - -+ Sal71>-
Sy, = (S(]? tt Sd*l)q(s()? R ST.,I,ET) <SC+d7 s 787171)
- (807 ey Sd—1—t, Sd—t5 - - - Sd—l)(sdu vy Sn—t—1,Sn—ty - - - 3n—1>‘
—_——— —_———

Figure 2: Added terms in Definition 3 for ¢t < d

Remark 1. Note that each s, in B(n,c) with ¢ > | 5] has add(s,) < n —c—1. For s,
2

in B(n, c,d) with ¢ > | 3], assume add(s,) = t, we now consider the sequence s, = s,5,.
o 2
From Definition 3, in the subsequence (Sp_t, ..., Sn—1,50,--Scrd—1) Of S, we have
(Sn—ta s 3 8n—1,80y -+, 80—2) = (Sn—t+da s 8d—158d; - - -y Sc-l—d—?) and Sc—1 7é Scdd—1-

10



Let vy = (vo, .-, V4-1) = (Sn—ty- -+ Sn—t+a—1). Then

q2 repetitions
o\

e ~N

(Sn—ty s Sn—1580y -+ Serd—1) = (Voy -+, Vg—1) "+ (Voy +  +, Va—1)(Voy -+« Vpy—1, Upy),

c+d;t—1 J

where gz = | and e = (c+d+1t—1) — god. Thus the above subsequence satisfies

(Sm—ty -y Sn—1,50y - - s Sera—1) € B(c+d+t,c+t,d) with nonlinear complexity c+t. Then
c+t<nle(s2) <n—1, implyingt <n—c— 1.

For a binary sequence s,, € B(n, c), the following proposition shows that add(s,) plays
an important role in the varying behaviour of the nonlinear complexity of sequences under

the right circular shift operators.

Proposition 1. For s, € B(n,c,d) with ¢ > [5], d < min{n — ¢, |5} and add(s,) = t,

the nonlinear complexity values of its shifted sequences have the following properties,
(i) for any 1 < k < min{t,n —c—d}, R¥(s,) € B(n,c+ k,d) and nlc(R*(s,)) = c + k;
(ii) for any t < k <n —c—d, we have nlc(R*(s,)) = c +t.

Proof. (i) Fors, € B(n,c,d) with add(s,) = t, we have (s,—¢, ..., Sn—1) = (S(d—t)mod d» - - -

S(d—1)mod d), thus
(Sn—ta ce 7Sn—1)<307 cee 3c—2) = (S(dft) mod d - - - 5 S(d—1) mod d)(5d> Sdt+1y - 5c+d—2)7
and S. 1 # Seyq-1. When n —c—d > 1, let a,, = R(s,), thus
(ao, a1, ac-1) = (Sn-1,80,- -, Sc—2) = (Sa-1,8ds - - - » Serd—2) = (Ad, gy 1, - - - 5 Aerd—1)
and a. # a.,q. That is to say, we can write a,, as

R(Sn) = a, = ac+d+1a[c+d+1:n] - (a07 cee aad—l)q2 (Cl(), s 7a7”2—17a7"2) a[c+d+1:n}a

J/

length=c+d+1

W%J = [“4] and ry = (c+d+1) — 1 — god. So we see that the sequence

a, = R(s,) belongs to B(n,c+ 1,d) and has nonlinear complexity ¢ + 1.

where ¢ = |

When t < n — ¢ — d, by induction on ¢, we see that the sequence a, = R*(s,) with
k <t belongs to B(n,c+ k,d) and has nonlinear complexity ¢ + k. When t >n —c—d
and £ < n — ¢ — d, the statement holds similarly. However, when ¢t > n — ¢ — d and

n—c—d < k <t, the sequence a, = RF(s,) satisfies a; = a;,q with 0 <i < n — d and

11



n

d <min{n — ¢, [5]|} < |5], implying that a, is contained in the periodic sequence ag’
and then nic(a,) < nlc(ay) < d—1 < |2] — 1, that is to say, a, = R¥(s,) no longer
belongs to B(n,c+ k,d). The difference between cases of t <n—c—dandt>n—c—d
are visualized in Figure 3, where a copy of s, is added on its left side and the gray
area covers the sequence s..4 as in (1). Therefore, for any 1 < k& < min{t,n — ¢ — d},
nlc(Rk(s,)) = nlc(s,) + k = c + k.

R'(sn)
(507 ) Sd—l)q(807 B ST—1;§T> (SC—H# R Sn—l)(s(]v °oog Sd—1>q(307 °0o0g Sr—lagr) (SC—&-J:? LR Sn—l)
Sn 1 Sn 1
t<n—c—d t<n—c—d
R(sy)
(807 ORI Sd*l)q(s(% s S%‘flagr) (Sc+d7 cee 787171)(807 ey Sdfl)q(sm °ooog 37:*71737') (sc+d> sy Snfl)
S, Sn ;
t>n—c—d t>n—c—d

Figure 3: The visualized description of Proposition 1 (i)

(i) Let R'(s,) = a,. It follows from Proposition 1 (i) and t < n — ¢ — d that
R'(s,) = a, € B(n,c+t,d) with a, | # aq_, (6)

and nlc(a,) = ¢ +t. Then a.y;4 is the subsequence formed exactly by the companion
pair (a,, A%a,)) of a,. For any t < k < n — ¢ — d, we have R*(s,) = RF¥"!(a,) contains
a.4¢+4, which implies that nic(R¥(s,)) > c+t. We shall prove the statement by induction
on k. Suppose that the nonlinear complexity of R'™'(s,) = R(a,) is larger than ¢ + t,
that is to say, nlc(R(a,)) = ¢ > c+t. Note that it follows from Lemma 4 and ¢’ > | %]
that R*(s,) only has a unique companion pair. If the unique companion pair of R(a,) =
(@p_1,a0,-..,a,_o) does not begin with a,_1, then L(R(a,)) = a, = (ag, ..., a4, 2,0,1)
contains the unique companion pair of R(a,), which implies that nlc(a,) > nle(R(a,)) =
. It contradicts that nlc(a,) = ¢+t < ¢ = nle(R(a,)). Thus the unique companion pair
of R(a,) = (an—1,a0,...,a,—2) begins with a,_;, which yields that R(a,) € B(n,d,d).
Hence a, 1 = ag_1. Together with (6), we have ag_1 = a,_1 # a4_1, implying that
d # d. According to Lemma 6, L(R(a,)) = a, € B(n,d —1,d’) with nlc(a,) = ¢ —1 and
d" # d. Moreover a,, € B(n,c+ t,d) with nlc(a,) = c+t, thus ¢ = ¢+t + 1. That is to
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say, a, satisfies a,, € B(n,c+t,d) and a,, € B(n,c+t,d') with d’ # d. From the structure

of a, in (1), it is clear that

A = Qird, @ = Qipq, 0 <1< c—2 and o1 # Gepd—1, Qo1 F Qegdar—1- (7)

In the case of c+t > n/2, it follows from Lemma 4 that a,, only has a unique companion
pair, which contradicts that d’ # d. In the case of ¢ = [§] with odd n and ¢t = 0, i.e.
c+t = [%], without loss of generality, suppose d' < d then 1 <d' <d < [3]. If d < [F],
then according to (7), one has a._1_q = a1 and a.1_4 = Gera—1-q4 implying that
U1 = Qeyar—1-d, While ey 1-a = Geyar—1 and acy # aeyq—1 follows acy # aeyar—1-a-

It is a contradiction. If d = | %], then from (7) we can see that

(Gey ey, - -y Gerdr—1) = (Qe—d, Qeg1-ds - - -5 Geqar—1-d) = (G0, A1, - .., Q1) = Ag,
thus its Hamming weight wt(ac, ei1, ..., Gepa—1) = wt(aqs). While again by (7), one has
(e, Geqts - ooy Qedr—2, Qeydr—1) = (Gemod /s - - - 3 Q(ctd'—2) mod d’ A(c+d'—1) mod d’ D 1),
where (Aemod @/ - - - » G(c+d'—2) mod @ A(c+d'—1)mod @) 15 & shifted version of ay. Hence wt(ay)
# wt(ae, sty - - -, Gerag—1), Which is a contradiction. Thus

nlc(R(a,)) = nle(R™(s,)) = = c+1t.
By induction on k ranging from t 4+ 1 to n — ¢ — d, the proof follows. n

Given a sequence s,, € B(n, ¢, d), Proposition 1 reveals the changing pattern of nic(R*(s,))
for k < n —c— d. However, when k > n — ¢ — d, the change of nlc(R*(s,)) does not
indicate a strong pattern. Consider a sequence s, € B(n,c) with ¢ > |5]. The varying
behaviour of nlc(R*(s,)) for 0 < k < n — 1 is discussed in Remark 2.

Remark 2. Without loss of generality, we assume c = |3]. For s, € B(n,|%]), among
the right shift sequences R*(s,) : k = 0,1,...,n — 1, there may exist positive integers
0<ji<---<jp <n—1such that R (s,),..., R"(s,) also belong to B(n, [%]).

For 0 < k < ji, assume s, € B(n,|5],d) for certain d < [3] has add(s,) =t and
define an integer-valued sequence ¢y = (nlc(sy),...,nlc(R7*7'(s,))). Then the values in
the sequence co vary in this way: cy starts with |5 |, when k < min{t,n — c — d}, the

values in ¢y increase one by one as in Proposition 1 (i); when t < k < n —c—d, the
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values in ¢y remain unchanged as in Proposition 1 (ii); and when n —c—d < k < ji, the

change of values in ¢y does not exhibit a strong pattern.

For k = ji, assume a, = R’ (s,) € B(n,c,dy) has add(a,) = t; and take
er = (nle(R7 (s,)), ... nle(R?Y(s,))) = (nlc(an), . ,nzc(Rji—l(a,n))) ,

where j1 = jo — j1. As k increases from ji to jo — 1, the values in the sequence ¢; vary
i a similar manner as the above analysis for cy. As k ranges from jo to n — 1, we can
similarly define the sequences ¢; for 1 = 2,...,r as above. The values in these sequences

vary similarly to that of cy.

To sum up, the above analysis shows that
(nlc(sn), nle(R(sy), ..., nle(R"(s,))) = coU e U---Ue,,

where the values in each ¢;, 1 =0,1,...,r, vary according to Proposition 1 first and then

change in unclear patterns.

For sequences s,, € B(n,c), below we consider a subset E(s,) of its shift equivalence

class and the representative of E(s,), which will be used in our subsequent discussions.

Definition 4. Let s, be a sequence in B(n,c) and E(s,) = {R*(s,) : 0 < k <n}nB(n,c).
A sequence s, € E(s,) satisfying

add(s,) > add(ay,), ¥ a, € E(s,)

is said to be a representative sequence of s,. Furthermore, we define R(n,c) as the set of

all sequence representatives in B(n,c), i.e.,

Rn.c)= | {5.€E(sy):add(3,) > add(a,),¥ a, € E(s,)}. (8)

sn€B(n,c)
The following example illustrates some definitions and results in this section.

Example 1. Consider n = 9 and a binary finite-length sequence sy = (000010010).
It is clear that sy = s555.9 = (000010010) € B(9,4,1) as in Definition 2, where S.,q is
underlined and sq is in bold for d = 1 and ¢ = 4. By Definition 3 we have add(se) = 1 since
ss = 0 = s (which is displayed in bold) and s; # sg. Since add(sy) =t =1 < n—c—d =4,
from Proposition 1 we have nlc(R(s,)) = ¢+ 1 = 5 and nlc(R*(sy)) = ¢+t = 5 for
k=23 4.
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nle(RF(sy))  Sn = (000010010) nle(R*(sn)) s, = (101011101)

6 4 6 *
51 X . S \
4 ¢ ) ‘\‘ 4 Q—x—x—@ \E/ \\\
31 X 31 \x
21 27
1+t 1
= k ok
ol 1 2 3 4 5 6 7 8 o 1.2 3 4 5 6 7 8
(i) (i)
nle(Rk(s,)) s, = (00000001111000) nle(Rk(s,)) s, = (00100010000010)
10 10 1 .‘
9 9 /
8 81 :
7 73 /
6 ~ 61 ' ' x
5 XnoX 5+ o X" b
4 41 X
3 31 e
2 2T
1 1+
X —t—t—tt—t——t——F——+— k‘ —t—t—tt—t——t——F——+— k‘
012345678 910111213 012345678 910111213
(iii) (iv)
Figure 4: The visualized description of Example 1
Furthermore, among the shift sequences R¥(sy) for k =0,1,...,8, only the sequences

S9 and R°(sg) belong to B(9,4), indicating that E(sy) = {9, R>(S9)} from Definition /.
Observe that

(nlc(R*(s9)) : k=10,1,...,8) = (4,5,5,5,5) U (4,5,6,3) = coU ¢y

where the values in ¢y = (nlc(R¥(sg)) : k=10,1,2,3,4) and ¢, = (nlc(R*(sy)) : k =
5,6,7,8) vary as in Proposition 1 and the analysis is as in Remark 2. In addition, since
add(R?(s9)) = 2 > add(sy) = 1, the representative of E(sq) is R*(89), which belongs to
R(9,4) as in Definition /.
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The above discussion for the sequence sq is visualized in Figure J (i), where the azises
represent the values k and the corresponding nlc(R*(sg)), respectively. In Figure J (i),
the sequences in E(sg) are displayed as black solid dots, and the representative sequence of
E(s9) is marked with a rectangle. In addition, the solid line shows the varying behavior of
nlc(R*(sy)) that can be explained by Proposition 1 and the dotted line shows the varying
behavior of nlc(R*(sy)) that does not exhibit a strong pattern.

Sequences s, € B(n,|%5]) may behave quite differently. To illustrate this, we fur-
ther consider three sequences sg = (101011101) € B(9,4,2), s14 = (00000001111000) €
B(14,7,1) and s;4 = (00100010000010) € B(14,7,4) where S.iq is underlined and s; is
in bold. For these sequences, Figure J (i), (iii), (iv) displays the sequences in FE(s,),
the representative sequences in E(s,), and the varying behavior of nle(R*(s,)) for k =

0,1,...,n — 1, respectively.

At the end of this section, we summarize important notations in Table 1 for readers’

convenience.

4 The nonlinear complexity of s, and s’°

This section investigates the relation between the nonlinear complexity of periodic
sequences and that of finite-length sequences in B(n,c). Let P(n,w) denote the set of
n-periodic binary sequences with nonlinear complexity w, where [logy(n)] < w < n —1
as indicated by Lemma 3 (i). Below we first discuss some properties of subsequences of a

periodic binary sequence s2°.

Lemma 7. Given a sequence a° in P(n,w), suppose its left shift sequence s5° = L'(a>)
has a companion pair (s, F*(s,)) with d < | 2], where sy = (so,...,Sw_1). Then,

(1) Swia = (Soy--+,Swra—1) € B(w+ d,w,d) and nlc(8,4q) = w if w > d;

(ii) when w+d < n, one has s, = (So,...,5n-1) € B(n,w,d) and nlc(s,) =w if w > d;

(iii) when w +d > n, for any 0 < j < w —1 and ny = (w+ d) — j, the subsequence

S[juwtd] = (S]’, .. >Sw+d71) € B(nl, ny — d, d)

Proof. (i) For the subsequence s, 4 that starts from s, and ends with s, = F4(s,) =8,

we have (sq,...,80-2) = (Say- -, Sw—2+d4) and S,_1 = Sw_14q B 1. Thus we can write s, 44
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Table 1: Some necessary notations of this paper.

notation description
S an aperiodic sequence (Sg, S1,-..,Sp_1)
S[ii-+] the subsequence (s;, ..., Siir_1)
Setd st (S0, -+, Sr—1,5,) as in (1)
B(n,c,d) | the set {ScyaSctan) } With 1 < ¢ <n, d <min{n —c, [§]}
B(n, c) Ui B(n, ¢, a)
add(s,,) for s, € B(n,c,d), the integer ¢ such that
Sp—1-i = S(d—1-i)mod d» V0 < 7 < t, and 8,1t # S(d—1—t)mod d
By(n,c) By(n,c) = {s, € B(n,c) : add(s,) = 0}
E(s,) {R*(s,): 0 <k <n}nB(n,c) fors, € B(n,c)

R(n,c) Us,eBne) {Sn € E(sn) : add(s,) > add(a,),Va, € E(s,)}

S0 the periodic sequence (s,)> from s,

P(n,w) | the set of sequences with period n and nonlinear complexity w

S S ={LF(s®) : s € 5,0<k<n}
S =5, S1 =9, for two sets S; and Sy of periodic sequences
as
Swtd = (S0 -3 Sd—155ds -+ - » Swtd—2, Sw—1) = (82 (S0 -+, Sr—1,5,)).

The statement directly follows from Definition 2 and Lemma 5.

(i) If w + d < n, then s, 4 is contained in s,, namely,
Sy, = (507 vy Swtd—1s Swtds - - -y 8n71> = Sw+d s[w—&-d:n}-

If w > d, then it implies nlc(s,) > nlc(s,+q) = w. Since nlc(s,) < nlc(sX) = w, we have

nle(s,) = w and s, € B(n,w, d).

(iii) For the case of w + d > n, since the subsequence s, 4 belongs to B(w + d,w, d),

it follows that s;, = s;, 44 for 0 <4 <w —1 and s,_1 =35,_144. Hence for any j > 0, the
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subsequence s(;., 44 also satisfies the relation
Siy = Siy4a for j<ip <w—1 and s,-1 =3S,_144- (9)
This implies that for any j with 0 < j < w — 1, the subsequence sj;.,44 has the form

((sg5- -+ 8j4a-1)"(85, -+ Sjr—1, Sjr))
where ¢ = L%J, r=(w+d—j—1)—qd. According to Definition 2, the subsequence
S[j:w+a) belongs to B(ni,ny — d,d) with ny = w +d — j. O
With the introduced definitions, we present the main theorems of this paper below.
Theorem 1. For any s7° in P(n,w) and any integer c with [logy(n)] < ¢ < min{w, [§ ]+

1}, there exists an integer k such that L*(s,) € B(n,c). Furthermore,

O P(n,w) = {(Lk(sn))oo : Sp € B(n,e), 0 <k < n}

On the other hand, given a sequence s, in B(n, c,d) with ¢ > | %] and add(s,) = t, its
companion pairs are of the form s.,4 as in (1). This property leads to the statement in

Proposition 1 (i), which implies
add(R¥(s,)) = add(s,) — k and nlc(R*(s,)) = nlc(s,) + k

for any 1 < k£ < min{¢,n — ¢ — d}. This observation results in a more explicit expression

of the nonlinear complexity of s> from its n-length subsequences in R(n, ¢).

Theorem 2. For s, in R(n,c) with ¢ > [ 5], one has nlc(sY) = nlc(s,) + add(s,).

4.1 Proof of Theorem 1 with ¢ < [§] +1

Proof of Theorem 1. For the periodic sequence at® in P(n,w), suppose its left shift
sequence s° = L'(a}’) has a companion pair (sy, F*(s,)) with d < | %], we shall show that
L¥=<(s,,) belongs to B(n, c¢). According to Lemma 7 (ii), if w+d < n then the subsequence
s, belongs to B(n,w,d). This together with Lemma 6 implies that L“~“(s,) € B(n, ¢, d);
if w+d > n, then letting j = w+d—n we have L'(s,) € B(n,n—d,d), where n—d > [2].
We need to consider two cases: n —d > ¢ and n — d < c¢. For the case that n —d > ¢,
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by applying Lemma 6, one has L/*("=4=°)(s,) = L*~%(s,) € B(n,c,d); for the case that
n—d < ¢, sincen—d > [%], we have c = 3 +1 and d = %, indicating L/(s,) € B(n, %, %).
That is to say,

LJ(Sn) = (Sj7 SRR Sj-‘rn—l) = ((Sja BRI Sj+%—27 Sj+%—1)(8j7 R Sj+%—27§j+%—l)) .

Due to nlc(s;’) = w > ¢ = 5 +1, the subsequence sj;_1.,+q belongs to B(n+1,n+1~d,d)
with d = . Thus it follows from (9) that s;_1 = s;_14q and s;_11(n—q) 7 Sj—14+(n—d)+d =
Sj—14n = Sj—1. This is a contradiction since s;_ 144 = Sj_14(n—a) for d = 5. Hence one

2
always has L“~¢(s,) € B(n, c), the first statement follows.

Therefore, for any sequence a2 in P(n,w) and any integer ¢ with [logy,(n)] < ¢ <

min{w, [§] + 1}, we have

a> € {(LF(s,))™® : s, € B(n,c),0 <k <n}.

n—1
In addition, it is clear that {(L*(s,))*® : s, € B(n,c), 0 <k <n} C |J P(n,w). Thus

for [logy(n)] < ¢ < min{w, |5] + 1}, one has

U P(1.) = {(F560))* = 50 € Bla,), 0 < k <} .

Theorem 1 presents a one-to-one correspondence between the finite-length sequences
set and a set of all periodic sequences with nonlinear complexity not less than c¢. For
each periodic sequence s7° with nonlinear complexity w > ¢, Theorem 1 indicates the
structure of an its n-length subsequence a,,, which is in the form of (2). According to the
structure of finite-length sequences a,,, we can obtain all periodic sequences with nonlinear

complexities not more than 7 in Subsection 5.1.

When ¢ = |5 ] or 5] + 1, from Corollary 1 the nonlinear complexity of the n-length
subsequence a,, can be determined, i.e. nlc(a,) = c¢. In what follows, we shall determine
the exact value of nonlinear complexity w of periodic sequences in {(L*(s,))* : s, €
B(n,c), 0 < k < n}, where w belongs to the set [c,n — 1] and ¢ > |5 ]|. With the further
analysis, we can obtain all periodic sequences with nonlinear complexities not less than

5 in Subsection 5.2.
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4.2 Proof of Theorem 2 with ¢ > | %]
Recall from (8) that

R(n.c)= | {8, € E(sy): add(s,) > add(a,),Va, € E(s,)},

sn€B(n,c)

where E(s,) = {L*(s,) : 0 < k < n} N B(n,c). Note that R(n,c) contains all cyclic
shift inequivalent sequences in B(n,c). From Lemma 3 (ii), it suffices to investigate the

nonlinear complexity of the periodic sequence s° derived from s, in R(n,c).

We are now ready to prove Theorem 2, namely, for s, in R(n,c) with ¢ > [], one
has nlc(sy®) = nle(sy,) + add(s,).
Proof of Theorem 2. Suppose nlc(s®) = w and (s;, Fi(s;)) is a companion pair of
sp with 1 < d < [%]. For the convenience of readers, without loss of generality we
will simplify ¢ into 0 in the following proof. It allows us to consider the companion pair
(sg, F(sy)) of s2°. Below we will show that w can be represented as w = nlc(a,)+add(a,,)
for a concrete n-length subsequence a,, of s> derived from (s, F%(s,)), and then prove
that w = nlc(s,) + add(s,) for s, € R(n,c). We divide the discussion according to the

value of w + d.

Case (1): w+d < n. In this case, Lemma 7 (ii) implies s,, € B(n,w,d). Note that
add(s,) = 0, otherwise it follows from Proposition 1 (i) and n —w — d > 1 that the
nonlinear complexity of R(s,) is w+ 1, which is larger than nlc(s°) = w, a contradiction.
By Definition 3 and Lemma 6, we see that a, = L“~“(s,,) € B(n, ¢,d) and add(a,) = w—c,
which implies

w = c+ add(a,) = nlc(a,) + add(a,).

From the fact that s, € R(n,c), we have add(s,) > add(a,) = w — c. On the other
hand, taking add(s,) = t, from Remark 1, there is a pair of identical (¢ 4 ¢t — 1)-tuple
subsequences with different successors in s°. This implies ¢ + ¢ < w. Thus in this case

we have add(s,) = add(a,) = w — c.

Swtd = (505815« 38j-1)(Sj, Sjt1, - - - »Sms e« s Swtd—1)

length=n

Figure 5: The description of Case (2) in Theorem 2
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Case (2): w+ d > n. In this case, we know the subsequence s, 4 satisfies
S; = 8i1q for 0<i<w—2 and s; = s;4, for i>0.
Take j = w+d—n and let a, = L/(s,). Then a, = (ag,a1,...,an-1) = (Sj,8j41, -+ Sjn1)
= (8,841 - - - » Swrd—1) in Figure 5. It follows from Lemma 7 (iii) that a,, € B(n,n—d, d).

Since n —d > [%], a, has nonlinear complexity n — d by Corollary 1. From the above

equalities, the sequence a,, satisfies that for 0 < j; < 7,

A(n—1)—jr = S@G+n-1)—in = SG-1)—j = SG-1)—s+d = dd-1)—j1;
where j =w+d—n<dand j—j; <d—1<w-—1. Since s,_1 = s_1 # Sq_1, according
to Definition 3, we have
add(L’(s,)) = add(a,) =j =w+d—n=w— (n—d).
This implies w = nlc(a,) + add(a,).

Consider the following set
S = {Lk(sn) . LF(s,) € B(n,d), ¢ > g and 0 < k < n}

We see that w can be represented as the form nlc(a,) + add(a,) for a, = Li(s,), j =
w+d—n,in S. By Remark 1 we know that for any u,, € S, u’° contains a pair of identical
subsequences with length nlc(u,) + add(u,) — 1 with different successors. Thus we have

w = max(nlc(u,) + add(u,)). In the following we shall show w = ¢+t for three subcases.
€

u, s

Subcase (2.1): Consider the set
So={L"s,) : 0<k<n}nB(n,c)= E(sy).

It follows that max (nlc(u,) + add(u,)) = c+ max (add(u,)) = ¢+ add(s,) = ¢+t since
un o0

u, €So
s, is a sequence representative of E(s,) with maximal add(s,) =t in the set Sp.

Subcase (2.2): Consider S; = {Lk(s,) : Lk(s,) € B(n,c;),0 < k < n} with
¢ = c+ty and ¢y > 1. It follows that ¢; + max (add(u,)) = c+t; + max (add(u,)). As
un €951 unp €1
shown in Lemma 6, for each u,, € Sy, one can get L (u,) € Sp. In addition, since

Sy ={LF(s,) : L*(s,) € B(n,c+t1),0<k<n}
= {L*(s,) : LF™(s,) € B(n,c), add(LF™(s,)) > t;, 0 < k <n}
= {R"(LF(s,)) : L*(s,) € B(n,c), add(L¥(s,)) > t1, 0 < k < n},
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it follows that max (add(u,)) = max (add(u,)) —t; = t — t;. This yields max (nlc(u,) +

un €51 u, €S0 up €51
add(u,)) =c+t1+(t—t1) =c+t.
Subcase (2.3): Consider Sy = {L*(s,) : LF(s,) € B(n,c3),0 < k < n} with
5 < ¢y <c. Take ¢y = c—ty with £, > 1. We shall investigate ¢ —t5 + max (add(u,)) for
un €52
Sy. For each u,, € Sy, it follows from Lemma 6 that L2(u,) € Sy. In a similar manner,

one has

So = {L*(s,) : L*(s,) € B(n,c), 0 <k <n}
= {L*(s,) : LF™(s,) € B(n,cy), add(L*(s,)) > t5, 0 < k < n}
= {R"?(LF(s,)) : L*(sy) € B(n, ca), add(L*(s,)) > t2, 0 < k < n}.

Then max (add(u,)) — ty = max (add(u,)). This yields max (nlc(u,) + add(u,)) =
un €50

u, €57 u, €S9

c—ty+ max (add(u,)) =c— t;—l— (t+ty) =c+t.
un €952

Combining the above three subcases, we have w = ma}é(nlc(un) + add(u,)) = ¢+ t.
un€

The desired conclusion thus follows. O

Remark 3. With the condition in Theorem 2, it follows that each sequence a, in the
set E(s,) have nle(ay®) = nle(sy°) = nle(s,) + add(s,) by Lemma 3 (ii). Equiva-

n

27
s a unique companion pair (a;, @;). This implies L(a,) € B(n,c). Hence we have

1) 2

lently, for any sequence a, with nonlinear complexity ¢ > by Lemma 4 it contain-

nle(a®) = nle(s) = nle(s,) + add(s,,), where s, is a representative of E(ay,).

Theorem 2 gives a method to determine the value of the nonlinear complexity of
periodic sequences from that of finite-length sequences. Based on Theorem 2, below we

give a corollary of the value of Inax nlc(Ri(s,)).
<i<n

Corollary 2. For s, in R(n,c,d) with ¢ > | 5] and add(s,) =t, one has

) :C+t, thSTL—C—d,
max nlc(R'(s,))
0<i<n >n—d, ift>n—c—d.

Proof. It follows from Theorem 2 that for s, € R(n,c,d) with add(s,) = t, we have

nle(sy) = ¢+ t. Hence nax nlc(R'(s,)) < nle(sX®) = ¢+ t. According to Proposition
<n

1 (),ift <nm—c—d, ie. c+d+t <n, then R'(s,) € B(n,c+ t,d) with nonlinear
complexity ¢ + t, implying max nle(R'(sp)) = ¢+t = nle(s®); if t > n—c—d, ie.
<i<n
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c+d+t > n, then one has R"¢"4(s,) € B(n,n — d, d) with nonlinear complexity n — d,
thus max nlc(R'(s,)) > n — d. O

0<i<n

Based on Corollary 2, we can see that for s, in R(n, c¢,d) with ¢ > | %] and add(s,) = t,
if t <mn—c—d, then max nlc(R'(s,)) = nle(s®). That is to say, Corollary 2 gives a
sufficient condition of fuax nlc(R'(s,)) = nlc(s>). When t > n — ¢ — d, numerical results
for n < 30 indicate that max nlc(R'(s,)) = n—d. However, the previous technique is not
sufficient to prove or disprove this equality. If the conjecture is true, then we can obtain
a sufficient and necessary condition of Dax nle(R'(s,)) = nle(sS®). Here we propose an
open problem below on this observation and cordially invite interested readers to attack
this problem.

Open Problem 1. For s, in R(n,c,d) with ¢ > 3] and add(s,) = t, is it true that

max nlc(R'(s,)) =n —d whent >n—c—d?
0<i<n

5 Periodic sequences with prescribed nonlinear com-

plexity

Based on new theoretical results in Theorem 1 and Theorem 2, we shall give two algo-
rithms to generate all periodic binary sequences in P(n,w) with any prescribed nonlinear
complexity. For every shift equivalence class {8, (L(s,))>, ..., (L""!(s,))>}, since each
sequence in the class can generate the whole class, it suffices to consider one sequence
with certain property when generating the shift equivalence class. Given a set S of se-
quences with period n, we denote by S the union of all cyclic shift equivalence classes of

sequences in S. Then two sets S; and S, are deemed to be cyclic shift equivalent, denoted

as 51252, lfS_1:S_2

Theorem 3. Let n and w be two positive integers with [logy(n)] <w <n—1. Let B(n,c)
be given in (3), Bo(n,c) = {s, € B(n,c) : add(s,) = 0} and R(n,c) be defined by (8),

respectively. Then we have
P(n,w) = {sX: s, € S(n,w)}

where S(n,w) is given as follows,
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(i) if w < %, then S(n,w) = {s, € Bo(n,w) : L*(s,) ¢ B(n,w+1),0 <k < n};
(ii) if w > 5, then S(n,w) = {s, € R(n,c) : add(s,) = w — c}, where c = [F].

Proof. (i) According to Theorem 1, for any integer ¢ with [log,(n)] < ¢ < min{w, [ 5] +

1}, we have
n—1

U P(n,w) = {(Lk(sn))oo : s, € B(n,c), 0 < k<n}.

w=cC

Then for [log,n] < w < | 5], we can express

P(n,w)

n—1 n—

U P(n wl)\ U P(n,wsy
w1=w wo=w-+1

={(L"(sn))™ : sneB(n,w),0§k<n}\{ (LF(sn))™ : sy € B(nyw+1), 0< k <n}
=~ sy s, € B(n,w),L"(s,) ¢ B(n,w+1),0<k <n}.

For s, in the set {s, € B(n,w) : L¥(s,) ¢ B(n,w +1),0 < k <n}, we have s,_1 # sq_1,
that is to say add(s,) = 0, which implies s,, € By(n,w). Thus for [logy(n)] <w < [5],

Pn,w) 2 {s® :s, € S(n,w)},

where S(n,w) = {s, € By(n,w) : LF(s,) ¢ B(n,w +1),0 < k < n}. As a result, the

desired statement of Theorem 3 (i) follows.

(ii) Again by Theorem 1, let ¢ = [§] and w > ¢, we have

U Pn,w) = {(L¥(s.))™ : s, € B(n,c), 0 < k< n} = {sy :s, € R(n,c)}

since R(n, ¢) contains all cyclic shift inequivalent sequences in B(n, ¢). Then by Theorem
2 we have P(n,w) = {sX® :s, € R(n,c): add(s,) =w—c} ={s* : s, € S(n,w)}. O

Based on Theorem 3 (i) and (ii), the following two subsections are dedicated to the

generation of periodic binary sequences with any given nonlinear complexity.
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Algorithm 1 Generation of all periodic binary sequences in P(n,w) with w < 3

1:
2:
3:
4:
5:
6:
T
8:
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:

fort=0toc+d—2do
Si <= Gimod d
end for
Sctd—1 ¥ O(ct+d—1)mod d D 1
for (scidy-.-,Sn—2) € Zg_c_d_l do
Sn—1 4 (80, -+ Sctd—1,Sctds - - > Sn—2)
if ¢ = w then
Sp < (Snflagd—l)
else
Sn < (Sn—1,Sn—1) With s,_1 € Zs
end if
if ¢ > |5 ] or n is prime then
Add the sequence s, to B(n,c,d)
else if s, is aperiodic then
Add the sequence s, to B(n,c,d)
end if

end for

end while
end for

return UlgdngJ B(n,c,d)

32: end function

INPUT: Given two global variables n and w with [logy(n)| <w < [Z].
OUTPUT: The set P(n,w).
Main Algorithm
Bo(n,w) < genB(n,w)
B(n,w+ 1) < genB(n,w + 1)
S(n,w) = {s, € Bo(n,w) : L¥(s,,) ¢ B(n,w+1),0 < k < n}
P(n,w) = {(L*(s,))>® :sp € S(n,w),0 <k <n}
function genB(n, )
for d =1to |5] do
B(n,c,d) < 0
while (ag, ay,...,aq_1) € Z4 is aperiodic do

// Generate By(n,w) and B(n,w + 1)

// Conditions that s, is aperiodic
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5.1 Periodic sequences with nonlinear complexity <

|3

In this subsection, all periodic sequences in P(n,w) with [logy(n)] < w < |§] can
be generated. By summarizing up the preceding analysis, we propose an algorithm to

generate all periodic binary sequences in P(n,w) for any [log,(n)] <w < [F].

In Algorithm 1, we provide detailed steps to generate the set B(n,c¢) for any 1 < ¢ < n.
The function genB(n,w+1) in Algorithm 1 for w+1 > % is similar to the algorithm in [25].
For [logy(n)] < w < | 5], Algorithm 1 generates all periodic sequences in P(n,w) based

on Theorem 3 (i).

We now consider the complexity of Algorithm 1, where Steps 4, 5, 6 dominate the
complexity. In generating By(n,w), for each 1 < d < [ ] the loops on (ay,...,a4-1) and
(Swids - - -5 Sn_2) contribute the time and memory complexity O(2"“~1), implying Step 4

has complexity O(n2""“~?) as d ranges from 1 to |%2]. Similarly Step 5 has complexity
O(n2"“=2). Step 6 generates the set

S(n,w) ={s, € By(n,w) : L*(s,) ¢ B(n,w+1),0 < k <n}
={L*(s,) : s, € By(n,w), 0 < k <n} \B(mw +1).

By using the data structure of hash table, this step will have time and memory complexity
O(min{n|By(n,w)|, |B(n,w + 1)|}), where |S| is denoted as the size of a set S. Since
|Bo(n,w)| < 2"~ the complexity of Algorithm 1 can be obtained as O(n2" “~2%) +
O(n2"=2) + O(n|By(n,w)|) &= O(n2"—~1).

On the other hand, when one uses a brute-force approach to generating sequences of
given nonlinear complexities, for each n-periodic binary sequence, it is required to cal-
culate its nonlinear complexity with algorithms like the ones proposed in [17,19], which
have complexity O(n?log,(n)). On average, we may consider the complexity of exhaus-
tive search for all periodic sequences in P(n,w) is w ~ O(nlogy(n)2"). This
indicates that Algorithm 1 has an advantage of factor 2“7 log,(n) over an exhaustive
search for periodic binary sequences in P(n,w). It is apparent that such an advantage

becomes significant as w increases.

Below we provide an example to illustrate the process and result of Algorithm 1.

Example 2. Take n = 7 and w = 3. By the function genB(n,c) in Algorithm 1, we
generate the set By(n,w) consisting of 18 binary sequences of length 7. Among these
sequences, these twelve sequences (0001101), (0110100),(1010001), (0001011),(0101100),
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(1011000), (1110100), (1010011), (0100111), (1110010),(1001011),(0101110), satisfy the
property that all their cyclic shift equivalent sequences (except for themselves) are not
contained in B(n,w+1). That is to say, the above twelve sequences form the set S(n,w).

On the other hand, by exhaustive search we obtain the following sequences in P(n,w):

(0001101)(0011010)(0110100)(1101000)(1010001)(0100011)(1000110)
(0001011)(0010110)(0101100)(1011000)(0110001)(1100010)(1000101)
(1110100)(1101001)(1010011)(0100111)(1001110)(0011101)(0111010)
(1110010)(1100101)(1001011)(0010111)(0101110)(1011100)(0111001)

It is easily seen that P(n,w) can be obtained by applying circular shift operations on
sequences in S(n,w), i.e., P(n,w) = {(L*(s,))®: s, € S(n,w), 0 < k < n}.

5.1.1 Generation of binary de Bruijn sequences

Here we consider a particular case of n = 2" and w = m, which corresponds to
the generation of binary de Bruijn sequences of order m. In the literature, graphical,
algorithmic and algebraic approaches have been proposed to generate binary de Bruijn
sequences [32,33]. The graphical approach, known as the BEST theorem for de Bruijn,
Ehrenfest, Smith and Tutte, showed that there are in total 22" ' =™ binary de Bruijn
sequences of order m and they can be derived in an inductive manner [33]. Algorithmic
and algebraic approaches can be used to generate some de Bruijn sequences. However, to
the best of our knowledge, only the graphical approach can constructively generate all de

Bruijn sequences of order m.

For the case of n = 2™ and w = m, we can adjust some steps in Algorithm 1 for
better performance. For a binary periodic sequence, a run of 0’s of length £ is a string of
consecutive k 0’s flanked by 1 and a run of 1’s of length k is a string of consecutive k 1’s
flanked by 0. It is well-known that any binary de Bruijn sequence of order m satisfies run

properties as below [30]:

(i) 2m=27% runs of zeros, 2™ 2~ runs of ones of length i, for 1 <i <m — 1;
(ii) no run of zeros nor ones of length m — 1; (10)

(ili) a single run of m zeros and a single run of m ones.

From the above three properties, it is easily seen that any binary de Bruijn sequence of
m

order m has Hamming weight 2™~! and contains the subsequence (1,0,...,0,1), which
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has the companion pair (0™, 0™ 1) with spacing d = 1. With this observation, we can

. . ——
fix the sequence s.,4 in Algorithm 1 as s, g = S;,01 = (0,...0,1) and s,,_; = 1, and focus
on only the binary sequences (S,,11, - - ., Sp_2) of Hamming weight 2™~! — 2. Thus we can

reduce By(n,w) to a smaller set

~ ——
By(n,m) ={s, = (0,...,0,1, Ss1,...,8n-2,1) : s, satisfies (10)}, (11)

which is generated in Algorithm 2.

Algorithm 2 Generation of binary sequences in g0(2m, m)

1: function genBy(n,m) // Generate By(2™, m)
2 Smi1 < (0,0,...,0,1) and By(n,m) < 0

3 for (smi1,. .-, 8n_2) € Z3 ™ ? with Hamming weight 2™~ — 2 do

4 if s, = (0™1, Syt1, .- ., Sp—2, 1) satisfies the run properties (10) then

5: Add the sequence s, to By(n,m)

6 end if

7 end for

8: end function

Corollary 3. Let n = 2™ with a positive integer m and let By(n,m) be as in (11). Then,

we obtain de Bruijn sequences of order m as follows,
P(n,m) = {(L*(s,))™ : 8, € S(n,m),0 <k <n}

where S(n,m) = {s, € Bo(n,m) : L¥(s,) ¢ B(n,m +1),0 < k < n} and 1Bo(n, m)| =

1 2m—2 2, M _ M!
22m*2(2M*3,2m*4,...,21,20> with (ml,mg,...,mk) = mmalmal mgl’

Proof. According to the above analysis, we can reduce Bo(n,w) to By(n,m) in (11). Thus
P(n,m) can be obtained immediately from Theorem 3 (i). In the following we determine
the size of go(n, m). A binary sequence of period 2™ — 1 having the same run distribution
as m-sequences of order m is called as a run sequence. Note that sequences in go(n, m)
are in one-to-one correspondence with all binary run sequences of period 2™ — 1. For
each sequence in go(n, m), by deleting one 0 in the longest m run of 0’s, we obtain a run
sequence of period 2™ — 1. Hence, the number of go(n, m) is the same as the number of

shift inequivalent run sequences, from [31] which is equal to 22,,11,2 (2,,1,372?::72___721720)2. O
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Example 3. When m = 4, Algorithm 2 generates 50(16,4) with size 36, then we filter
these 36 shift inequivalent sequences by B(16,5), thus obtaining all 16 shift inequivalent
sequences in P(16,4). And when m = 5, Algorithm 2 generates Bo(32,5) with size 88200,
then we filter these shift inequivalent sequences by B(32,6), which yields all 2048 shift

inequivalent sequences in P(32,5).

5.2 Periodic sequences with nonlinear complexity > 3

Recall from Theorem 3 (ii) that, for w > 7,
P(n,w) = {s>* :s, € S(n,w)},

where S(n,w) for ¢ = [§] is given by S(n,w) = {s, € R(n,c) : add(s,) = w — c}. This
result also holds for ¢ = |5 | and can be proved similarly. Moreover, the characterizations
on sequences R(n, [5]) in Subsection 5.2.1 can be similarly made for ¢ = [ %] but with
several tedious cases to be discussed. We therefore only present relevant results for the

case of c = [§].

To illustrate the result of Theorem 3 (ii), we first present a toy example below.

Example 4. Take an ezample for the case n = 8 and ¢ = 4. All finite-length sequences in
B(8,4) can be obtained from the function genB(n, c) in Algorithm 1, or from the algorithm
in [25] by letting ky = 0. We first group B(8,4) into shift equivalence classes. For each

shift equivalence class in B(8,4), we determine the sequence representatives according to
7
Definition /, thereby obtain the set R(8,4). In this way we get |J P(8,w) = {s°: s, €
w=4
R(8,4)}. By computing the number of added terms of each sequence in R(8,4), we can

determine the nonlinear complexity of the corresponding periodic sequences from Theorem
2. Table 2 lists all binary sequences with period 8 and nonlinear complexity w, w > 4,
up to shift equivalence obtained in this way. The result is consistent with the exhaustive
search presented in [17, Table 3.2].

We carry out experiments for n up to 40, and they all confirm that Theorem 3 (ii) is

consistent with exhaustive search.

The previous section discussed the generation of binary de Bruijn sequences, which is a
particular case for w < 7. Below we discuss another particular case where the prescribed

nonlinear complexity w achieves the maximum value n — 1.
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Table 2: Binary sequences of period 8 with nonlinear complexity w.

] B(8,4) R(8,4) | add(s,) | =P(8,4 + add(sn)) |
(00100011), (10010001), (00110010) | (00100011), (10010001), (00110010) (00100011)°°
(10011000), (00100110), (10001001) | (10011000), (00100110), (10001001) (10011000)°
(01100111), (11011001), (01110110) | (01100111), (11011001), (01110110) (01100111)°°
(11011100), (01101110), (11001101) | (11011100), (11011001), (01110110) (11011100)°°

(11110000), (00001111) (11110000), (00001111) 0 (11110000)°°
(10110100), (01001011) (10110100), (01001011) (10110100)°
(00001101) (00001101) (00001101)°°
(00001011) (00001011) (00001011)°°
(11110100) (11110100) (11110100)°
(11110100) (11110100) (11110100)°°
(01010000), (00001010) (00001010) (00001010)°°
(10101111), (11110101) (11110101) (11110101)°°
(00001110) (00001110) (00001110)°°
(11110001) (11110001) . (11110001)°°
(10101100) (10101100) (10101100)°°
(01010011) (01010011) (01010011)°°
(11011000) (11011000) (11011000)°°
(00100111) (00100111) (00100111)°°
(00001001), (10010000) (10010000) (10010000)°°
(01000101), (01010001) (01010001) (01010001)°°
(10111010), (10101110) (10101110) ) (10101110)°°
(11110110), (01101111) (01101111) (01101111)°°
(00001100) (00001100) (00001100)>°
(11110011) (11110011) (11110011)°°
(00010000), (00001000) (00001000) (00001000)>°
(01010010), (01001010) (01001010) 5 (01001010)°°
(10101101), (10110101) (10110101) (10110101)°°
(11101111), (11110111) (11110111) (11110111)°°

in [28] is similar and thus not included here.

Remark 4. It was shown in [27] that sequences in P(n,n — 1) can be generated from a
recursive approach by applying the Euclidean algorithm on n and certain positive integers.
Similarly, the set P(n,n — 2) was later completely characterized in [28]. In this paper,
Theorem 5 (ii) can produce all sequences in P(n,w) with § < w < n—1. Below we discuss

the connection between Theorem 3 (i) and the work in [27]. Its connection with the work

For the case w =n — 1 and a sequence s, € R(n, [§]) with spac(s,) = d, namely,

q

Sp = (84...84 (50, -

s ST—17§7’> S[c—&-d:n}) = (33 (807 .

30

-5 Sr—1, gr) 3[c+d:n])7

suppose add(s,) =t =w —c= 5] =1, then s,_1_; = S(g—1—iymoda for 0 <i < |5 —1.



and s, |n| # s4-|n|. When w+d <n, ie., d=1, the sequence s, = (5§30 st). Then
a, = R'(s,) = (57 50),

which corresponds to the sequence in [27, Theorem 1 (i)]. When w + d > n, suppose
Slisi4w-td] 1S the subsequence formed by the companion pair (s;, s;.4). Then a), = L'(s,) has
the companion pair (sy, s;). As discussed in the proof of Theorem 2, we know the sequence
a, = L' (a),) with j = (w+d) —n belongs to B(n,n—d,d) and has add(a,) = w—(n—d) =
d — 1. This implies that b, = R*'(a,) satisfies b; = b, q fori=0,1,...,n—d—1 and

has the form
q

q
by = (ba...ba(bo, ..., by_1)) = (6% (bo, ..., by_1))

n—r

where v = nmod d and q = "5*. This corresponds to the sequences characterized in
[27, Theorem 1 (ii)]. For instance, given a sequence s, = (0101010010101010) €
B(16,8,7) with add(s,) = 7, where the added terms are in bold, we have a, = L*(s,) =
(0010101001010101) € B(16,9,7) with add(a,) = 6. Then the sequence b, = R (a,) =
RS(a,) = (0101010010101001) has the form (0101010)%(01) = ((01)30)%(01), which is con-

sistent with the instance given in [27, Example 1].

According to Theorem 3 (ii), each periodic sequence with a prescribed nonlinear com-
plexity w > % can be derived from its n-length subsequence s, in R(n,c) with a desired
add(s,) = w — ¢ with ¢ = [§]. It is thus of significant interest to further explore the
structure of sequences in R(n, c¢). The following subsection further discusses the sequence
representatives in R(n, c). After the discussion, we will propose Algorithm 3 to generate

all binary sequences in P(n,w) with w > 2.

5.2.1 Characterizations on sequence representatives

For s, € B(n,c) with ¢ = [§] given in (2), this section further investigates the set
E(s,) = {L*(s,) : 0 <k < n}NB(n,c), which helps us generate sequence representatives
in B(n, ¢) more efficiently. In what follows, we shall first consider the necessary conditions
such that both s, and R"(s,) are contained in B(n, c).

Lemma 8. For s, € B(n,c,d) with ¢ > 5, if s, has a shift equivalent sequence v, =
RM(s,) € B(n,c,d'), then h satisfies at least one of inequalities: n—(c+d)+d < h < c+d'

andn— (c+d) <h<c+d —d.
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Proof. For a sequence s, € B(n,c,d), we shall first prove that if R"(s,) belongs to
B(n,c,d'), then the value h satisfies n — (c+d) < h < ¢+d'. Suppose that h < n—c—d.
According to (2), s, € B(n, ¢, d) has the form

Sn = (ng (807 R Sr—lagr) S[c+d:n})a

where (¢ — 1)d +r +1 = ¢. Tt is clear that the c-tuples (s (so,...,s,_1,5,)) and
(s2" (80, . - -, 8r_1,5,)) form a companion pair in s,,. Due to h < n—(c+d), this companion
pair is also contained in the right cyclic shift sequence R"(s,). Since nlc(R"(s,)) = ¢ > 2,
Lemma 4 shows that this companion pair is the unique one of R"(s,). It contradicts the
assumption that R"(s,) belongs to B(n,c). Thus we have h > n — (¢ + d). For the
sequence v, = R'(s,) and ' = n — h, similarly we have /' = n —h > n — (c + d'),
implying h < ¢+ d’. Thus the statement n — (¢ +d) < h < ¢+ d’ holds.

Furthermore, by setting b = h — (n — (¢ +4d))) and ' = b’ — (n — (¢ + d')), we have
b+0 = (h+h)—(n—(ct+d)+n—(c+d)) = (2c—n)+d+d > d+d since c > . Hence
at least one of b > d and &’ > d holds. If b > d’, then n — (c+d)+d < h < c+ d; if
b >d,thenn—(c+d)+d < h' =n—h <c+dand thusn—(c+d) < h < (c+d)—d. O

In the proof of Lemma 8, we see the symmetric relation between s, and v, = R"(s,,)
in B(n,c). If a pair of shift equivalent sequences (s,, R"(s,)) in B(n,c) satisfies h <
(c+d') —d, then (v, = R'(s,), R""(v,)) satisfies ' =n —h > (n— (c+d')) + d where
spac(s,) = d and spac(v,) = d'. Therefore, it suffices to consider the shift equivalent
sequence R"(s,) of each s, in B(n,c) with (n — (c+d))+d <h<c+d — 1.

In the following, for the pair of shift equivalent sequences (s,,v,) in B(n,c), Propo-
sition 2 characterizes certain structure of the sequence s, in (i) and determines v,, and
add(v,) in (ii), which will help us find shift equivalent sequences and then determine the
sequence representatives by deleting sequences that are not sequence representatives in
Algorithm 3.

Proposition 2. Suppose a sequence s, € B(n,c,d) with ¢ = [5] has a shift equivalent
sequence v, = R'"(s,) € B(n,c,d'), where (n — (c+d))+d <h<c+d —1. Then

(i) the subsequence Sy of s, satisfies
si = Siya for g<i<n—d, (12)
where g = (c+d)—d' in the case of d <n—c, and g = 2d—d' — 1 in the case of d = n—c;
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(ii) let my < g and ro > n —d'. Suppose s; = s;rq holds for any integer r1 < i < ry and
Si # Siva fori =11 —1,ry, where the subscripts are taken modulo n. Take ¢ =ro—ri+1.
Ifd > ¢, thenh=c+ (n—ry—1) and add(v,) = — c.

Proof. (i) Since n — (c+d) +d < h < c+d, Sjcra)-an] = (S(ctd)—d's - -+ 5n—1) 18
a subsequence of sj,_p.,), and Sy, is contained in the subsequence v g1 of v,, =
R"(s,) = Sp—nmySn—n in B(n,c,d’). According to the definition of B(n,c,d’) in (2), the
subsequence v., g1 satisfies v; = v, ¢ for ¢ = 0,1,...,¢ — 2. Thus it follows from
S[(c+d)—d'm] C Sp—hin] C Verar—1 that s; = sjpg fori = (c+d) —d',...,n—d — 1. Here it
requires d < n — ¢ from (c+d) —d <n—d — 1. That is, in the case of d < n — ¢, the

subsequence Sj(ctq4)—dm] of s, satisfies

$i = sirq for (c+d)—d <i<n-—d. (13)

In the case of d = n — ¢: consider v,, € B(n,¢,d’) and R" (v,,) = s, with b’ =n — h.
We divide the discussion into two subcases according to the value of h'. For the subcase
of ¥ > [n—(c+d)|+d, then h < (¢ +d)—d. When d' < n — ¢, it follows from (13)
that v,, € B(n,c,d') satisfies v; = v 44 with (¢ +d') —d < i < n —d. Thus the pair
of shift equivalent sequences v,, and R"(v,) = s, has been considered in (13). That is,
when d’ < n — ¢ there is no need to consider s, and R"(s,) = v,. When d = n — ¢,
(n—(c+d)+d <h<(c+d)—dimplies that n —c < h < c. If ¢ = § with even n, we
have s,, = (84 (S0,-..,54-2,54-1)) and h = 5. If (so,...,54-2,54—1) is aperiodic, then s,
and RZ(s,) are shift equivalent in B(n, 2) with the same number of added terms. In this
time, s,, can be kept as a candidate for the sequence representatives. If ¢ = k+1 with odd
n =2k + 1, we have s, = (s235p) and k < h < k + 1, while R*(s,,) and R*1(s,) do not
belong to B(2k+1, k). That is to say, when d = n — ¢ the subcase of K’ > [n— (c+d')|+d

does not need to be considered.

For the subcase of W' < [n — (¢ + d')] + d, then h > (c + d') — d, implying that
(c+d)+1—d<h<c+d—1. Notethat n — ((c+d)+1—d) =2d —d — 1. Thus
S2d—d'—1:n] = (82d—d'—1,---,5n—1) is a subsequence of Sj,_p.y), and Sp,_p.,) is contained in
the subsequence v. o1 of v, = R'(s,) in B(n,c,d’). According to the definition of

B(n,c,d’) in (2), we have the subsequence Spq—g—1.n) of s,, satisfies
8= 8ipq for 2d—d —1<i<n-—d.
The desired conclusion in (12) thus follows.
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(ii) With the assumption that s; = s;14 holds for 71 < i < 7y, the sequence u® =

(wo, Upy .-y Up—1) = L™ (s2°) satisfies
w; = Ujrg for 0 <i<ry—ry and u; # u;pqg for i =—1,ry —ry. (14)

This implies that uy 4 belongs to B(¢' +d',c/,d') by ¢ =ry —r +1. When ¢ +d < n,
from (14) we have u,, € B(n,d,d') with add(u,) = 0. Thus, if ¢ > ¢, then by Definition
3 and Lemma 6 we have the sequence v,, = L¢~°(u,) € B(n, c,d’) with add(v,) = ¢ — c.
When ¢ +d > n, let W), = e ig—nera) = LT (w,). It follows from Lemma 7 (iii)
and (14) that u/, € B(n,n — d',d’) with add(u)) = ¢ + d —n. Due to ¢+ d' < n, again
by Definition 3 and Lemma 6 it implies that L*~¢~¢(u’) = L ¢(u,) = v,, belongs to
B(n,c,d') with add(v,) = (¢ +d'—n)+(n—d' —c) = ¢/—c. Together the two cases, we both
have v,, = L¥~¢(u,) = L' "¢ ~9(s,) = R(s,) with h =n—(ri+¢c —c) =c+(n—ry—1)
and add(v,) =d —c. O

In order to generate the sequence representatives in the set R(n, [5 1), from Proposition
2 (i), we only need to investigate sequences s, in B(n, [5]) satisfying (12) for any 1 <
d" < %], since only these sequences may have shift equivalent sequences in B(n, [§]).
Thus we can generate the set R(n, c) with ¢ = [§] as follows. For each 1 < d <n—cand
each s..q4, consider s, satisfying (12) for every aperiodic subsequence (Seyg—ar, - - - Setd—1)
with 1 < d" < n — ¢. By Proposition 2 (ii), suppose that s, satisfies ¢ > ¢, then we
obtain directly v,, = R"(s,) € B(n,c) and add(v,) = ¢ — c. When s, and R"(s,) = v,
are considered as a pair of shift equivalent sequences in E(s,), the one with less added
terms will be deleted. As we let all subsequences s.,; go through the above process,
every pair of shift equivalent sequences in F(s,) are considered. Thus all sequences a,,
with maximal add(a,) are kept. This allows us to obtain sequence representatives more
efficiently, which in turn constitute the set R(n, ¢). Below we give an example to illustrate

the above analysis to delete sequences which are not representatives by Proposition 2.

Example 5. Take an ezample for n = 12, ¢ = 6 and d = 2. Consider sq = s, = (01)
and S.+q = (01010100). Run through d' with 1 < d < 6. For d = 1, by (12) only
the subsequence Sg.12) = (0000) needs to be considered, thus s;; = (010101000000). By
Proposition 2 (ii), we can see that r1 = 6 (the corresponding terms given in bold and
underlined), and ro = 12 (the corresponding terms are underlined), implying ¢ = ro —
ri+1=7 Sincecd >c, wegeth=n—(ro+1—c)=5. So vy =R"'(s15) = R*(s12) €
B(12,6,1) with add(viy) = ¢ —c = 1. The pair of shift equivalent sequences sy3 and vio
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Algorithm 3 Generation of all periodic binary sequences in P(n,w),w > %

Lo Lo W W W O W W W R N RN DD NN DN R N DD e e e e e e

39:
40:

Main Algorithm
INPUT: A positive integer n
OUTPUT: The set P(n,w) with [§] <w <n— 1.
R(n, [21) « genk(n, [2])
P(n,w) = {(L*(s,))™ : s € R(n, [2]), add(s,) =w — [2],0 < k <n}
function genR(n, [5]) // Generate R(n,[5])
R(n,¢) <0, U < 0 and ¢ + [%]
ford=1ton—cdo
while (vg,v1,...,v4_1) € Z4 is aperiodic do
8 4 UVimod dy 0 <4< c+d—2, Scpd—1 4 Vietd—1)mod d ® 1 and V 0
if d <n — ¢ then
for d =1ton—cdo
if (Serd—dry---,Setrd—1) is aperiodic then
si < Si_g, c+d<i<n-—landr;<c+d—d
if s, = (s0,51,--.,8n—1) ¢ U then
while s,,_1 = s;,4a'—1 do
ro=r—1
end while
Similarly obtain 75 such that s; = s; 1o holds for n —d' — 1 <i <1y
if A=(ra—71+1)—c¢>0then //Exclude sequences from R(n,c)
If add(s,) < A, then add (S¢td,.--,8n—1) to V
Otherwise set h = ¢+ (n —ro — 1) and add R"(s,,) to U

end if
end if
end if
end for
Add u,, < (Setds Uetds -« - s Un—1) With (Uepdy ..oy Up_1) € Z;fﬁd\V to R(n,c)
else if s, =s.1q = (50,81, 5¢+d—1) ¢ U then

Add s, to R(n,c).
ford =1ton—cdo
if (sp—ay...,8n—1) is aperiodic, s; = s;4+q¢ with i € 2d — 1 — d',n — d’) then
Repeat Steps 16—23 while revising Step 21 as
If add(sy,) < A then add s, to U.
end if
end for
end if
end while
end for
return R(n,c¢) + R(n,c)\U
end function
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Table 3: The shift equivalent sequences for n = 12, ¢ = 6 and d = 2 with sy = (01).

Scra = (01010100) and vy, = R"(sy) € B(n,c,d’)

d’ Sn ri | r2 | add(vp)=cd —c | h ‘ Vn ‘ Delete
1 (010101000000) ‘ 6 ‘ 12 ‘ 1 ‘ 5 ‘ (000000101010) | sn

2 _

3 (010101001001) 4 10 1 7 (100100101010) | vn,

4 (010101000100) 4 11 2 6 (000100010101) | sn

5 (010101001010) 2 12 5 5 (010100101010) | sn

6 (010101000101) 2 7 0 10 | (010100010101) | vy,

is found, and s13 should be deleted since add(s;z) = 0 < add(vi2) = 1. Since the last
two terms of S..q = (01010100) is (00), it is impossible for d' = 2 by the definition of
aperiodic sequences. The sequences which are not representatives can be deleted similarly
for d = 3,4,5,6, which are given in Table 5.

Remark 5. In Algorithm 3, from Proposition 2 we give the detailed steps to generate the
set R(n,c) for any c = [§]. For [§] < w < n —1, Algorithm 5 generates all periodic
sequences in P(n,w) based on Theorem 3 (ii). From the steps in generating R(n, c), we see
that the loops on (vg,...,v4_1) and (Uesq, ..., Un_1) contribute the dominating time and
memory complexity, roughly, O(2"/?). This indicates that Algorithm 3 has an advantage
of factor 2"*nlog,(n) compared to the exhaustive search for sequences s> with nonlinear

complexity w.

6 Conclusion

Our contributions in this paper are twofold: the first contribution is to investigate the
varying behavior of the nonlinear complexity of finite-length sequences under circular shift
operators, and the second contribution is the establishment of a one-to-one correspondence
between the set of periodic sequences with certain nonlinear complexities and the set
of certain finite-length sequences with a particular structure. As an application of the
correspondence, we present two efficient algorithms to generate all periodic sequences

with any prescribed nonlinear complexity.
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